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Abstract-The total flow-time problem of two machine
open-shop is NP-hard in strong sense. For the above problem
without constrains, an explicit solution is constructed in this
paper from the optimal schedule under the non-idle machine
constraint, its total flow-time is reductive. The explicit solution
under non-idle machine constraints must not be the explicit
solution without constraints is proved under the consideration.
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L INTRODUCTION

For " job Sy =12,m) will be working in

M machine M (i = 1’2""”"), and all job are worked
once on any machine, also working sequence is arbitrarily.
It is called open-shop. Achugbue and Chin [2]have proved

that 02”ch is NP-hard in strong sense. For the

problem of the total flow-time problem of two machine
open-shop that working time rely on the machine, is
denoted by

02|p, =P|Y.C, M
For problem(1.1), M.Dror [3]give the
under 2P, <P ,and give a
following problem
02|p, =P,P,<R<2B|Y.C, ()
Siming Xiang and Guochun Tang [4]proved that M.Dror
algorithm is wrong conclusion. They proved that the
problem can transform a assignment problem, then
02|P, =P, P, <, <2P,,Non-1dle|y . C, 3)
is polynomial solvable, Hungary algorithm i.e. Wenci Yu
and Gang Ying[5]give the explicit solution for the problem.
In this paper, an explicit solution of problem (2)is
constructed and its total flow-time is more reductive than
problem (3). It show that the proved that explicit solution of
problem (2)is not explicit solution of problem (3).
Following are definitions and marks.
Definitionl For schedule S,if completion time of job j
in M, is smaller than in A7, then we called job j is

optimal solution

efficient algorithm to

forward job, otherwise backward job.
Definition2 The cycling
problem(1.3),corresponding job

sub-schedule of
subset is
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{r,r+1,---,r+l—1} ,and ris called the origination job,/

is called the length,processing sequencing as follows.

In  um, processing sequencing of jobs is

{r,r+1,~~-,r+l—1},

In processing sequencing of jobs is

{r+1,---,r+l—1,r}.

Definition3  The intersecting  sub-schedule of
problem(1.3),  corresponding job  subset s
{r,r+Lr+2,r+3,r+4} and r s called the

origination job, its length is 5,processing sequencing as
follows.
In pm

processing sequencing of jobs is

1

{ror+Lr+2,r+3,r+4}.

In p, processing sequencing of jobs is
{r+1,r+3,r,r+4,r+2}.

Definition4 The parallel sub-schedule of
problem(1.3) [#(/) ,corresponding job  subset is

{r, r+l,--r+l— 1} ,and r is called the origination job, /
is called the length, processing sequencing as follows.

In  um, processing sequencing of jobs is

{r,r+l,---,r+l—l},

In p, processing sequencing of jobs is
{ror+1--,r+1-1}.
The definitions and marks apply to problem(1.1)and
problem 1.2).
II.  MAIN RESULTS
For problem(1.3),namely

02|P, = PP, < B, <2P,, Non-Idle|y_C, ,Suppose

m—{i—‘,then mtly, po M p.
R _[)2 m 2 1 m _1 2

Theorem 17! If the number of jobs n satisfy
3<n<m ,the optimal schedule §, of problem (1.3)is
listed below.

(DIf 7 =0(mod3).then S, =T(3)T(3)---T(3);
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QIf n=1(mod3),then S, =T(HTQ3)---T(3);
(AIf n=2(mod3),then S, =TRB)T(3)---T(3)QO(5).
Theorem 2 ! If the number of jobs n satisfy

3<n<m n>m, the optimal schedule S, of problem

(1.3)is listed below.
(DIf m=0(mod3), then

S, =TQB)T3)---TB)I(n—m);
(2)If m =1(mod3), then
S.=T(HTQB)---T3)(n—m);
(3)If m=2(mod3), then
S, =T3)TQ3)---TR)I(n—-m-1).
Lemma 1 If the number of jobs »n satisfy

3<n<m,the total flow-time of the optimal schedule
S, of problem (1.3)is listed below.

(DIf n=3k, then ¢ :%k(k+1)Pz L k(K +2)P
(2)If n=3k+1, then

>.C, =%k(3k +5)P, +(3k” + 4k +2)P,
(3If n=3k+2, then

>, =(%k2+%k+2)Pz +(3k* +5k+3)P -

Proof (1) Let [ ={ Forward jobs subscript of the
optimal schedule g},

I = { Backward jobs subscript of the optimal
schedule g },
Then [ ={3u~+1|u=0,1k-1},

I={3u+23u+3|u=0,1,,

and ZC

jel

2.C Z [(Bu+2)R +(Bu+2)R]=kGk+2)R

/e[
Therefore

Y.C,=>C, +ZC :—k(k+1)P +k(3k+2)P-

jel
The proof of(2)and(3)is slightly.

We improved the optimal schedule in theorem 1
allowing in the machine idle period of time below.

First, we consider n =3k .After completion of the

k-1,

ZS(y+1)P :—k(k+1)P,

processing job 3/ ,processing job 3/+1 in M, in first
thing, after a period of time ¢=(3/ +1)P,-3IR, processing
job 3/+1,31+2,---

job3l+2,31+3,--

,3k in M, continuously, processing

,3k in M, continuously. It is that

turn
schedule S, t0 S, = 7 (3)7,(3)---T},_,(3)1,,,,(3k — 3[) ,among
S, there are idle time ¢=(3/+1)P,—3/P, in p, after

completion of the processing job3/.
Lemma 2 The total flow-time of the schedule

S, =TOT,3) Ty, (31, 3k =30)
D.C, =%1(1+1)P2 +1(31+2)R,
1S

+(k —1)[%(91 +9k +3)P, +9IP,—9IP, +3P,]

Proof Y C, = %1(1 +1)P, +1(31+2)P,

j<3l
2.C

3k-31
j>31 i=1

=Y [BI+i)R+3I(P,-B)+P]

= (k—l)[%(9l+9k+3)P1 +9IP, —9IF, +3P,]

And ZC/ :ZCf+ZCf :
Jj<3l j>31
Theorem 3 Let = E.,.ﬂ when | satisfy
5 15(F-P)

v <[ < k ,the total flow-time of the schedule

S, =T,(3)T,(3)--T;, ,(3)1,,,(3k —31) is lesser than the
schedule S, =7(3)T(3)---T(3) .
Proof When v:£+—3PZ —h <l<k;

5 I5(R-P)

%(9l+9k+3)P1 +9IP, -9/P, +3P,<

%(k+l+1)P2 +Bk+3/+2)R,

Therefore the total flow-time of the schedule
S T(3)T (3) 31 2(3) 31+1(3k_3l)
is lesser than the schedule S, =7(3)T(3)---T(3) from
lemmal and lemma 2.
Second, we consider # = 3k +1.After completion of the
processing job 3/+4 ,there is a period of idle time

t=3l+5)P,—(3l+4)R in M, and processing job
3l+5,3[4+6,---,3k+1 in M, continuously and
processing job 3/+5 , 3/+6 , ---,3k+1 in M,
continuously. It is that turn
schedule S, to S, =
TL(HT,(3)--T;,,,(3)1;,,5[3(k =1 —1)] ,among S, there
are idle time ¢=(3/+5)P,-3/+4)F in M, after

completion of the processing job 3/+4.
Lemma 3 The total flow-time of the schedule
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8, = L(HTLQ) Ty, O)yy,5[3(k —1=1)]

35

ZC,=(2k2—9kl—1—5k+Elz —1 12)P
is ) 22
+(9k1—E ? 371+15k 1B
Proof
Z C = 3(Z+1)+5](Z+1)P +[B3(+1)° +4(+1)+2]P,
Jj<31+4
3k+1
Z C.= Y {uR+[3+5P-3+4R]}
53114 u=3145 Then

=3(k—1—1)[§(k—1)3—13+3113+5132]
ZC/: Z C,+ Z C.
2P,

<3l +4 j>31+4
k 4
Theorem4 Let y=—4_— =2 = when /
5 I5(B-B) 3

satisfy v<l<k-1,
the total flow-time of the schedule
S, =T(DT(3)---T,,,,(3)L,, 5[3(k =1 —1)] is lesser than the
schedule S, =7/ (H)I5(3)---T;, ,(3).

Proof From lemmal and lemma2, the difference
between the total flow-time of the schedule S, and S,

is

2.6
s,

-3C, = [B=RIG k= 21-10) - P1(k~1 1)

when

, Zq _Zq >0 .that is
S. 5

result,

V=E+L_i <l<k-1

5 IS(h-F) 3
;C/’ >;C/ :

Finally, we considern =3k .After completion of the
processing job3/,processing job 3/+1 in pz, in first thing,

after a period of idle time ¢=(3/+1)P,—3/F in A,
3+1 , 3+2 , - 3k+2 in M,
continuously, processing job 3/+2,3/+3,---,3k+2 in
M that turn
schedule S.=TQ3)T?3)---T3)O(5) to
S, =T(T,3)-T, ,03)1,,,[3k+2)-3l] among S, there
is idle time ¢ =(3/+1)P, —3IR, in p, after completion of

processing  job

) continuously. It 1s

the processing job 3/ .
Lemma 4 The total flow-time of the schedule

S, =T OB T, (1, [Bk +2) = 31]

ZC (1512 915 —kl + k——l +3)P
15,
+(9ld—— +51+3k+2)1’32

Proof: 3" ¢, :%1(1+1)P2 +1(31+2)P

=l

3k+2
ZC/‘:

> [uR+@l+1)P,-3IR]

j>31 u=31+1

:(3k—3l+2)[%(k—l+1)Pl +3I+1)P,]

then ZcfzchJrsz'

j<31 j>31

Theorem 5 Let /<k,when [ satisfy
3 15 11, 5 3 9
—k*> =9kl +—I)P,~P)+(—I-=k)P +(=k—=0)P,>0
G NP~ R)+ (SIS DR+ G k=2 DP,

The total flow-time of the schedule
S, = TT3) Ty (. [k +2)-31] is lesser than the
schedule S, =7 (3)T(3)---T(3)Q(5) -

Proof:From lemma 1 and lemma 4, the difference
between the total flow-time of the schedule S, and S,
is
;Cj —;Cj =[(%k2 —9kl+l—2512)(P2 —R)+(1—211—§k)3+(%k—%l P,

There is the conclusion of theorem 5.

1. EXAMPLES
Example 1

n=18’P1=22’P2=21’k: 6 ﬂ_ﬁ

L 6, y=—t—=—.
3 5 15 15
The total flow-time of the schedule
S, =TT, )T, (3T;(3)T(3) is
Z C,=3963 .Let [ =4, the total flow-time of the
schedule

=LOLOLOT,G)6) is Y.c =392

among Sl' there is idle time 9 units in 7, after completion
of the processing job 12. Let / =5, the total flow-time of

the schedule §7=T,(3)T,(T, )T, ()T, (3) s

"
D.C,=3955, among S,
M, after completion of the processing job 15.

there is idle time 6 units in

Example 2
n=19,P =22,P, =21,k=”7_1=6,v=§
The total flow-time f the schedule
S, =T(HLATLT, (3T, (3)T,(3) is

Published by Atlantis Press, Paris, France.
© the authors

0413



The 2nd International Conference on Computer Application and System Modeling (2012)

ZC},:4397 Let [ =3 ,he total flow-time of the
schedule

S =TALAOLAT,G.6) is Y =432
among Szl there is idle time 8 wunits in M, after

completion of the processing job 13. Let [ =4, the total

flow-time of the schedule
S; = ﬂ (4)]; (3)Tx (3)]-;1 (3)];4 (3)117 3) is

ch =4387, among S2” there is idle time 5 units in

M, after completion of the processing job 15.
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