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Abstract—In this paper, the rear drive axle house of Dong 
Fang Hong 40 tractor was selected as the research object, 
through Finite Element Analysis by ANSYS Workbench, 
critical sections and conditions were obtained. Based on 
results by FEA, multi-objective fuzzy reliability robustness 
design model of rear drive axle house was built. Applying 
genetic algorithm to solve the design model, multi-objective 
fuzzy reliability robustness design model was changed into 
several single-objective fuzzy reliability design models. 
Though adding the deflection constraint, static strength 
constraint, fatigue strength constraint, dimension constraint 
and fuzzy boundary condition constraint, the optimal design 
parameters were obtained. Compared with the original 
design, the mass of axis house was reduced by 20.54%, the 
sensitivity was also cut down by 33.08%, and the reliability 
and robustness were also improved. Combined with genetic 
algorithm, the fuzzy reliability robustness design method has 
obvious advantages than traditional methods, and the 
optimal results have been successfully applied.  

Keywords-rear drive axle house; fuzzy reliability; 
robustness; genetic algorithm; tractor  

I. INTRODUCTION  

Rear drive axle house of tractor is the one of primary 
bearing members, bearing the weight of tractor with front 
axle. Rear drive axle house is used to support and protect 
the half axle, simultaneously transferring forces and 
torques from the wheel of tractor. Since the structure and 
shape are so complex, it’s difficult to use the traditional 
method to carry on the accurate calculation. Wu and Sun 
have optimized the automobile axle through Finite 
Element Method (FEM), but just single target has been 
optimized. Zhang etc. have analyzed the rear axle through 
reliability robust optimization design, but the judgment of 
critical sections only depended on the experience of 
designer. In this paper, the rear drive axle house of Dong 
Fang Hong 40 tractor is selected as the research object, 
three-dimensional (3D) physical model of rear drive house 
is developed. Applying mechanics simulation on the 3D 
model based on ANSYS Workbench, the working 
conditions are obtained when the critical sections and 
maximum stress occur. Finally, using fuzzy reliability 
robustness design method to optimize the model, and solve 
it with genetic algorithm. The calculated results indicate 
that the method used in this paper is feasible.  

II. MECHANICAL MODEL 

A. Mechanical Analysis of Rear Drive Axle House 

Under normal working conditions, the final drive house 
is connected with automobile body, the joint is considered 
as rigid connection. The rear drive axle house is hitched on 
the hollow crossrail of final drive house, fixed on the 
wheels through hub. The rear drive axle house is 
constrained by final drive house, simultaneously bears the 
ground force which is transferred by wheels. Compared 
with the overall mass of tractor, the mass of automobile 
body is relative small, which can be neglected. Thus, force 
acting on the supporting steel sheet by automobile body is 
considered as zero. The sketch of mechanical analysis is 
shown in Fig .1.  

In Fig .1, 1 denotes final drive house of tractor, 2 
denotes rear drive axle house, 3 is the rear drive axle, 4 is 
wheel, rR  denotes wheel rolling radius, b  is the distance 

between center line of wheel and final drive house, xF , yF   

and zF  are lateral adhesion force, drive force and vertical 
force of wheel acting by ground respectively.  

B. Main Parameters of Rear Drive Axle House 

The rear drive axle house of Dong Fang Hong 40 
tractor is selected as research object, the structural diagram 
is shown in Fig .2, and the corresponding parameters are 
given out in TABLE I. 

 
Figure 1. Sketch of mechanical analysis for rear drive axle house 
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Figure 2. Structural diagram of rear drive axle house 

TABLE I.  THE CORRESPONIDNG PARAMETERS OF REAR DRIVE 
AXLE HOUSE 

Designation Value (mm) 
L1 107 
L2 285 
L3 68 
D1 236 
D2 97 
D3 216 
I 12 

The material strength of rear drive axle house   is 

   , 443.5, 27.5r r   MPa, Elastic modulus 

150E GPa , Poisson ratio 0.25  , the gravity 

distributed on the rear axle 14.06hG kN , the lateral 
adhesion coefficient 0.65  .  

C. Strength Calculation of Rear Drive Axle House 

The force situations of rear drive axle house can be 
divided into three typical working conditions. If the 
strength of rear drive axle house under critical conditions 
is ensured, then reliability of the driving tractor under same 
conditions is ensured.   
When driving tractor is on the uneven road, the bending 
stress of rear drive axle house at the position x which is the 
distance from center line of wheel 

/ .x x xkM W                                (1) 

In (1), xM  and xW  are the bending moment and section 
modulus in bending of rear drive axle house at the section 
x respectively, k  is the dynamic load coefficient. For 
tractors, 2.5k  .  

When traction force reaches a maximum, rear drive 
axle house bears the combined effect of bending moment 
and torque. According to the fourth strength theory, the 
resultant stress of rear drive axle house at x is 

2 2 2 23 0.75 / .x x x x x xS M T W                   (2) 

In (2), 2.5k   is the torque of rear drive axle house at the 
section x , xS  is the normal stress induced by bending 

moment, and x  is the shear stress induced by torque. 

1 .x x xw                                       (3) 

In (3), 1x  and xw  are tensile stress and bending stress 
caused by lateral force. 

For tubular section of rear drive axle house, the section 
modulus in turning and bending at position x  can be 

calculated as follows: 

 4 4 /16 .x x x xW D d D                              (4) 

 4 4 / 32 .x x x xW D d D                              (5) 

In (4) and (5), xD is the external diameter at section x , xd  
is the internal diameter at section x . 

III. JUDGEMENT OF CRITICAL SECTIONS AND 

CONDITIONS 

Set up the 3D physical model of the rear drive axle 
house of Dong Fang Hong 40 tractor based on UG, and 
then input into ANSYS Workbench, finally carry out the 
mechanical analysis. The analytical results are shown in 
Fig .3, Fig .4 and Fig .5. 

Simulation results based on FEM indicate that the 
critical section of rear drive axle house occurs at the 
juncture of small tube and big tube, which is 564 mm away 
from center line of wheel.  The most critical condition 
achieves when the driving tractor is on uneven road, 
simultaneously the maximum stress is 154.42 MPa, which 
is obviously less than the allowable stress of material 
443MPa. Thus, this paper mainly focuses on the optimized 
design of rear drive axle house when the most critical 
condition occurs.  

 
Figure 3. Mechanical analysis of rear drive axle house based on FEM 

when driving on uneven road  

 
Figure 4. Mechanical analysis of rear drive axle house based on FEM 

when traction force reaches a maximum  
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Figure 5. Mechanical analysis of rear drive axle house based on FEM 

when lateral force reaches a maximum  

IV. FUZZY RELIABILITY ROBUSTNESS OPTIMIZTED 

DESIGN FOR REAR DRIVE AXLE HOUSE  

A. Fuzzy Reliability Function of Rear Drive Axle House 

The fuzzy state describes the transient process of rear 
drive axle house from safety state to failure state. The 
safety state function of rear drive axle house y  is defined: 

.s ly y y                                       (6) 

In (6), sy  and ly  are the strength and stress of rear drive 
axle house respectively. 

Supposed that the safety state of rear drive axle house 
is a fuzzy event A


, and then the reliability of A


 is 

calculated as: 

      .AR P A y f y dy



  

                     (7) 

In (7), y is safety state function of rear drive axle house, 

 A y


is the membership function of A


, and  f y  is the 

fuzzy reliable probability density function.  
The membership function depends on the fuzzy 

statistical method used. According to Ref.6, membership 
function uses rising semi-parabolic distribution in this 
paper, its mathematical expression: 
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In the field of mechanics and vehicle engineering, a  
and b  depend on the way of experience extend coefficient. 
b  is set to 1.1 times of a . 

Supposed the strength and stress of rear drive axle 
house bears is distributed normally, and then the fuzzy 
reliable probability density function can be expressed as: 
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1
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                      (9) 

In (9),   and   are the expected value and standard 
deviation of safety state function of rear drive axle house. 
Combined (6), (7) and (9), finally fuzzy reliability function 
of rear drive axle house is obtained: 
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B. Robustness Reliability Design Method of Rear Drive 
Axle House 

To avoid the undesired changes when optimizing target 
function, the sensitivity of target function under restriction 
conditions need to be minimized. Supposed that  g Y  is 

target function,  1 2, , ,
T

ny y yY   are design variables, 

then the sensitivity of  g Y  is   / minidg dy Y , 

which need to be minimized. That is, target function is 
insensitive to the uncertain variables, finally the robustness 
optimal design is actualized.  

V. MATHEMATICAL MODELING OF REAR DRIVE 

AXLE HOUSE BASED ON MULTI-OBJECTIVE FUZZY 

RELIABILITY ROBUSTNESS DESIGN METHOD 

Since fuzzy reliability analysis method discusses the 
randomness and fuzziness of component’s force state, 
while robustness optimal design analysis considers the 
sensitivity of target function. In this paper, both two 
methods are used together.  

A. Design Variables and Target Functions 

Set up the target function X  based on the small tube 
inner radius 2D  and thickness I  of rear drive axle house: 

   1 2 2, , .X x x D I                            (11) 

Mass of rear drive axle house is required to be 
minimized, which is equated with minimal volume since 
the density is constant. To calculate the volume of rear 
drive axle house approximately: 
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       (12) 

In (12),   is the angle between inclined plane and end 
face of conical tube.  Take the minimal sensitivity of 
design variables to the reliability of rear drive axle 
house as the aim, 
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B. Constraint Conditions 

1) Deflection constraint 
The rear drive axle house is mainly supported by small 

tube, and then the deflection of small tube is required to be 
less than the allowable range: 

   3
1 2 .

48
Z

y

F
g X L y

EI
                           (14) 

In (14), E  is elastic modulus of rear drive axle house, 

yI  is inertia moment of section,  y  is the allowable 

deflection. 
2) Static strength constraint 

Instantaneous impact load will bring about the damage 
of rear drive axle house, and then the static strength need 
to be checked, the reliability constraint of static strength is 
computed as 

 2 0 0.S Sg X R R                              (15) 

In (15), SR  is the reliability function of static strength, 

0SR  is the given reliability of static strength. Using 
variation coefficient method to calculate the mean value 
and standard deviation of stress: 
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                     (16) 

Variation coefficient and standard deviation are 
calculated respectively as in (17). 

'

0.5
2 2 2 , .

SZ
S k L S SF

V V V V S V                 (17) 

In (16) and (17), '
ZF  is momentary excessive impact load, 

'F  is the average value of momentary excessive impact 
load, L  is the distance between critical section and reduce 
house, kV , LV  and 'F

V are variation coefficients of k , L  

and '
ZF  respectively. 

3) Fatigue strength constraint 
Tractor’s roads are rather tricky, affected by alternate 

impart load, rear drive axle house is required to experience 
quite a long time. Since stress concentration factor at the 
juncture of small tube and big tube only affects the 
amplitude of stress, has no effect on average stress, the 
reliability constraint of fatigue strength is computed as  

 3 0 0.H Hg X R R                            (18) 

In (18), HR  is the reliability function of fatigue strength of 

rear drive axle house, 0HR  is the given reliability of fatigue 
strength of rear drive axle house. 
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                        (19) 

''F  denotes alternate load. Variation coefficient and 
standard deviation are calculated respectively as in (20): 

''

0.5
2 2 2 , .

HZ
H k L H HF

V V V V S V                 (20) 

4) Dimension constraint 
The diameter of big tube on rear drive axle house is 

required to be bigger than that of small tube,  

 4 2 1 0.g X D D  
                         (21) 

5) Fuzzy boundary condition constraint of variable X 
To confirm the selected range of variable X according 

to experience. Supposed ix  and ix  are the lower and 

upper bounds of variable ix , 1, 2i  , the range of thickness 
of rear drive axle house is between 8mm and 22mm, the 
range of small tube diameter is between 80mm and 
200mm.  

C. Solution of Model 

Genetic algorithm (GA) is an efficient, concurrent, 
robust and global optimization method based on Darwin’s 
theory and Mendel’s law. GA is widely applied in 
engineering optimization, graphic processing and artificial 
life etc. GA is applied for optimal design of rear drive axle 
house in this paper. Linear membership functions are used 
to construct target functions, design variables and 
membership functions of constraint functions. 
Performance constraint membership function  G j y



 is 

defined as: 
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In (22),  ig y  is the j  th constraint function, jb  and 

jd  are the lower and upper boundary of the j  th 

constraint function respectively. Variable constraint 
membership function 

j
Y


 is defined as  
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In (23), jy  is the j  th design variable, 
j

Y


 is membership 

function of the j  th variable, 1
jd  and 1

jy  are the lower and 

upper boundary of 
j

Y


 on ascending segment, while u
jd  

and u
jy  are the lower and upper boundary of 

j
Y


 on 

descending segment. The membership function of fuzzy 
target iF


 of all the sub-objective functions  

iF y


 is 

defined as 
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       (24) 

In (24),  if y  is the i  th target function, min
if  and max

if  

are the lower and upper boundary of the i  th target 
function. The membership functions of fuzzy constraints 
and target functions can be obtained by combined solving 
(22)~(24), simultaneously, the maximal value kM  and 

minimal value km  of all sub-objective functions can also 
be found using MATLAB optimization toolbox. Finally, 
fuzzify all the single-target functions using (25). 
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Though computing the superior set membership 
functions of multi-target optimal functions and the optimal 
solutions, multi-targets fuzzy optimization problems turn 
into single-target optimization problem, and the 
optimization functions are concluded as: 
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According to the above calculation method, multi-
target fuzzy reliability robustness optimization model is 
changed into normal single-target optimization model. In 
addition, using the GA to solve the model, the optimal 
design parameters of the rear drive axle house is shown in 
Fig .6. TABLE II. gives out the solutions of fuzzy 
reliability robustness optimization and the primary design 
parameters. 

 
Figure 6. Fitness value versus iteration times 

TABLE II.  DESIGN PARAMETERS OF REAR DRIVE AXLE HOUSE 

Design 
Method 

2 /D mm

 

/I mm
 

 1 /f X mm     2 / /f X m s

 

R

Traditionally 97 12 62.20 10  6.53 1.0

Fuzzy 
robust

89 10 61.75 10  4.37 0.99

After 70 times iteration, the computation program of 
GA ends, and the solutions converge (convergent 
condition is that the difference of successive fitness values 
is less than 0.01).  

Compared with the primary design parameters, the 
optimal parameters reduce the mass of rear drive axle 
house by 20.45%, lower the sensitivity by 33.08%. Using 
ANSYS Workbench to analyze the optimal rear drive axle 
house, the maximal stress of critical section achieves 272 
MPa, which is less than the permissible stress 443 MPa. 
Traditionally the maximal stress of critical section is 
increased by thickening the rear drive axle house, while 
using the fuzzy reliability robustness optimization method 
in this paper, the maximal stress is ensured, also the mass 
reduced. The backup coefficient is 6.2 using hydraulic 
fatigue machine to check perpendicular bending strength, 
which meets the national standard. Since the sensitivity 
reduces, that is the change of design variables is insensitive 
to the reliability of rear drive axle house, which keeps the 
tractor performance stable. 

VI. CONCLUSIONS 

This paper firstly utilizes UG to build the physical 
model of rear drive axle house and then applies ANSYS 
Workbench to do mechanical simulation, finally finds out 
the location of maximal stress. The whole progress avoids 
the effects of human factor.  

Compared with the traditional design method, the 
fuzzy reliability robustness optimization design method in 
this paper has obvious advantages. 

Solving the model by GA, the results have excellent 
robustness, also the results have been successfully adopted 
in the agricultural machines. 
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