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Abstract. In this paper, we first investigate the discrete 2D analytic signals with some properties such
as Discrete Bedrosian’s theorems. Second, based on the derived discrete properties of discrete 2D
analytic signals, we provide an image decomposition method via the above principles to decompose
image. Experiments on texture analysis show the efficiency of the proposed methods.

Introduction

Hilbert transform plays an important role in signal processing, mathematics and et al.[1-5]. Hilbert
transform and the associated concept of analytic signals, introduced by Gabor [1], have been widely
adopted for time-frequency analysis in diverse applications of signal processing. In this paper, we will
discuss the 2D discrete-spatial signals. Discrete-spatial signals (images) are represented
mathematically as sequences of numbers. In continuous space, for 2D signal processing, the classical
HT can mainly be divided into the follows: total HT(THT), partial HT(PHT), single orthant
HT(SOHT) and so on[3-5]. In this paper we will mainly discuss the three types of HT: PHT, THT and
SOHT with their properties.

Discrete 2D Hilbert Transform and Analytic Signals

We consider the sequence for which the Fourier transforms are zero on -z <@, <0. Then, with
z(m,n) denoting the sequence and Z(e'*,e'”) its Fourier transform, we require that

Z(e™,e")=0, -7<w, <0. (1)

The sequence z(m,n) corresponding to Z (e ,e"”) must be complex. Therefore, we can express
z(m,n) as follows: z(m,n) =z, (m,n) +iz, (m,n), (2)
where z,(m,n) and z,(m,n) are real sequences (real part and imaginary part, respectively). If
Z.(e",e™) and Z, (e ,e"™) denote the Fourier transform of the real sequence z,(m,n) and z,(m,n),

respectively, then Z (e ,e")=Z,(e",e")+iZ, (e ,e"). (3)
In addition, we also have Z, (e &' ) = —isgn(w,)Z, (' &' ) = H (" &' ) Z (e "), (4)
+1, forO<w<rx
where H, (e ,e')=—isgn(ew,) and sgn(w)=40, for =0 is the signum function.

-1, for-z<w<0

(e,e™)e " dw do,

X

l T
Also, we have hx(m,n)zzj I H

2 sin*(zm/2)
=iz m
0, m=0
In spatial domain, we let H! denote the discrete partial Hilbert transform operator along X axis,
and take into account the relation of triangle, we can obtain

o(n), m=0 . (5)
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2 z(1,n)
;zmddm, for even m
1-cosz(m-1) 2 z(l,n)
h I, I - = Zbz(ln) =4— ——= foroddm, 6
Z(m n) é (m n)Z( n) ﬂ'é{ m—l }Z( n) ”Zleven m_l ( )
0, others
—EZ Hy {z(m )} for even |
m odd ! !
The inverse relationship is given by z(m,n)={ 7 l-m (7)
L2y I}
P m even l—m !
At the same time, we can also deduce that (H;’)fl =—H? and (Hx) =—1, where 1 is the identity

operator. In the same manner, we can obtain the similar forms for the partial Hilbert transform along
Y axis that are trivial and will not be shown here. Similarly, for the total Hilbert transform, we
consider the sequence for which the Fourier transforms are non-zero on 0<w, <z and 0<w, <7 .

Then, with z(m,n) denoting the sequence and Z(e'*,e'”) its Fourier transform, we require that
Z(e™,e") =0, for(0<w, <7)N(0<w,<x)
Z(e',e™)=0, forothers .

The sequence z(m,n) corresponding to Z (e ,e"”) must be complex. Therefore, we can express
z(m,n) as follows: z(m,n) =z, (m,n) +iz, (m,n), 9)
where z,(m,n) and z,(m,n) are real sequences (real part and imaginary part, respectively). If

(8)

Z.(e,e™) and Z, (e ,e"™) denote the Fourier transform of the real sequence z,(m,n) and z,(m,n),

respectively, then Z (e ,e")=Z,(e" e ) +iZ, (e ,e"). (10)
In addition, we also have Z,(e",e")=H, (e",e")Z.(e"*,e"), (11)

+1, forO<w<r

where H, (e ,e") =[-isgn(e,)][ -isgn(s,) ] and sgn(w) =40, for =0 is the signum function.
-1, for-z<w<0

Also, we have

. 2 sin*(zm/2) sin®*(zn/2
hr(m,n) :zij‘ J‘ HT (ei”’* veiwy)ei(wxmwyn)da)xda)y _ ; (m / ) (n / ), m;tOﬂn 7:0' (12)
T n e 0, others

In spatial domain, we let H: denote the discrete total Hilbert transform operator, and take into
account the relation of triangle, we can obtain

Z. odd Zp()ddz(l(ﬁ)p) for even mand even n
Z.WZWZ('U‘:)M for odd mand odd n
Pz} =33 (-1 p)z(l p) = ZZZ"iE)_p) for evenmand odd n 13)
7 bz
Z| MHZPM%, for odd m and even n
0, others

The inverse relationship is given by
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H {z(m,n)}

2
_;Zmodd Znoddm’

H! {z(m,n)}

2
e L L (T (p =)

for even | and even p,

for odd | and odd p, (14)
z(m,n) =
_E E E M for odd | and even p

T m even nodd(l_m)(p_n)' ’

2 Hy {z(m,n)}
_;Zmodd Znevenm, for even I and Odd p

Properties of Discrete 2D Hilbert Transform

Lemma 1: Let Z(e'™,e") be the discrete-spatial Fourier transform of z(m,n). Then z(m,n) is an
analytic sequence iff z(e",e)=0 for —z<w, <0 (-7 <o, <0) in viewpoint of partial Hilbert
transform along X () axis.

Lemma 2: Let Z(e'*,e™) be the discrete-spatial Fourier transform of z(m,n). Then z(m,n) is an
analytic sequence iff Z(e,e)=0 for -r<o, <0U-7<w,<0 in viewpoint of total Hilbert

transform.
Theorem 1: Suppose that z,(m,n) and z,(m,n) are complex sequences with discrete-spatial Fourier

transforms z,(e,e) and Z,(e,e). Then H{ {zz,}(m,n) =z,(m,n)H} {z,(m,n)}
if there exists a nonnegative number o < 7 such that
Z,(e,e"™)=0 for 0<o<|o|<7 and Z,(e",e)=0 for 0<|w,|<o<x,oOr
Hy {z,2,}(m,n) =z, (mn)H{z,(m,n)}
if there exists a nonnegative number o < 7 such that
Z,(e",e)=0 for 0<0'<|a)y|<7r and z,(e',e")=0 for 0<|a)y|<a<7r.
The proof is trivial.
Theorem 2: Suppose that z,(m,n) and z,(m,n) are complex sequences with discrete-spatial Fourier
transforms z,(e",e) and Z,(e",e). Then H!{zz,}(m,n) =z (m,n)H{ {z,(m,n)}
if there exists a nonnegative number o <z such that
Z,(e,e”)=0 for -z <w,<-c and Z,(e*,e”)=0 for -z <w <o <x,or
Hy {zz,}(m,n)=z(m,n)H;{z,(m,n)}
if there exists a nonnegative number o < 7 such that
Z,(e",e")=0 for -z < w,<-oc and Z,(e" e¥)=0 for —z < 0, <O<T.
Theorem 3: Suppose that z,(m,n) and z,(m,n) are complex sequences with discrete-spatial Fourier
transforms z,(e",e™) and Z,(e",e). Then H{ {z,z,}(m,n) = z,(m,n)H; {z,(m,n)}
if there exists two nonnegative numbers o,,0, <z such that
Z,(e>.e")=0 for {0<o,< <7r}ﬂ{0<a2 <‘a)y‘<7r} and  Z,(e™,e”)=0  for

a)x

{0<|a)x|<0'l <7r}ﬂ{0<|a)y|<0'2 <7z}.
The proof is trivial.

Theorem 4: Suppose that z,(m,n) and z,(m,n) are complex sequences with discrete-spatial Fourier

transforms z,(e",e) and Z,(e",e). Then H{ {z,z,}(m,n) = z,(m,n)H; {z,(m,n)}

if there exists two nonnegative numbers o,,0,<z such that: Z(e",e”)=0 for

(-7<o, <—0'1}ﬂ{—7r<a)y <—0'2} and Z,(e",e”)=0 for {-z<w, <o, <7r}ﬂ{—7z<a)y <o, <7r} :

The above theorems are of significance to the further applications in image processing.
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Experiment, discussion and conclusions

In this paper, we will use a texture to verify our methods. Our main aim is to verify the
decomposition principles, not the reconstruction of the assisted components in this paper. On the
other hand, that the discrete 2D analytic S|gnals are ratlonal is verified by the experiment as [6].

(@) The original comp03|te multlcom onent.

=

Fig.1 The decomposed monocomponents by our method.

In this paper, we investigate the discrete 2D analytic signals with some properties such as
Bedrosian’s principles and so on. Second, based on the derived discrete properties of discrete 2D
analytic signals, we provide an iterative image decomposition method is proposed via the above
principles to decompose the multicomponent image into monocomponents. Experiments on
composite texture show the efficiency of the proposed methods. In our future work, we will discuss
the reconstruction of assisted signals based on the original signals for image decomposition[7-9].
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