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Abstract. We numerically investigate the effects of coupling delays on the synchronization dynamics 
of two coupled chaotic light-emitting diodes (LEDs) with ac-coupled nonlinear optoelectronic 
feedback. With zero-lag or very small time-delay coupling, as the coupling strength increases, the 
coupled system exhibits weak anti-phase multi-spike synchronization, strong anti-phase 
low-frequency spike synchronization and finally complete chaos synchronization. With a coupling 
delay large enough, not only the chaotic spiking is eliminated, but also new high amplitude high 
frequency regular spike synchronization of coupled LEDs can be obtained.  

Introduction 

Synchronization of coupled nonlinear oscillators is a fundamental phenomenon in nature that has 
attracted a lot of attention in the last decades [1, 2]. In a general sense, different kinds of 
synchronization phenomena, including complete synchronization [3], phase synchronization [4], and 
lag synchronization [5], have been observed and studied.  

Light-emitting diodes (LEDs) become more and more popular and have already been embedded 
into many consumer devices due to their high luminance and low-cost. LEDs are ideal candidates for 
the implementation of a complex network on a chip. LEDs also provide the foundation for networking 
using the visible light as communication medium. These networks require fast and stable 
synchronization. Efficient synchronization is a key aspect of LED networks. 

Recently, a GaAs light-emitting diode (LED) with ac-coupled nonlinear optoelectronic feedback 
has been shown to exhibit complex dynamics [6]. Compared to the semiconductor laser, LEDs 
display the same dynamics and are much more easily controllable. However, irregular and chaotic 
spiking sequences observed in a large range of parameters [6, 7], prevents the establishment of stable 
regular spike synchronization in a LED network. On the other hand, since a finite time delay always 
exists for signal transmission in coupled systems, it’s necessary to take it into account when 
investigating the synchronization dynamics of coupled nonlinear oscillators. Nowadays, the 
synchronization dynamics of two coupled chaotic LED system has not been fully understood, 
especially, how the coupling delay affects the synchronization dynamics of LED networks has not 
been studied. The goal of this paper is to investigate the effects of coupling delays on the 
synchronization between two chaotic LED systems. Simulation results demonstrate that, by 
increasing the coupling delay, one can obtain a new kind of high amplitude high frequency regular 
spike synchronization in two coupled chaotic LEDs.  

LED System Model and Its Complex Dynamics 

For numerical and analytical purposes, the LED system dynamics is written in dimensionless form 
(see [6] for details): 

0( 1), ( ( ) (1 ( )) ), ( )x x y y y w x s w x xy w w xγ δ α ε= − = − + + + + − = − +                                       (1) 
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where x  and y are suitably normalized photon and population-inversion densities and w    describes 
the nonlinear ac feedback loop. γ   is the ratio between photon and carrier lifetimes. 

0δ   is the relative 
bias voltage parameter,  α  is the feedback strength. γ   and  ε  are time-scale parameters. In this paper 
we set the parameter values as  0.2s = , 1.002α = , 33.3 10γ −= × , and 54 10ε −= × . 

Figure 1 shows a detailed bifurcation diagram computed from Eq. (1) by varying 
0δ  over a small 

interval contiguous to the initial Hopf bifurcation. The system passes through a cascade of period 
doubled and chaotic attractors. A period doubling route to chaos occurs. 

 
Figure 1. Bifurcation diagram for the peak values of x  as the parameter 

0δ  is varied.  

Now we couple two LED systems bidirectionally through the bias voltage with coupling time delay. 
The corresponding model is  

1 1 1 1 0 1 1 1 1 1 1 1 2 1 1 1 1

2 2 2 2 0 2 2 2 2 2 2 2 1 2 2 2 2

( 1), ( (1 ( )) ) ( ( ) ( )), ( )
( 1), ( ( ) (1 ( )) ) ( ( ) ( )), ( )

c

c

x x y y y w x s w x x y g y t y t w w x
x x y y y w x s w x x y g y t y t w w x

γ δ α t ε
γ δ α t ε

= − = − + + + + − + − − = − +
= − = − + + + + − + − − = − +

  

  

    (2) 

where the subscripts 1 and 2 indicate two LED systems,   and   are coupling strength and delay time 
between those two LEDs. 

In this paper, we only consider the case of two identical LEDs in chaotic regime ( 0 1.15δ = ) and 
investigate the effects of cg  and t    on the synchronization dynamics.  

Simulation Results and Analysis 

In this section, we first study the synchronization dynamics of coupled chaotic LEDs without 
coupling delay. Figure 2 shows the spike frequency (Fig. 2(a)) and amplitude (Fig. 2(b)) as a function 
of coupling strength. The dashed black lines separate the parameter space into three different regimes 
in term of the synchronization dynamics.  
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Figure 2: Bifurcation diagram of spike frequency and amplitude as a function of coupling strength without delay. 

(a) frequency (b) amplitude.  
Figure 3 gives typical responses of time series of states  1x  and 4x  (Fig. 3(a)) and the 

corresponding phase portraits on 1 4x x−  plans (Fig. 3(b)). For a very small coupling strength 
( 0.001cg = ), weak anti-phase multi-spike synchronization between the two chaotic LEDs is observed. 
For a mediate coupling strength ( 0.005,0.025,0.035cg = ), one can obtain anti-phase low frequency 
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spike synchronization with a decreasing frequency and different amplitudes. For a large coupling 
strength ( 0.04cg = ), the dynamics becomes complete chaotic synchronization. As we increase the 
coupling strength, we find transitions from weak anti-phase multi-spike synchronization, to 
anti-phase low frequency spike synchronization, to complete chaos synchronization. 
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Figure 3: Responses of the coupled LEDs with different coupling strengths: (a) time series of 1 2,x x , (b) the 

corresponding phase portraits on 1 2x x−  plane. 
Next, we take into account the coupling time delays and investigate how it affects the above 

transitions. Figure 4 gives the bifurcation diagram of spike frequency (Fig. 4(a)) and amplitude (Fig. 
4(b)) as a function of coupling strength with different coupling delay. Figure 5 shows typical 
responses of time series of states  1x  and 4x  (Fig. 5(a)) and the corresponding phase portraits on 

1 4x x−  planes (Fig. 5(b)) with different parameter values. For small coupling delay (Fig. 4 and 5, 
10t = ), the delay doesn’t change the synchronization dynamics and their transitions qualitatively. 

When the coupling delay is big enough (Fig. 4 and 5, 30,50,70,90t = ), in the regime of anti-phase 
low frequency spike synchronization (mediate coupling strengths), the spike frequencies are almost 
the same, while the amplitude becomes larger as the coupling delay increases. The bifurcation values 
of cg  for the transitions (Fig. 4, sudden increases of frequency and amplitude) from anti-phase low 
frequency spike synchronization to complete chaos synchronization  ( 10t = ) or to complete regular 
spike synchronization ( 30,50,70,90t = )  decreases as t  increases. When t  exceeds a certain 
threshold value, high amplitude and high frequency spike synchronization occurs.  
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Figure 4: Bifurcation diagram of spike frequency and amplitude as a function of coupling strength with different 

coupling delays. (a) frequency (b) amplitude.  

Summary 

In any physical systems, time delays are unavoidable in signal transmission. In this paper, we have 
numerically studied the effects of coupling delays on the synchronization dynamics between two 
LEDs in chaotic regime. We have shown that without the coupling delay, with increase of coupling 
strength, the coupled system undergoes transitions from weak anti-phase chaotic synchronization, to 
anti-phase chaotic synchronization, to anti-phase low-frequency spiking synchronization and finally 
to chaotic synchronization. On the other hand, for a coupling strength large enough, as the coupling 
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delay exceeds a certain critical value, a new dynamics, i.e. high amplitude high-frequency spiking 
synchronization occurs. The systems fire more regularly. In conclusion, we have uncovered that time 
delay facilitates regular spike synchronization between two coupled chaotic LEDs, which is useful for 
real-world applications. The effects of coupling delays on synchronization of complex network with 
more than two interacting LEDs will be our next step of study. 
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Figure 5: Example responses of the coupled LEDs with different coupling strengths and delays: (a, c) time series 

of 1 2,x x , (b, d) the corresponding phase portraits on 1 2x x−  plane. 
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