
Multi-symplectic integration for the Camassa-Holm-γequation 

Jiarui Liang1, aand Songhe Song1,b 
1College of Science, National University of Defense Technology, Changsha 410073, PR China 

ajrliang1991@163.com, bshsong@nudt.edu.cn 

Keywords: Multi-symplectic method, Fourier pseudo spectral scheme, Camassa-Holm-γ equation, 
peaked solution 

Abstract. In this paper, we construct a multi-symplectic Hamiltonian form of the 
Camassa-Holm-γequation(CH-γ) and use the multi-symplectic Fourier pseudo spectral 
Method(MSFP) for the discretization of the CH-γequation. peaked periodic solution with periodic 
boundary condition is taken to confirm the accuracy and the good ability of conserving the 
invariants of the MSFP method. Then the collision of two peaked periodic solutions is shown. 

Introduction 

In this paper, we aim to study the Camassa-Holm-γ equation(CH-γ): 

0 2t x x x xxxm c u um mu u     ,(1) 

Which is derived by dullin et al.[1-3] in 2001 as a model for the unidirectional propagation of 
nonlinearly dispersive shallow wave equation. Here ( , )u x t  is the fluid velocity, xxm u au   is 

the momentum density, 0c , a  and   are constants. 

CH-γcan be rewritten in an equivalent manner as the following form  

0 3 ( 2 ) 0t x x xxt x xx xxx xxxu c u uu a u u u uu u       .      (2) 

Guo and Liu present some explicit expressions of peaked solitary wave solutions and peaked 
periodic wave solutions in Ref.[4]. Many analytical solutions including smooth and peaked periodic 
solutions have been given in Refs.[5,6,7].Kang studied the admitted symmetries and conservation 
laws of the CH-γ equation in Ref.[8]. As we know, there is little numerical method for the 
CH-γequation in the existing literatures. 

   We use Multi-symplectic method to deal with it in this paper. Multi-symplectic methods for 
other PDEs including nonlinear Schrodinger equations [10,11], Coupled-Schrodinger-KdVequations 
[12],CHequations [13],quasi-Degasperis-Procesi equation [14] have shown their advantages over other 
methods in local conservation properties,invariants preserving and long-term numerical simulation. 
The multi-symplectic structure for the Hamiltonian form of the CH-γ equation has not been 
proposed, therefore it'sof great value to construct a multi-symplectic scheme for the CH-γequation. 

Multi-symplectic schemes of the CH-γ equation 

Introducing the following canonical momenta 
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Eq.2can be rewritten as the first-order scheme as follows: 

2 2
0

1 1 3

2 2 2 2 2t t x

a a
v a w v c u u       . (4) 

Introducing the state variable [ , , , , ]Tz u w v  ,we can get a multi-symplectic scheme of the 
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CH-γ equation  
( )t x zMz Kz S z   ,(5) 

in which 
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the Hamiltonian function 3 2 2 201 1
( )

2 2 2 2 2

c a
S z u u v u wu v av

        . 

The multi-symplectic structure (5) has several basic local conservation laws 
including 
(1) a local multi-symplectic conservation law  

0t x     ,                            (6)   

where du d adv du     , 2adu d dw d       
(2) a local energy conservation law  

0t xE F    (7) 

where the energy density
1 1

( ) ( ) ( 2 2 )
2 4

T
x x x x xE S z z Kz S z w w a u a u           

the energy flux
1 1

( 2 2 )
2 4

T
t t t t tF z Kz w w a u a u        . 

Eq.7 can be rewritten in a specific form: 
23 2 2

0 1
( ) ( ) 0

2 2 2 2 2t x t t

c uu auv v
w au

               (8) 

(3) a momentum conservation law 
0t xI G                                     (9)    

where the momentum density
1 1

( )
2 4

T
x x x x xI z Mz u u avu auv       

the momentum flux
1 1

( ) ( ) ( )
2 4

T
t t t t tG S z z Mz S z u u avu auv        . 

Eq.9 can be rewritten in a specific form: 

( ) ( ( ) ) 0
2 2
t t

t x x x

u au
u au v S z

         (10) 

 
with the periodic boundary conditions, the CH-γ equation has two Hamiltonian invariants, 

global energy invarian 1 and global momentum invariant 2 :  

3 2 2 2
1 0

1
( , ) ( )

2
E x t dx u c u auv v dx        (11) 

2 2
2

1
( , ) ( )

2 xI x t dx u au dx     (12) 

which satisfies 1 20, 0
d d

dt dt

 
  . 

Those two Hamiltonain invariants can usually used as the evaluation critria for the 
multi-symplectic method. The discretizaiton of 1 and 2 are defined as follows 
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Imagine N is the configuration point number in space, L represents the spatial 

period,  1 2, ,
T

NU u u u  ,  1 2, ,
T

NW w w w  ,  1 2, ,
T

N     ,  1 2, ,
T

NV v v v  .

1 2, ,
Tn n n n

NU u u u    where ( , )j
i j iu u x t  and others are similar.Set the time step t ,the first order 

difference operator 
1( )n n

n
t

U UDU t

   ,the average operator 1( ) 2n n n
tAU U U  . 

Fourier pseudo spectral mothed applied to discrete the space direction and implicit midpoint 
method for time discretization,we obtain the discrete scheme as follows: 
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(13) 

where 1D is the first order Fourier spectrum differential matrix 
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the vector operation is defined by 1 1 2 2( ) ( ) [ , , , ]n n n n n n n n

N NU V u v u v u v  . 

The Fourier pseudo spectral scheme of Halmitonian PDEs, has been proved as one of the 
typical discrete methods that leads to multi-symplectic[15,16]. 

Eliminating the canonical variables , ,w  and v , we can get a three-level scheme 
2 3

1 0 1 1

2 2 2
1 1 1 1 1

3
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(14) 

Notice that the derivatives of x u   and xu v  in Eqs.(5) have no relationship with time, 

we can replace 1
n

t tD A AU   and 1
n

t tD AU AV  in Eqs.13 with 1
n

tD A U   and 

1
n

tD AU V ,a two-level discrete scheme can be obtained : 
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a
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(15) 

When we use Scheme(14) for numerical simulation, Scheme (15) can be applied to set the 
initial value on the second time level. 

Numerical Experiments 

In this section , we firstly bring in a peak periodic solution for numerical experiment.
 If 0a  , in order to stay the same with the description in Ref.4,the parameter 2a is used to 

replace a .The CH-γ equation has an periodic peaked solution as follows[4]:  
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Then take the initial condition and the boundary condition as follows: 
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(16) 

Set the parameter 0.9 1 1oa c     and 2c  . 

In the following numerical experiments, we let the time step length 42 10t     , the spatial 

interval 2 2[ , ]T T , 2
500

Tx   

 In Fig.1, the numerical solutions obtained by the Multi-symplectic Fourier pseudo spectral 
method are presented at 4,8,12t  .The error with the exact solution is shown in Fig.2. Fig.3 shows 

the global error of the two Hamiltonian invariants and 2L -error of the solution. 

 
Fig.1 the numerical solutions with initial condition(16) at 4,8,12t  4,8,12t   

42 10t    2
500

Tx  0.9 1 1oa c     2c   

 

Fig.2 The error with the exact solution with initial condition(16)at 4,8,12t   
42 10t    2

500
Tx  0. 1 1oa c     2c   
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 Fig.3the global error of the two Hamiltonian invariants and 2L -error  
The numerical results show that the MSFP method conserves the global error of the two 

Hamiltonian invariants and solves the CH-γ equation with peaked periodic boundary condition quite 
exactly. 

Now we use the MSFP method to simulate the collision of two peaked waves with the following 
initial condition and boundary condition: 
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Where 1 22, 4c c  . 

We set 9 1 1, 2oc c         , the period 
1 2

10.3c cT   

1 2
2

1600
c cTx  42 10t     

The numerical results of the collision are shown in Fig.4, the collision is simulated very well. 
The global error of the two Hamiltonian invariants are shown in Fig.5, the Hamiltonian invariants is 
well conserved by using our method. 

 

Fig.4 the numerical results of the collision at 0, 2, 4,6t  ,
9 1        
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2
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Fig.5 the global error of the two Hamiltonian invariants of the colllision from 0t  to 

6t 
9 1       1, 2oc c   1 2

2
1600

c cTx  42 10t     

Conclusions 

In this paper, we first construct a Multi-symplectic Hamiltonian form for the 
Camassa-Holm-γequation. Numerical results have shown high accuracy and good ability of 
conserving the invariants. The collision of two peaked waves is well simulated by the our method. 

References 

[1] Dullin H R,Gottwald G A, Holm D D. An integrable shallow water equation with linear 
andnonlinear dispersion[J]. Physical Review Letters, 2001, 87(19):194501. 

[2] Dullin H R, Gottwald G A, Holm D D. Camassa-Holm, Korteweg-de-Vries-5 and other 
asymptotically equivalent equations for shallow water waves[J].FluidDynami-cs Research, 
2003, 33(1):73-95. 

[3] Dullin H R, Gottwald G A, Holm D D. On asymptotically equivalent shallow water wave 
equa-tions[J]. Physica D: Nonlinear Phenomena, 2004, 190(1): 1-14. 

[4] Guo B, Liu Z. Peaked wave solutions of CH-γequation[J]. Science in China Series A: 
Mathematics,2003, 46(5): 696-709. 

[5] Zhang W. General expressions of peaked traveling wave solutions of CH-and CH 
equations[J].Science in China Series A: Mathematics, 2004, 47(6): 862-873. 

[6] Boling G, Zhengrong L. Two new types of bounded waves of CH-equation[J]. Science in 
ChinaSeries A: Mathematics, 2005, 48(12): 1618-1630. 

[7] Liu Fagui, Wang Yanhong. The accurate solution of the CH-equation. Journal of 
NaturalScience of Heilongjiang University,2010, 27(2): 147-156 

[8] Kang Zhouzheng. Admitted Symmetries and Conservation Laws of CH-Equation. Journal 
ofhenan Normal University(Natural Science Edition), 2012,40(6): 1000-2367 

[9] Bridges T J, Reich S. Multi-symplectic integrators: numerical schemes for Hamil-tonian 
PDEsthat conserve symplecticity[J]. Physics Letters A, 2001, 284(4):184-193. 

[10] Hong J, Kong L. Novel multi-symplectic integrators for nonlinear fourth-order Schrodinger 
equation with trapped term[J]. Communications in ComputationalPhysics, 2010, 7(3): 613. 

[11] Chen J B. A multisymplectic integrator for the periodic nonlinear Schr?dingerequation[J]. 
Applied mathematics and computation, 2005, 170(2): 1394-1417. 

[12] Hong Z, Song-He S, Wei-En Z, et al. Multi-symplectic method for the coupled 
Schr odinger-KdVequations[J]. System, 2014, 3: 3w. 

542



[13] Cohen D, Owren B, Raynaud X. Multi-symplectic integration of the Cama-ssa-Holm 
equation[J].Journal of Computational Physics, 2008, 227(11): 5492-5512. 

[14] Hu W, Deng Z, Zhang Y. Multi-symplectic method for peakon-antipeakon collision of 
quasi-Degasperis-Procesi equation[J]. Computer Physics Communications, 2014, 185(7): 
2020-2028. 

[15] Chen Y, Song S, Zhu H. Multi-symplectic methods for the Ito-type coupled 
KdVequation[J].Applied Mathematics and Computation, 2012, 218(9): 5552-5561. 

[16] Chen J B, Qin M Z. Multi-symplectic Fourier Pseudospectral Method for the 
nonlinearschrodingerequations[J]. Electronic Transactions on Numerical Analysis, 2001, 12: 
193-204. 

543



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




