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Abstract. The paper aims at the frequency analysis problem of the uncertain structure, takes the 
space beam structure with interval parameters as the research object. An expression of the 
relationship between the structural natural frequencies and the interval parameters is presented. 
With the partial derivative of the frequency in this expression, the frequency sensitivity of interval 
parameters is obtained. On the basis, a frequency analysis method is presented which built on the 
discriminant of the sensitivity monotonicity. Use this method, a frequency analysis is carried on a 
simplified GARTEUR plane model. The method is then verified by using an optimization algorithm. 
The frequency analysis method presented in this paper has a certain theoretical and practical 
significance in the dynamic analysis of uncertain structure. 

Introduction 
Uncertainty is pervasive in the engineering practice. There must be a large amount of data for the 
traditional random and fuzzy method to solve the problems of uncertainty[1], otherwise the 
distribution functions or membership functions of the uncertain parameters will be a lack of 
credibility. The assumption of the distribution functions or membership functions is reasonable or 
not will greatly influence the outcome of the structural analysis[2]. In the engineering practice, it is 
always at the expense of economy to get enough data, sometimes it is even difficult to get any data, 
so the traditional random and fuzzy methods have certain limitations. Although it is sometimes 
difficult to get the accurate value of the parameter, it is much easier to obtain the interval range of 
the parameter. So that we can set up an interval model by limiting the uncertain parameters in 
specific intervals. It’s an effective way to solve the uncertain problems which has a little data. 

Frequency analysis is an important part of the dynamic analysis. For uncertain structure with 
interval parameters, the main purpose of the frequency analysis is to get the range of the natural 
frequency. The methods to obtain the frequency range mainly include the global optimization 
algorithm[3], the interval factor method based on the generalized Rayleigh quotient[4] and a 
method of interval Taylor expansion[5] and so on. In this paper, an expression for the relationship 
between the frequencies and parameters is presented. By means of the deduction of the frequency 
sensitivity monotonicity, the certain values of the interval parameters by which we can get the 
frequency extremes are obtained. The algorithm is then verified to be effective by means of the 
APSO intelligent algorithm. 
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Frequency Sensitivity Analysis of the Space Beam Structure 
Take the free vibration of the uncertain structure with n degrees of freedom into consideration.  

The square of the natural frequency can be obtained by solving the following generalized Rayleigh 
quotient[4] 
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where K(δ)=[kij(δ)] (i,j=1,2,…,n) denotes the general stiffness matrix, it’s a n orders symmetric 
positive semi-definite matrix; M(δ)=[mij(δ)] (i,j=1,2,…,n) denotes the general mass matrix, it’s a n 
orders symmetric positive definite matrix; λk denotes the k th order eigenvalue, it is the square of 
the k th order natural frequency; φk denotes the k th order eigenvector; δ={δi} (i=1,2,…,m) denotes 
the m interval variables which are unrelated to each other. Obviously, the general stiffness matrix 
and the general mass matrix are interval matrices. Therefore, the natural frequencies will be certain 
intervals. 

The Natural Frequency of the Space Beam Structure 
Taking the Euler-Bernoulli space beam structure with uncertain parameters into consideration. 

Assuming that the size parameters can be accurately obtained, and the material parameters are seen 
as interval variables. The structure can be simplified into n elements of space beam by using finite 
element method(FEM). The stiffness matrix and mass matrix of each element are split into several 
parts. Then the general stiffness matrix and general mass matrix can be expressed as follows: 
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where Ai, Izi, Iyi, Ji, Li denote the certain size parameters of the i th element, Kei 
1 , Kei 

2 , Kei 
3 , Kei 

4 , 

Mei 
1 , Mei 

2  denote certain matrices of the i th element, and Ei, μi, ρi denote the interval material 
parameters of the i th element. For isotropic material, G=E/(2(1+μ)) holds. According to the Eq.1, 
the relation between the square of the structure natural frequencies and the interval variables can be 
deduced as follows: 

4
1 1 1 1 1 1

1 2
1 1 1 1

1

( ) ( ) ( )

( ) ( ) ( )

( )

(

n n n n n n
T i i i i T i T i
k i i i zi i yi i i k k i i k k i zi k

i i i i i i
k n n n n

T ei ei T i T i
k i i i i k k k k k

i i i i
n

T i
k i yi k

i

T
k

E A E I E I G J E A E I

ρ A ρ J

E I

λ = = = = = =

= = = =

=

+ + +
= = +

+

+

∑ ∑ ∑ ∑ ∑ ∑

∑ ∑ ∑ ∑

∑

e e e e e e
1 2 3 1 2

e e

e
3

φ K K K K φ φ K φ φ K φ

φ M M φ φ M φ φ M φ

φ K φ

φ

4
1

1 2 3 4
1 1 1 1

1 1

( )

2(1 )) ( )

n
T i
k i i k n n n n

i i i ii i
i k i k i k kn n

i T i i i i i i
k k k

i i

G J
EE E Eω ω ω ω
µ

=

= = = =

= =

+ = + + +
+

∑
∑ ∑ ∑ ∑

∑ ∑

e

e e

φ K φ

M φ φ M φ

 .  （4） 

where 1

1

( )

( )

T i
i k i k
k n

T i
k k

i

Aω

=

=

∑

e
1

e

φ K φ

φ M φ
, 2

2

1

( )

( )

T i
i k zi k
k n

T i
k k

i

Iω

=

=

∑

e

e

φ K φ

φ M φ
, 3

3

1

( )

( )

T i
k yi ki

k n
T i
k k

i

I
ω

=

=

∑

e

e

φ K φ

φ M φ
, 4

4

1

( )

( )

T i
i k i k
k n

T i
k k

i

Jω

=

=

∑

e

e

φ K φ

φ M φ
 

denotes the frequency components of the i th element. 
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Frequency Sensitivity of the Interval Variables 
Solving the partial derivative of the uncertain parameters in Eq.4, we can get the frequency 

sensitivity of the interval variables in the i th beam element as follows: 
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The frequency sensitivity can be obtained by substituting the parameters into the Eq.5. 

Sensitivity Monotonicity Method of the Frequency Analysis 
Discriminant of the Sensitivity Monotonicity 
In Eq. 4 and Eq. 5, the general mass matrix is positive definite, the size parameters Ai, Izi, Iyi, Ji, 

Li are certain positives and the expressions of the certain matrices Kei 
1 , Kei 

2 , Kei 
3 , Kei 

4 , Mei 
1 , Mei 

2  can 
be calculated by the FEM, they are omitted here due to the space limitations. 

According to the knowledge of linear algebra, a sufficient and necessary condition of positive 
semi-definite for the real symmetric matrices is that all of the principal minors are nonnegative. 
Verified by calculations, the nonzero elements principal minors of Kei 

1  and Kei 
4  are all positives, and 

the nonzero elements principal minors of Kei 
2  and Kei 

3  are all nonnegative numbers, therefore, the 
matrices Kei 

1 , Kei 
2 , Kei 

3 , Kei 
4 are turned out to be positive semi-definite matrices. 

An another sufficient and necessary condition of positive semi-definite for the real symmetric 
matrices is that any one of the highest order nonsingular principal submatrices is positive definite 
matrix[6]. Verified by the calculations, Mei 

1  and Mei 
2  are turned out to be positive semi-definite 

matrices in line with the condition. 
In conclusion, it can be worked out that ωi 

1k, ωi 
2k, ωi 

3k, ωi 
4k in Eq. 5 are all nonnegative. And then it 

can be obtained that the frequency sensitivity ik E∂∂ /λ  is always nonnegative, ik ρλ ∂∂ /  is always 
nonpositive and ik µλ ∂∂ /  is always nonpositive. 

The Calculation of the Frequency Extremes 
According to the monotonicity of the frequency sensitivity, the frequencies will achieve the 

maximum value when the material parameters ρ,μ get the lower bounds of the intervals and 
meanwhile the material parameter E gets the upper bound of the interval, on the contrary, the 
frequencies will achieve the minimum value when the material parameters ρ,μ get the upper bounds 
of the intervals and meanwhile the material parameter E gets the lower bound of the interval. 

Then, the square of the frequency extremums can be obtained by Eq. 1: 
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where Ei, ρi, μi respectively denotes the upper bounds of the parameter intervals and Ei, ρi, 
μi denotes the lower bounds of the parameter intervals. 

The Optimization Algorithm to Calculate the Frequency Range 
Considering that the eigenvalue λk in Eq. 1 is an interval number, generally we can solve the 

generalized eigenvalue problem with a global optimization method. An optimization model can be 
established as follows: 
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where δ={δi} (i=1,2,…,m) denotes the m interval optimization variables, δl 
i  denotes the lower 

bound of the interval variables and  δu 
i  denotes the upper bound of the interval variables. Using 

this model, the upper and lower bounds of the eigenvalues can be obtained, thus, the natural 
frequency intervals can be solved out.  

Theoretically, the optimization algorithm can solve the problem of frequency interval well. The 
genetic algorithm in the literature [3] obtains much better results than any other numerical 
algorithms do when calculating the interval eigenvalues. In this paper, an adaptive particle swarm 
optimization algorithm (APSO) is used for the optimization calculation. The APSO algorithm could 
automatically change the setting of the acceleration factor and the inertia weight as the iteration 
progresses, so that it has better global optimization ability in the earlier iterations and has better 
convergence speed in the late iterations. Therefore, the efficiency is significantly improved. 

Numerical Example 
GARTEUR plane model is a benchmark model[7]. It was designed by the French Aerospace 

Research Institute in 1995[8]. The model has the same characteristic with the real aircraft such as 
high flexibilities, modal density and so on. As shown in Fig. 1(a), the model has a total length of 
1.5m, a wingspan of 2.0m, the material is aluminum, there is a damping layer attaching to the wing.  
The density, elastic modulus and poisson ratio of the wing changed due to the existence of damping 

         

Total Node: 67

Total Element: 66

 

(a) GARTEUR Plane Model               (b) Finite Element Model 
Fig.1 A Simplified GARTEUR Model 

layer[7, 9]. The whole model is simplified to a space beam model, and there are a total of 67 
nodes and 66 beam elements, the specific model is shown in Fig. 1(b). Considering the 
simplification of the connection between the wing and the fuselage, set the elastic modulus of the 
connection element as interval variable El, with the range of [100,1000] GPa. Considering the 
existence of the damping layer, set the elastic modulus of the wing as interval variable E2c,with the 
range of [67.5,68.5] GPa, the density of the wing as interval variable ρ2c ,with the range of 
[2700,2900]Kg/m3, the poisson ratio of the wing as interval variable μ2c,with the range of 
[0.29,0.31].  

By use of the sensitivity monotonicity algorithm and the APSO algorithm, the frequency analysis 
is respectively carried out on the GARTEUR plane model. The frequency intervals are respectively 
obtained as a result. Takes the first 6 order frequency intervals be shown in Table 1. From Table 1 
we can find that the results of the two algorithms are nearly the same, which shows that the 
sensitivity monotonicity algorithm is valid. In addition, the sensitivity monotonicity algorithm 
doesn’t need iteration, so it has much faster computing speed. 
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Table 1 The Natural Frequency Intervals of GARTEUR Model 

Frequency Monotonicity Algorithm APSO Algorithm 

[
l
1l , u

1λ ] [5.1252, 5.2395] [5.1252, 5.2393] 
[

l
2l , u

2λ ] [5.1954, 5.2452] [5.1955, 5.245] 
[

l
3l , u

3λ ] [24.2211, 24.2211] [24.2211, 24.2211] 
[

l
4l , u

4λ ] [33.4799, 35.495] [33.4799, 35.4919] 
[

l
5l , u

5λ ] [38.8969, 39.3312] [38.8971, 39.3310] 

[
l
6l , u

6λ ] [41.1152, 42.6744] [41.1160, 42.6744] 

Conclusion 
Frequency analysis is an important part of the structure dynamic analysis. The paper aims at the 

frequency analysis problem of the uncertain structure, tries to calculate the natural frequencies 
sensitivity of the uncertain space beam structure on the theoretical basis of the finite element 
method, and then attempts to obtained the frequency intervals by use of the sensitivity monotonicity 
algorithm. The algorithm is verified by the APSO global optimization algorithm then. After 
theoretical deduction, practical calculation and optimization algorithm verification, we can find that 
the sensitivity monotonicity algorithm is effective and useful for solving the frequency analysis 
problems of the space beam structure while the material parameters are assumed as interval 
variables and the size parameters are certain values. 
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