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Abstract— In this work, we show our results of the theoretical 
study of the hysteresis characteristics of a system of 
interacting Fe/Fe3O4 core/shell nanoparticles. We show that 
increase of the volumetric concentration of nanoparticles lead 
to decrease of the coercive field and remanent saturation 
magnetization.  Results are in a good agreement with an 
experimental data. 

Keywords-core/shell; coercive field; remanence saturation 
magnetization; magnetic interaction 

I.  INTRODUCTION 
Magnetostatic interactions are an important factor 

affecting the process of magnetization of the assembly of 
nanoparticles. For example, in an equilibrium distribution 
of N magnetic grains of size a in a nonmagnetic matrix, the 
field from one of the particles felt by the neighbor particle 
can be estimated as followed: Hm = 2MsNa3/R3, where R – 
mean distance between particles, c = Na3/R3 – volumetric 
concentration of the magnetic in the system. Usually, the 
magnetic record materials are made from magnetics with a 
high values of spontaneous magnetization Ms ~ 500÷1500  
G. Thus, at c ~ 0.1÷0.3, the magnetostatic interaction can 
significantly affect the magnetization of the low-coercivity 
nanoparticles. Many works are devoted to the theoretical [1-
5] and experimental study [6-9] of magnetic interactions in 
systems of nanoparticles. In References [1-4], a method of 
designing the distribution function of the random 
interaction fields without a limitation on the type of 
interaction (magnetostatic, direct exchange, RKKY or any 
other interaction) is shown. Moreover, the distribution 
function is shown to depend not only on the location of the 
nanoparticles (dimension of an assembly) [4], but also on 
the concentration c. According to [4, 5], at low values of the 
volume concentration c of the dipole-dipole interacting 
magnetic nanoparticles (c < 0.1), randomly distributed in 
the nonmagnetic matrix, random fields of magnetostatic 
interaction h are distributed according to Cauchy’s law. At 
c > 0.1, the field distribution is normal.  

In this work, a study of the effect of interaction on the 
coercive field and the remanent saturation magnetization of 
the Fe/Fe3O4 core/shell nanoparticles has been carried out 
within the model of the two-phase nanoparticles [11]. 

II. SELF-CONSISTENT EQUATIONS FOR THE 
MAGNETIZATION OF THE SYSTEM OF CORE/SHELL 

NANOPARTICLES 
As has been noticed in the introduction, at low volume 

concentration of the magnetic nanoparticles с (с < 0.1), 

random fields of magnetostatic interaction h are distributed 
according to the Cauchy’s law [4, 5]: 
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Where ĥ(M) = (N–8π/5) M(H) –  mean (the most 
probable) interaction field. The distribution parameter В  
(intrinsic interaction field) and the magnetization of the 
system of nanoparticles M(H) are defined by the equations: 
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Where N – demagnetization factor of the system along 
the external field H. 

If c > 0.1, then the distribution of the interaction fields is 
normal: 
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Here ĥ(M) = N M(H), and the magnetization M(H) is 
defined by (3) (where necessary to change W1(h,M,B) to 
W2(h,M,B)), and the intrinsic interaction field B is a 
solution of the following equation [4]: 
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Where n(t,h) = {n1(t,h), n2(t,h), n3(t,h), n4(t,h)} – 
population vector of the states of two-phase nanoparticle 
components, of which ni(t) can be considered as the 
probability to find a nanoparticle in one of four states: in the 
first «(↑↑)» and third «(↓↓)» states – with a parallel 
orientation of the magnetic moments of both phases, in the 
second «(↑↓)» and fourth «(↓↑)» states – with an 
antiparallel orientation of the magnetic moments of the 
phases (Fig. 1). According to [4], the population vector can 
be represented in vector form using the matrix exponential: 
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Here, matrix elements w(h), v(h) and vectors n(t,h) and 
n(0) are expressed in terms of Wik(h) = f0exp(–Eik(h)/kBT) as 
followed: 
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Where f0=(108÷1010)s-1, Eik = Eik max – Ei min, – the energy 
barriers separating i-th and k-th equilibrium states (Eik max  – 
the smallest of the maximal values of the energy separating 
i-th and k-th states, Ei min  – energy of the i-th equilibrium 
state). 

 
Figure 1. Illustration for the model of core/shell nanoparticles, used in our 
work [11]. Uniformly magnetized ellipsoidal nanoparticle (phase 1) with 
volume V and spontaneous magnetization Ms

(1) contain an ellipsoidal iron 
core (phase 2) with volume v=εV and spontaneous magnetization Ms

(2). 
External field H is applied along anisotropy axis, which is parallel to the 

long axes of the ellipsoids.  

The system of self-consistent equations (2), (3), (5) along 
with a formula (6), which estimates the population vector 
n(t,H) allows us to calculate the magnetization M(H) of a 
system of an interacting core/shell nanoparticles. 

III. HYSTERESIS CHARACTERISTICS OF THE SYSTEM OF 
FE/FE3O4 NANOPARTICLES 

The coercive field Hc and the remanent saturation 
magnetization Mrs have been estimated from the hysteresis 
loops, and have been plotted using Equations (1) – (6). Since 
the system includes nanoparticles with magnetic moments 
which are susceptible to the thermal fluctuations, the 
contribution to the magnetization is given by the 
nanoparticles with a relaxation time τ bigger than the 
measurement time t (τ ≥ t). The calculation assumes that t=1 

second. Moreover, we took into account the dependence of 
the spontaneous magnetization and crystallography 
anisotropy of the iron and magnetite nanoparticles on the 
size.  Because of the size distribution of the assemblies of 
synthesized nanoparticles, we have made an averaging of the 
magnetization M(H,b) over b. For the integration of M(H,b), 
the lognormal distribution law has been used: with the mean 
size value <b> and dispersion σ shown in the work [12]. 
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The dependence of the hysteresis characteristics Hc and 
Mrs on the intensity of the magnetic interaction in the 
system of Fe/Fe3O4 are shown on the figures 2 and 3. The 
increase of the volume concentration c and the 
magnetostatic concentration lead to a “smoothing” of the 
hysteresis loop (Fig. 2), and result in a decrease of the 
coercive field Hc and the remanent saturation magnetization 
Mrs (Fig. 3). It is observed that the magnetostatic interaction 
has the most significant effect on the coercive field of the 
sample.  

 
Figure 2. Hysteresis loops of three assemblies of interacting nanoparticles 

with different concentrations c. 

 
Figure 3. Dependence of the normalized values of the coercive field 

Hc(c)/Hc(0) and the remanence saturation magnetization Mrs(c)/Mrs(0) on the 
concentration of spherical magnetic nanoparticles in the sample.  

The decrease of the hysteresis characteristics with the 
growth of the concentration c of magnetic particles in the 
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sample is due to the chaotization effect of the random 
interaction field on the distribution of the magnetic 
moments of the sample. According to our calculations, an 
increase of c leads to the sharp increase of the effective 
interaction field (parameter of the distribution function on 
the interaction fields) B at low concentrations (c < 0.1) and 
to a monotonic increase at c > 0.1 (Fig. 3). 

IV. CONCLUSION 
Modeling of the magnetostatic interaction effect on the 

hysteresis characteristics carried out within the model we 
have developed [11] has shown that chaotization effect of 
the magnetostatic interaction on the magnetic moment 
distribution lead to decrease of the coercive field and 
remanent saturation magnetization. Moreover, the increase 
of the volumetric concentration, and hence the magnetic 
interaction, lead to significantly larger decrease of the 
coercive field than remanent saturation magnetization 
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