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Abstract. To resist different kinds of attacks, Boolean functions used in the cryptosystem should have
good cryptographic properties. The Plateaued functions, a large class of Boolean functions containing
Bent functions and Partial-Bent functions, are good choices. Therefore, the study of construction and
cryptographic properties of Plateaued functions has received wide attention. However, until now, there
are few primary constructions known to us, in which one does not assume the existence of previously
defined functions to define new ones. Moreover, most of them have some drawbacks. In this paper, a
new primary construction of Plateaued functions is given. And we show in particular that most of the
existing primary constructions of Plateaued functions can be reduced to ours.

Introduction

It is well known that nonlinear Boolean functions play a very important role in the design of
cryptosystem. To resist various attacks, good characteristics, including balance, high algebraic
degree, high nonlinearity, propagation characteristics, high resiliency order and so on, must be
considered. The importance of each characteristic depends on the choice of the cryptosystem.
High nonlinearity and resiliency order are two most important criteria in all situations.

Bent functions permit to resist linear attacks in the best possible way by achieving optimum
nonlinearity. Unfortunately, they are not balanced and exist only in even dimensions, which
inspired scholars to search for new classes of Boolean functions whose elements still have high
nonlinearity and can be balanced for both odd and even dimensions. The class of Partially-Bent
functions was put forward by Carlet in [1], which has high nonlinearity, resiliency order and good
propagation characteristics. However, when they are not Bent, Partially-Bent functions have by
definition non-zero linear structures, which makes them improper for direct cryptographic use.
Thanks to the class of Plateaued functions presented by Zheng and Zhang in [2], this drawback can
be covered. Plateaued functions provide some examples of good trade-off among all the properties
needed in the design of cryptosystem. For example, Maitra and Sarkar in [3] have shown us that
the nonlinearity and resiliency order of Boolean functions are strongly bounded. The best
compromise between the two properties is achieved by Plateaued functions only. As a result, the
study of Plateaued functions becomes necessary and important. As for the construction of
Plateaued functions, there only exist three main classes (see [4-6]). The class in [7] is in fact a
subclass of [4]. Moreover, in the past several years, few primary constructions have been given. As
for the second construction and other constructions, they are also important to obtain Boolean
functions approaching or achieving the best trade-off among the cryptographic properties. And
these constructions can be seen in [8-15].

We propose in this paper a new primary construction of Plateaued functions, which can contain
those three main constructions as subclasses. The organization of this paper is as follows. Some
basic concepts and notions are presented in Section 2. We give a list of the known constructions of
Plateaued functions in Section 3, put forward our construction in Section 4 and investigate its
characteristics in Section 5. In Section 6, we show that the former three main classes can be
reduced to our construction. Finally, Section 7 concludes the paper.
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Preliminaries

We denote the set of all n-variable Boolean functions by B, , the addition in F,by A and the
additionin Z by +. We denote by A _and é ;  the corresponding multiple sums. The support
of a Boolean function f T B, is defined as supp( f)={(x,%,,L,x )T F"| f(x,%,L,x) =1}. The
weight of a function f1 B, is wt(f)=#supp(f). A function f1 B is balanced if wt(f)=2"".

Any f1 B, can be uniquely represented as a polynomial over F, in n variables of the form:

fx,x,L,x)=a, AR ax AR ..axxALAa,, xxLx,

where the coefficients an,ai,ai,j,L,a,,z,l_,nT {0,1} . This representation is called the algebraic

normal form (ANF). The algebraic degree, denoted by deg(f), is the number of variables in the
highest order term with nonzero coefficient. A Boolean function is affine if there only exist terms
of degree at most 1 in the ANF and the set of all affine functions is denoted by A, . An affine

function with a, =0 is called a linear function. Any linear function on F,' can be denoted by
| sx=1xAl,x, ALAI x ,where | =(1,1,,L,I ), x=(X,%,L,x)I F", and"%'denotes the

dot (inner) product of two vectors.
The Walsh transform of f1 B, is an integer valued function over F,' defined by W, (I ) =

]

a (_ l)f(X)Al *

X F ’

It satisfies Parseval’s relation: § e W (D =27 (D
A Boolean function f1 B, is said to be Plateaued if its Walsh transform only takes the three

values 0 and +| , where | is some positive integer and must be a power 2" with r3 n/2. We call
| the amplitude!™ of Plateaued functions.

The study of the Walsh spectrum of quadratic function can be found in [16, 17].

Suppose f1 B, is a quadratic function. The bilinear form associated with f is defined by

B, (x,y)=f(0)A f(x)A f(y)A f(xAy). The kernel of B, (X,Yy) is subspace of F,' defined by
rad(f)={xI F"|"yl F",B,(x,y)=0!.

Lemma 11***" Suppose f 1 B, is a quadratic function and B, (X, Y) is the binary form associated
with it, then the Walsh spectrum of f depends only on the dimension of the kernel of B, (X,Y),
denoted by t, then the weight distribution of the Walsh spectrum of f is as follow:

W, (1) Number of |

0 2n _ 2n-t
()2 yn-t-1 +(_ 1)f(0)2(n-t-2)/2
_p(n+)2 on-tl (_ 1)f(0)2(n-t- 2)/2

A Boolean function f1 B, is said to be Plateaued with the order r if its Walsh
transformW, only takes the three values 0 and 2™ "2,

Many properties of Boolean function can be deduced from its Walsh spectra. For ever Boolean
function f T B, the nonlinearity N, and its Walsh transform W, satisfy the relation:
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1
N; =2 ‘-EIIITIg?IWf(I)I- (2)

Because of the relation (1), N, is upper bounded by 2™ - 2"*". This bound is tight for every n

even. The functions achieving it are called bent.
A Boolean function f I B, is said to be balanced if and only ifW, (0) =0, and to be m-resilient if

and only if its Walsh transform satisfiesW, (I ) =0, for alll T F,"such that 0 £ wt(l ) £ m.

K nown Constructions of Plateaued Functions

In this section, we review some known primary constructions of Plateaued functions.

3.1 Marorana-McFarland’s Functions

Camion and Carlet generalized in [4] the class of Marorana-McFarland’s Functions. We shall
call MM the generalized class defined as follows:
Definition 1 For any positive integers r and S such that n=r+s, a MM function f is defined by

fr (X Y) =% (VA g(y) 3)

where f is any function from F; into F, and g is any Boolean function onF;’.
Let f, , be a function in MM. For any pair (a,b)l F/ " F?, the value at(a,b)of the Walsh

transform W, of f. . equals 2ré (- D®29Y) | Two sufficient conditions are given in the

f.g Vit (@

following proposition on which f; ; in MM is Plateaued.

Proposition 1 Let f,  be a function defined on F,; * F;° and belonging to MM. If f is injective

(resp. takes exactly 2 times each value of Im(f )), then f is Plateaued of amplitude
2" (resp.2").

A drawback of MM functions is that their restrictions obtained by keeping Yy constant in their
input are affine, that is, these functions are in fact the concatenations of affine functions.

3.2 Generalized Marorana-McFarland’s Functions

A construction generalizing construction MM and avoiding the drawback that these functions
are the concatenations of affine functions was proposed in [5]. We denote it by GMM. The
functions it produces are in fact the concatenation of quadratic functions instead of affine
functions.
Definition 2" Let n and r be positive integers such that r <n. Denote the integer part @& /2§
by t and n-r by s. Let y be a mapping from F° to F, and lety ,,Ly, be its coordinate
functions. Let f be a mapping from F,° to F; and let f ,Lf be its coordinate functions. Let g
is defined on F'=F/" F as

be a Boolean function on F;”. The function f, ;

f (Y =ALX %y (WA (A gy, xT F Lyl F. (4)

MM’s functions correspond to the case where y is the null mapping.
Lemma 2 Let f, ¢, be defined as in Definition 2. Then for every al F,” and every bl F;, we

o R t ) ) ) )
have ny , (a,b) = a or-wy (y))(_ 1)A|=l(fZI-l(y)AaZI-l)(fZI(y)Aa2|)Ag(y)Ab>y

A , where E_ is the superset of
yl Ey a
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f'(a) equalifrisevento E,={yl F’["i£ty (y)=a, P f, (y)=a; .f, () =2} andif
risoddto E, ={yl F7|"i£ty (y)=a,,P f, (=2, .f, ,(¥=a, .f(y)=a}.
Proposition 3" Let f, ¢ o be defined as in Definition 2. If y has constant weight and if E, has
size 0 or 1 for every a (resp. 0 or 2 for every a), then f, ; = is Plateaued.

9
3.3 Q’s Functions
Functions in the class GMM are built as the concatenations of quadratic functions chosen in
such a way that we can efficiently compute their Walsh spectra. Carlet and Prouff present another
way of concatenating quadratic functions in [6].We denote the class by Q.
Definition 3% For any positive integers r and s such that n=r+s, an Q function f is defined by

fr 60,0 (% Y) = 0OF L (ONOOF (W) A XA (WA g(y). xT Byl F, (5)

where f,f, and f, are three functions from F; into F, and g is a Boolean function on F,’.
Proposition 4% Let fi ¢,1,4(%Y) be a function in Q such that f,(y)* 0 for every yl F°.LetE
be the set of all yT F° such that the vectors f,(y) and f,(y) are linearly independent. Then, for

every al F, and every bl F°, we have

—Ar-1 2 a(y)Aby r-1 2 g(y)Abxy
W, | (ab=2 a  Cpere2 a ¢y
e = yi E;
fa(y)+a {0.f, (Nf2(y)} fa(y)+a=f (y)+,(y)
o
+27 a (_ 1)9(y)Ab><y
vl FS\E;
fy(y)+a=f,(y)

Proposition 5 Let fi t,1,4(%Y) be defined as in Definition 3. Assume that, for every yl F°,
the vectors f,(y) and f,(y) are linearly independent. If the 2-demensional flats
fo(y)+<f,(y),f,(y)> (where y ranges over F,’) are pairwise disjoint , then f ( ( (X Y) is
Plateaued of amplitude 2",

Proposition 6! Let fi ¢,1,.4(%Y) be defined as in Definition 3. Assume that f,(y)* 0 for every
yl F°. For every al F/, let F.¢be the set of all yI F° such that the vectors f (y) and f,(y)

are linearly independent and such that a belongs to the flat f,(y)+ <f (y),f,(y)>. Let F,®be the
set of all yl F° such that the vectors f,(y) and f,(y) are linearly dependent and

a=f (y)+f,(y). If, for every al F,, the number #F,%+2#F®=0o0r 2, then f, , (X Y) is
Plateaued of amplitude 2".

A New Construction of Boolean Functions L eading to Plateaued Functions

Functions in class MM are built as the concatenations of affine functions, while functions in class

GMM and Q are built as the concatenations of quadratic functions. The Walsh spectra of these

three classes of functions can be efficiently computed. The aim of this section is to present another

way of concatenating quadratic functions, whose Walsh spectra can also be efficiently computed.
Firstly, let (@;),,,(B;), L stand for a matrix of order n.

Note: Let the set {(a;),,|" 1£i<]j£n,a; =0} denoted by U, . Suppose that f1 B is a
quadratic function with @, =0, then the ANF of f is f(x,%,L,x)=Aax+A .8 %X .

And we find that f can be also written in the form:
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f (X) = X(aij )nn XT (6)
Where X:(Xl’xz’L’Xn)T an’(aij)nnT Un and aii:ai’aij:ai,j'
We concatenate now the functions in this Note:

Definition 4 For any positive integers r and S such that n=r +s, we call TF the class of all
Boolean functions f in the form:

f, (Y =x (VX Ag(y),xI F/,yl F’, (7

where z is a mapping from F,° to U_ and g is any Boolean function onF,’.

In order to compute the Walsh spectra of the TF functions, we investigate the dimension of the
kernel of binary form associate with the functions in (6) at first.

Suppose that f T B, is a quadratic function with a, =0 and f(x) = X(@;) X", then the bilinear
form associated with f can be written as B, (x,y)=f(0)A f(x)A f(y)A f(xAy)
=0A x(@) X" A y(a),y A XA y) @), (xA y)T  x(0), Y

Next, we describe more details of implication for the matrix (by),, .

Let d be a mapping from U, to the set {(¢;),,|" 1£i£n,G =0;" 1£i<j£n,¢ =c;} such
that for every (8;),,1 U,, d((8)y) =(Gj)m» where ¢, =c; =g, 1£i<j£n.

]

Without loss of generality, we assume that there exists the monomial X and X X, in the ANF of
f , then the elements 0A X Ay A(xAy)=0 and 0A xx, Ay y, A(xAy)xAY)=xYy,
szy] exist in the ANF of B, (X,Y). Therefore, we obtain the relation between d and (bIj )y Such
that (b;),,, =d((8))n) -

Let D(rad(f)) be the dimension of the kernel of B, (X,y). Then rad(f)={xI F|"yl F),
B, (x,y) =0} ={xI F'|"yl F,x(B),,y" =0} ={xI F'|x(l),, =0}, thus, we can conclude that
D(rad(f))=n- R(0;),) =n- RA((&)),)), where R((B;),,) is the rank of (b),,.

According to Lemma 1, we put forward the computation of the Walsh spectra of the TF
functions as follow.

Theorem 1 Let f, ; be defined as in Definition 4. Denote Xz (y)x" by F,(X) and D(rad(F,)) by
t, Denote the set w1 F,[W, (W) =0} by W , the setwT F, [W (w) =2 by W, and the
set Wl F/ [WE, (W) =- 2 by W . Then for every al F and every bl F°, we have

d =8 A AaxA
W, @D=a e 1) ¥ AgAADY
(_ 1)9(y)Abyé (_ l)xz(y)XTAaX
A X Fy
o]

_ (r+t,)/2 A
=a i FZSXa,z (y)2 ty (- l)g(y) by

— 2 2r- R(d /2 Ab
= a i FZSXa,Z (y)z( r- R(dz (y))) (_ l)g(y) y

1
Qo

where X, is a mapping from F,’ to {0,1,- 1} such that for every yl F°,
1 0,al W
Xa,z(y)='}' Lal W .
} Lal W,
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Theorem 2 Let f, ; be defined as in Definition 4. We denote R(dz (y)) by t, and assume that t,
is constant for every yl F°. For every al F, let F, be the set of all yl F° such that
Xa, (Y)1 0. If, for every al F/, #F,=0o0r 1 (resp. 0 or 2), then f,

/2 (resp. 2r+l-t0/2).
Proof. According to the hypothesis and proposition 9, if #F, =0 or1(resp. 0 or 2), then

W, (a,b) equals 0 or +2 02 (regp. 0 or £237 022, .
Remark: Because of that for every (a;),, 1 U,, the diagonal elements of the matrix d((a), ) are

, 18 Plateaued of amplitude

all equal to 0, there exist at least 2" matrixes of U, such that the rank of their images after

mapping d are all the same. Thus, the condition that R(dz (y)) is constant for every yI F} is

easy to satisfy.
We call the class of those Plateaued functions TF, (resp.TF,) in TF constructed in the way of

making #F, =0 or 1 (resp. 0 or 2) for every al F, .

Study of the Class TF, and TF,

According to Equality (3) and Theorem 2, the nonlinearity of any Boolean function in class TF,
(resp. TF, ) is 2™" - 207021 (pegp 2™! - 2Cr0)2)

The following two propositions investigate the resiliency order of TH and TF,.
Proposition 9 Let f, j be defined as in Definition 4. Let D be the set of allal F, such that
X,, (Y)* 0 for some yl F°. Let k be the minimum weight of the elements of D. If, for every
al F,, #F,=0o0r 1, the resiliency order m of fZ,

max {t1 N:éjj“t‘ing - #D}+1.
g'ﬂ

equals k-1 and k is upper bounded by

g

Proof. According to the hypothesis and Theorem 1 and 2, W, (a,b) equals +2C1 02 if and
onlyif al D.If (a,b) has weight smaller than or equalto k- 1, theh a has weight smaller than or
equal to k-1 and does not belong to D, which implies that WfZVg(a, b)=0. Therefore, f, , has
resiliency order at least k- 1. Moreover, suppose that f, A has resiliency order larger than or
equal to k, then W, . (a,b)=0 for any al F, having weight k, which contradicts the hypothesis

on k and D. Thus, the resiliency order of f, _ equals k- 1.

Z,9
Since, by hypothesis, every vector of weight smaller than or equal to k- 1 belong to D, we

deduce that 3 ,k_']a‘_'sg£2r- #D and then k £ max{tl N: - F_ 3“7‘3£2f- #D}+1. [ |
a &g a =i g

Proposition 10 Let f, ; be defined as in Definition 4, D and k be defined as in Proposition 9. If,
for every al F/, #F, =0 or 2, the resiliency order m of f,

bounded by max {t] N:é?_og'_‘sgmf - #D}+1.
i= |ﬂ

equals k-1 or k and k is upper

g

Proof. According to the hypothesis and Theorem 1 and 2, W, (a,b) equals 202 i and
onlyif al D.If (a,b) has weight smaller than or equalto k- 1, then a has weight smaller than or
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equal to k-1 and does not belong to D, which implies that W, g(a, b)=0. Therefore, f, , has

resiliency order at least k- 1.
Suppose that a is an element of D with Hamming weight being k and let y,and y, be two

elements of F;” such that X_,(y,)* 0 and X_,(Y,)* 0. According to Proposition 9, for every
bl F?’, the restriction of W, to {a}” F;’ can be written as following:

ﬁw (a,b) = +[(- DA - (- IR = 40l x(y, +y,) A g(y) A g(y,)] or

ﬁw (a,b) = #[(- DIV + (- DIA™ )= 42[bx(y, +y,) A g(y) A g(y,) +1].

When the vectors y,and y, are distinct, the linear function b® bXy, +y,) is not constant on

the set {bl F°|wt(b) £1}, and then there always exists an elementbl F° with Hamming weight

wt(b) £1 such that W, g(a, b)® 0. And this implies that the resiliency order of f, _ is strictly

z,9

upper bounded by k+1. Thus, we conclude that the resiliency order of f,  equals k-1 or k.

9
The proof of the k’s bound is the same as Proposition 11. |

Relation among these four Constructions

In this section, we shall deduce that those three classes of functions, namely MM, GMM and Q, can
be reduced to TF functions.
6.1 MM’s reduction

Denote the set {(a;),, |(a;), 1 U, ;" 1£i<j£r,a =0} by U™ . Obviously, the set U™ isa
subset of U . Let z,, be a mapping from F°> to U"™ | then the function
f, o4 Y) =52, (V)X A g(y) is actually the function f, (X, y) = x> (y)A g(y) in definition 1.

And for every yI F?, d(z,,,(Y)) =(0), , hence, R(d(z,,,(y)) =0. Then for every al F, and
w MOXTAg(y)AaxAby o)

~ [o]
every bl F° , we have W, L@b=a e 1)“w =Q esXaz (V)

(2r-R(@z,,, (V)2 Aby _ A1 8 A
2 ’ (_ l)g(y) = 2 a Wi FZsXa,ZMM (y)(_ l)g(y) > .
If f is injective (resp. takes exactly 2 times each value of Im(f )), then for every al F), there

exists at most one (resp. 0 or 2) yI F° such that é (- DA% 1 while this condition can

X F
be deduced to that for every al F, there exists at most one (resp. 0 or 2) yI F° such that
Xaz,, (Y)1 0, thatis #F, =0or1 (resp. #F, =0 or 2).

Hence, the MM functions can be reduced to TF functions.

6.2 GMM’s reduction

Let U™ bethe setof (&), I U, suchthatforevery IEi£t,1£ jEr, @, ,,,8; =0o0r 1 and

i
the rest positions are all 0. Let z,, be a mapping from F° to U™ | then the function
om0 (% Y) =X g (WX A g(y) is actually the function f ¢ (xy) =AL %, %y (V) A xf (y)
Ag(y) in definition 2.

Theorem 3 Let f

then for every y1 F°, R{d(Zgy (Y))) =2r,.
Proof. Due to that the binary form of affine functions is equal to 0, we consider y only. Ify

has constant weight, that is, for every y1 F;, the number of 1 in the vector (y ,(y),Ly ,(Y)) is

be defined as in Definition 2. If y has constant weight, we denote it by T,

constant and equal to r,, and this condition is equivalent to that the number of 1 in the set
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{a,,a,,L,a, o} 18 I,. Assume that r is an even integer, then t =r /2. We get the following

matrix:
€0 a,! y
aad,_ 0 4
& [0 a,l i
A= L0 G,
e o i
s 0 A o
& Lo 0l

where a,=8a,,L..3, ,, =&, - We can find that A R (Z g (F)) . Obviously, if the
number of 1 in the set {a,,a,,,L,8,_,,,} is I, the order of this matrix Adis 2r,.

In a similar way, we can proof this theorem is still hold in the case that r is an odd integer.
Therefore, we conclude that if wt(y ) =r,, then for every yl F°,Rd(z am () =2r,. |

Theorem 3 tells us that for every al F and every bl F°, if wt(y )=r,, we have
—nr 1 2 _ (y)Ab

MM 9 (a’ b) =2 a vl FZSXa’ZGMM (y)( l)g T

If for every al F,, #E,=0o0r 1 (resp. 0 or 2), then there exists at most one (resp. 0 or 2)

(- DA=ery i WAE A 1 and this condition can be deduced to that for

W,
z
G

yl FS such that § -
every al F), there exists at most one (resp. 0 or 2) yI F° such that Xazgm (V)1 0, that is
#F,=0orl (resp. #F, =0or 2).

Hence, the GMM functions can be reduced to TF functions.

6.3 Q’s reduction

Let U? be the set ofall (a;), I U, suchthat (x3,(y)(x¥f,(y))A x> (y) canbe written in the
form x(g;),, x" when y runthrough F’. Let z o beamapping from F; to U?2, then the function
foe(6Y)=32o(VX Ag(y) is actually the function f . (xy)= (x4, (y)0F,(Y)
Ax>f (y)A g(y) in definition 3.

Theorem 4 Let f; ; ( (X Y) be defined as in Definition 3. Assume that for every yl F°, the
vectors f (y) and f,(y) are linearly independent, that is E=FS°, then for every yl F°,
Rd(z4(y)) =2.

Proof. Due to that the binary form of affine functions is equal to 0, we consider f, and f, only.
Because of that E =F7, for every y1 F°, the vector f,(y)1 0, f,(y)* 0 and f,(y)* f,(y).

For any given y1 F., let the vector f,(y) be (u,,u,,L_,u,), the vector f,(y) be (v,,v,,L_,V.),
without loss of generality, we assume that U, =v; =1, where 1£I £k £7, and 0 elsewhere, then
OO (YO, () = x ALAU x ) (v, x, ALAV, x,) x(b), X", where (b), T U, .

Denote the set {i,,L,i;} by |, the set {j,L, ] } by J and the set {I,2,L_,r} by R, then the
set {x :il R} can be divided into four classes as follow:

(D {x |il RV(IEJ)}

Q) {x [iT 1\ CI)}

G){x [iT NI CI)}

(4 {x i1 1CJ}
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Due to that for every yI F°, the vector f,(y)? 0, f,(y)* 0 and f,(y)? f,(y), we get that if
the set {x |iT 1 CJ}t /E, then there exists at most one A of the two sets {x T 1\ CJ)
and {x i1 J\(1 CJ)}. If the set{x |il | CJ}=/E, then both the sets {x |il 1\(I CJ)} and
{x |iT I\(1 CJ)} are not A. The set {X |il R\(I EJ)} is possibly equal to &. For every
iT R\(1 EJ), i”th row of the matrix d((by),) will be all 0. For every i T I\(1 CJ), i”th
row of the matrix d((b,),) will be (,V,,L,V,). For every i1 J\(1 CJ), i®'th row of the
matrix d((b;),) will be (u,,u,,L,u,). For every i1 I CJ, i th row of the matrix d((b;),)

will be (U, +v,,u, +v,,L,u, +Vv.).

In summary, we conclude that for every yT F°, R(d (Zo(Y)) =2. |
Assume that E=F}. Then for every al F| and every bl F°, we have W, ., (ab)=
r-1 2 _1NIWADY _ Hr-] 2 - 1\9WADY —r-1.3
Ayt Y and W @D=2TE s ()
f3(y+al {05, (D (0} f3(y)+ash, (Y)+5(y)
(- l)g(y)Aby_

If the 2-demensional flats f,(y)+ <f (y),f,(y) > are pairwise disjoint for every yl F?, that s,
for yI F?, the vectors f,(y),f,(y)+f,(y).f,(y)+f,(y) and f (y)+f,(y)+f,(y) are pairwise
unequal, then it can be deduced that for every al F,, there exists at most one y1 F.° such that
Xa,ZQ(y)1 0, thatis #F, =0 or1.

Let the set F.¢ and F® be defined in proposition 6. If #F¢+2#F®= 0or 2, then

#F®=0and #F%=00r 2) or #F®=00r 1and #F,$=0), and the first case can be deduced
to that for every yI F°, Rd(z o(¥))) =2 and for every al F/, there exists zero or two yI F?
such that Xazq (y)! 0,thatis #F, =0 or 2, while the second case can be deduced to that for every

yl F?, R(d(z,(Y)) =0 and for every al F, there exists at most one yl F° such that
Xa,ZQ(y)1 0, thatis #F, =0 or1.

So much for that, we complete the reduction of these three constructions.
Remark:(1) Class TF has a simpler definition than these three classes recalled at subsection 3.1,
3.2 and 3.3. And the Walsh spectrum of TF functions is also simpler to compute. Notice that its

size (20727 0% =22 4o pot smaller than (27)'7 (27)F 7 2% =2®F (where
t =@ /2{) of GMM and lager than [(2")* '~ 2% =2""% of Q when r 3 6.
(2) The rank of the matrix (b, ),, of these three classes, that is MM, GMM and Q, is equal to 0

or an even integer. However, the class TF’s can be any integer smaller than or equal to r, therefore,
our construction can generate different functions that these three constructions can’t.

Conclusions

In this paper, we propose a new primary construction namely TF, which has been proved that it
is a large class containing the class MM, GMM and Q. However, how to construct Plateaued
functions with good properties more efficiently will be still an open problem, and we will
concentrate our effort on this problem unceasingly.
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