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Abstract—This paper will discuss estimates for discrete
Green’s function of elliptic equations in dimensions seven
and up. First, the definitions of some terms are given. Then
the estimates for the regularized Green’s function are
derived. Finally, by using the triangular inequality,
researchers obtain the estimates for discrete Green’s
function. The results of the paper play important roles in the
research of superconvergence of finite element methods.

Keywords-Regularized Green’s Function; Discrete Green’s
Function;  Superconvergence; Finite Element; Ellptic
Equations

l. INTRODUCTION

It is well known that estimates for the Green’s function
play very important roles in the study of the
superconvergence (especially, pointwise superconvergen-
ce) of the finite element method (see [1-8]). For one- and
two-dimensional elliptic problems, one has obtained many
optimal estimates for the Green’s function (see [1]).
Recently, to solve the three-dimensional elliptic problems,

the W ot

-seminorm optimal estimate with order

2
O(l Inh|3) for the discrete Green’s function and the
Wl,l

4
3

O(/Inh] )for the discrete derivative Green’s function
were derived (see [5, 9]). It might seem that in current
practical applications of the finite element method there is
no need for simplicial higher-dimensional elements.
Nevertheless, it is well known that for example in areas
like financial mathematics, particle physics, statistical
physics and general relativity, higher-dimensional pdes
need to be solved (see [10]).

Therefore, it is meaningful to study the estimates for
the Green’s function in four and up space dimensions.
Recently, for dimensions four to six, researchers have also
considered the estimates for discrete Green’s functions. In
this paper, researchers will derive some estimates for the
discrete Green’s function for dimensions seven and up.
Researchers will find that there are not the optimal
estimates for discrete Green’s functions other than those in
dimensions one to six.

-seminorm  optimal  estimate  with  order
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In this paper, researchers shall use the symbol C to
denote a generic constant, which is independent from the
discretization parameter h and which may not be the same
in each occurrence and also use the standard notations for
the Sobolev spaces and their norms.

Il.  BOUNDARY VALUE PROBLEM AND FINITE

ELEMENTS DISCRETIZATION

The model problem that researchers study in this paper
is

Au=f in 2, 0 on 5.

QcRY(d>7)

Where is a bounded polytopic

h
domain. Let i} be a regular family of uniform

Sy () = Hy(Q)

partitions of Q | and the finite

element space.
h
Discretizing the above elliptic equation using So )

h

as approximating space means finding Up €S, ©
_ h

thata‘(uh V) =(1.v) forall v € So(€)

such

, where

Vug - VodX
0

(f, v f_]r!'l'lj.I'II..
i1

In addition, researchers also assume that the given
function f is smooth enough. For every LeQ ,

SheSiQ)

al iy , v

researchers define the discrete o function

h
2
and the L -projection R &S ) such that
(v, 83y = w(Z) Vv e SH(Q). (2
(u— Pyu, v) =0 Yo c MDY (3)
* 2 1
Let G, e H(Q) = Hy () be the solution of th
* _ h *
elliptic problem -AG; =4, , Researchers may call G,

the regularized Green’s function. Further, let the discrete
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h h
Green’s function GZ € SO () be the finite element
G*

approximation to ~Z. Thus,

a(Gy — G, v) =0 Yve SHNQ).

h
Gy . .
The purpose of this paper is to bind the term 210
The rest of this paper is organized as follows. In

-seminorm estimate

G;

21
Section 3 researchers derive the W

for GZ . Section 4 is devoted to the estimate for

1. ESTIMATES FOR THE REGULARIZED GREEN’S
FUNCTION G,
We first introduce the weight function defined by
_ e — 4 _
o=¢(X) = {|X - X|" - ng T WX e,
Where X € js a fixed point, 0= , and

7 €(d,+o0) is a suitable real number.

For every & € R,
notations:

90 = 3 Dol [V 0lge = ( [ v vrciﬁf)"
01

|Bl=n
I
2 Y.
l|v m, ¢, 1 — Z V™40 0,
n=>0
o B Bl=B+ B

Where B=Cpy
' >0.i=1---
and £i=z01=1 d are integers. In particular, for the

case of M= 0, researchers write

. 3
folon.a = ( [ 6°hl? x )
0

<
We assume that there exists a Go (1 <0y <+) such
that

researchers give the following

A WRIQ) N W () — LD (1 < g < qo)
That is (the so-called a priori estimate)

[vll2.0,0 < C(a)]| - Av]o, g0 ©)

Where C(a) denotes a constant depending on q . The

weight function ¢ possesses the following properties:

V| < Cla, n)otd, e R.n=12 (6)

/ ¢ dX < Cla—1)"'079 Va1, (7)
0

[md"{ C(k)| 6], 6<k<1. (8)
0

2
In addition, researchers have for the L -projection
operator

Prwll1,q.0 < Clg)||lw|,q0 for 1l <g<oo. (9
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Proof. Taking

In the following, researchers will give some estimates

for the regularized Green’s function.

h
Lemma 1. For % the discrete O function defined by

(4) (2), researchers have the weighted-norm estimate

|85]|,—. < CR™F" Va>o0. (10)
Proof. Obviously,

||<)".’-}Hi_“ C‘/(|X ZP +9) =2, ~Ch X =2 gy

20 da v —1
< C/ (r? +6%)7 h2e=Ch rpd-lgy,
J0

-1
set Nr=t thys

.
65l < cnevi [7 (a2 e

< Ch.{ﬂ_l']d

rf o

—( If{i ].df.

[

Further,
855, < Chita=

Which is the result (10).

Lemma 2. For % > 2

and veH Z(Q)m H(1>(Q) )
There exists a constant C=C(a,9)>0
V2[5 < € (lAvI3-a + o
Proof.

||V!1'||!_,‘=[¢‘_° |V21-‘|2d.1'=[ (Gﬁ_%-vgtfngci.r
e 0 0

CU \& (G_%t=)|jtiu'+f |1=V2c_j_'-r'f-2d.r+/ Vo2’ v:-ﬁ;m-)
2 0

C (V2 30+t + D j0i3)

1,77

such that
f_é_u.g + ||1=||;-;_u_%) YaeR. (11)

14

1

< (|_'\ @ T ||[]+ 1|| —ard [ .__ul%)

C‘([@
o [ 10 ol g+ ai3)
€ (I8ela+10F, 4oz + 1Pl arg)-

1

P dz + [ |Vo_%-' Vo) de
0

1M
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Lemma 3. Suppose 0o >2 and @ €R_For G, and

Z, the regularized Green’s function and the discrete o
functlon respectlvely, researchers have

(atety 51 ey (12)

rxla-

< 0|6z,
V= G

ae g

Zin (11), and by the definition of

Z researchers have

< C(IAGH G o +IG saig +IG2E ars)

< st i_ﬂ+C“a(G§.o“‘HG;) e G§||!__,‘|%
< c|-rs!l||! +C“(Ji‘_¢r'“+%c*) +o)el
f h T
< o). +os Io-n G, —ert +C||cz||¢.,-u 4
~ || sk
< 19z +C||G —atd




Which completes the proof of the result (12).

and @ satisfying
G*

Suppose G > 2
— i a_
1+min{l, 3 1}. Then for

Lemma 4.
4 4
H_l< (04 <E

h
62 , the regularized Green’s function and the discrete o
function, respectively, researchers have

. 9 R f—11
[v2Cy|l, . < R

Z and

(13)

ey —cl , . <cr||vi @y . .
From (13)
V2@, < 75

By the above inequalities, researchers immediately

obtain the result (15).

2 *
* Lemma 5. Suppose 4 =7 and Y0 232 por Gz
Theorem 1. Suppose Go > 2 and d 27 For G, , Gh PP
the regularized Green’s function, researchers have and —Z , the regularized Green’s function and the discrete
ol < Cﬂaz‘% (14) Green’s function, respectively, researchers have
Al12,1 = ' s ~h < (p3-4 7
Proof. Obviously, Gz |1.| < Ch™ 3. (17)
I 5 Proof. Obviously,
Gyl , < @“fsr | V3G ||¢.—r=' )
&k, < [ smax ey - Ghl
. s . 4 YL,
It is easy to prove 0
. Since
f d®dX < (1 — n,'!_l Y0 << 1
o f@“fi"({i’_fl Iyl<ca<l
i d_ 0
Thus when a-l<a<g-l+min{l; 1}, from q, > _d
(13), When d27 ang Y =32 from (16) researchers
d{—1) =3
{_—;:;”f < O o ) have O<a< d a<l Thus from (15) researchers get
l="1—a 24d(a—1) .
Hence researchers have |G 7 — “" E Cinf — = Ch%d
.  pdia-1) " -
Gy, <C  inf —— =Ch'" Namely
2, 4 1cacd 1—a i q_d
. . : | < Ch* T
The result (14) is obtained. Zlh =
The result (17) is obtained.
IV. ESTIMATES FOR THE DISCRETE GREEN’S FUNCTION 2d

G;
do

Lemma 4. Suppose 2 , researchers have

>
Theorem 2. Suppose 427 and Jo=d

researchers have
A |
| o | < Ch?~T.

2.1

|G — |; 4o < ChFHEL)] (15) Proof. Obviously,
% ~h||h y +iih y ki
Where lez-czl,, < ”_'G,E._I:HGK”E.rl ||HC;_G/I|
I T U [ S 2,2 16 < C|GYlly, +Ch7 UGy -G,
B U A B I A A R < C|Gyll,, +Ch G, - Gl , +Ch" |Gy - G|,
Proof. < C|Gl,,+0n |Gy -G, |
_ 1:_;”— Where IT is an interpolation operator. By the
L™= triangular
< CR? H‘G’Q eyl . +cey - 1"i” ot Inequality,
h h
2 Ie%]2 . < 6% = Gl +1G% N1 < ClIGHIl,,, +Ch7" |67 - G|
< C(hQHV (G|, - + Gy — G% H_a?) o o ' l “(19)
From (14), (17) and (19), researchers immediately
In addition, researchers get obtain the result (18).
2
IIC/_C || _“'._ < ? z zHl_c_L.,—r:'
Then researchers have
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