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Abstract—By using the fixed point theorems and the
decomposition and synthesis technique, the existence results
for impulsive neutral functional differential equations with
delay argument are established. An example to illustrate the
main resultsis given.
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. INTRODUCTION

In this paper, the authors study the existence of mild
solutions for impulsive neutral functional differential
equations

u(g(t)))' = f(t,u(t),u(t-7)),
ted=[t,,©),t=& keN,

Au(t,)=1,(u(t)), keN, 1.0
ut)=e(t), telt,—7,tl
where

t, <t <---<t, >o0ask—->om, I, eC(R,R).
$<C*(J,R), ¢ is monotone increasing with
t<g®) (ted), ¢(t)=t, 4 C'(J,R),

and
(&)=t 0<r<g, —§ <o (keN)

f :JxR? > Ris continuous everywhere except for
some {fk}x R?at which f (&% y)and (&, X Y)
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exist,
f&.xy)= (5. xY).
Denote by PC([t, —7,0), R), the setofall functions
u:ft,—z,0) >R
which are piecewise continuous in [t, — 7, o0) with points

of discontinuity of the first kind at the points t, € X, ie.,
there exist the limits
ut,) <o
and
u(t,) =u(t) <o,
Au(t) =u(t))-u(t,) (ke N).

Impulsive differential equations have become more
important for mathematical modeling of many real
phenolmena, especially in control, biological or medical
domains ( see, for example, [1-5] ). Recently, several
works have been devoted to the study of global existence
results for impulsive differential equations. For instance,
[7-9] are the ordinary differential equations and [10, 11]
are the abstract differential systems. In particular, Luo and
Shen [7, 8] considered the global existence results for
impulsive differential equations by using the Schaefer
fixed point theorem and the piecewise continuous
Lyapunov-like functions. Motivated by the results of [7, 8],
this paper is concerned with the existence of mild solutions
for impulsive neutral functional differential equations. The
main features of this paper are as follows: Firstly, to the
knowledge, no paper has considered the existence of mild
solutions for impulsive neutral functional differential
equations. Secondly, the main tools used in this paper are



the Leray-Schauder fixed theorem, the Banach fixed
theorem and the decomposition and synthesis technique,
where the piecewise continuous Lyapunov like functions
usedin [7, 8] are not used.

Definition 1. A function U :[t, —7,00) — R is said to
be a solution of (1.1) if for any

a>t, (@a#4).
the function U is a solution of (1.2), i.e.,

(u(g(t)))" = f(t,u(t),u(t-1)),
ted, =[t,,al, t=&, keN,,

Au(t)=1,(u)), keN,, 1.2)
uit)=e(t), telt,—7.t]
where
N, :{1,~-- n,|n, :maxgk@k}
and let

Il.  PRELIMINARIES

Let E,, ={u|uePC(J,,R)}NC(J},R).

Evidently, an is a real Banach space with norm

U =supcs, Juct).
Further, let
E, ={u(#t)|ut) e E,.}.
We can check that E_is also a real Banach space with
norm

Ju@®)], =sup,.,, Ju(@®))-

According to the properties of ¢ . The authors have
Ju®). =supe.,, Ju®)

<sup,, [u(@®)|=u®),. (@1

Define operator

B:u(t) > u(g(t)),

u(t) e E, and u(g(t)) € E, .

It is evident that B is topological linear isomorphic,
which implies that E, is a real Banach space.

where

Lemma 1. u(t) e E, is a solution of (1.2) if and only if

u(t) € E, is a solution of the following integral equation
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W) =V, + [ f(s,u(s),u(s—2))ds+
S 1 (u), ted,

fp<g<t

(2.2)

where

ut) =e(t),teft, —7,t].
Since this proof is similar to the one of Lemma 2 in
[12], the authors omit it.

Lemma 2 ( Leray-Schauder [5] ). Let operator
A:X—>X

be completely continuous, where X is a real Banach
space. If theset

G={|x||xeX,x=2Ax,0< A <1}

is bounded, then the operator A has at least one fixed
point in the closed ball

T ={x|xeX,|x|<R},
where

R=supG.

Lemma 3 (Compactness criterion [6] ). H = PC(J,R)
is a relatively compact setif and only if

HcPC(J,R)
is uniformly bounded and equicontinuous on every

A (k=021--),

where

A=t t] s A= t,] k=12,--).
III. MAIN RESULT

Let us introduce the following conditions for later
use:

(H1) There forany a>1, (a#¢&,) exist non-negative
constants

b, c. (keN),and g, € L(J,R")
such that

| f(t,u,(t), U, (t—7))— F(tu, (), u(t _T))|
<bg, (t) |u, —uy| ., ted,,

1,06 () = 1 04 (E))] < ¢ %o (6) =%, (8],

1,(0)=0,keN,,
where

u,u, e E,
with
u ) =u,®)=0t) (telt,—7.5]),

c=>¢, d :J.:Ogl(t)dt.
k=1 0



( H2') There exist g, € L(J,R")(N1PC(J,R") such
that

|ftu(t),ut—2)|< g, (1+u®], ) ted.,

where

d, =J:gz(t)dt.
H3) I =c+d, <1.
(H4) r=bd, +c<1.

Theorem 1. If conditions (H1), (H2) and (H3) are
satisfied, then (1.1) has at least one solution.

Proof. (i) For any

a>t, (a=¢&)and u(g(t)) €E, .
define operator A by

AU(p(D) =, + [ F(5,u(s),u(s—))ds +

S 1 (u(t)), ted,.

fh<g<t @)

Itis easy tosee that
Au(g(t)) € E,; .
According to the properties of ¢, for any
v(t) e E,,
the authors have
v(t) = V(g (#(1))) =vé " (4(t))-
Let U=V¢ . Nex, it is clear that
v(t) =u(é(t)) €E, .
It follows that Amaps E, into E,. Thus
Au(g(t)) € E,.

Alis a completely continuous operatorwill be verified
by the following tree steps.

Stepl. Ais continuous.

Letany U, (4(1)) (n€N), u(¢(t)) €E,

with
U, (#) —u((®)], — 0 as n —oo.

By (3.1), (H1) and (2.1), theauthors have

|Au, ((1)) — Au(g(t))|
<b[ 6,9, (&) -uS)] s+ 3 ¢, Ju,6)-ue)

to<gi<t

<blu, (©)-u(®), f g,(s)ds +u, O -u®],, 3 ¢,

<& <t

<b]u, ®) -u(t)|, f:o 9,(8)ds +[u, (t) ~u(t)] ick
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<bllu, ) ~u®l, [ 9:(9)ds +u, ) -u(t)], e

Then

| Au, (1)) - Au(g))],
< (bd, +¢)|u, (#(V)) ~u(g®)], -

Thus
| Au, (4(t)) - Au(g(®))], >0 as n —co,

thatis tosay, A is continuous.

(3.2)

Step 2. A maps any bounded subset of E_ into one
bounded subsetof E .

Let T be any bounded subset of E,. Then there
exist h >0 suchthat

||u(¢(t))|| <h forall u(g(t)) T .

By (3.1), (H1), (H2) and (2.1), the authors have
|Au(g(t))|
<|uo|+ f 0,(5) (1+[u(@)[, )ds+ X ¢ Juct,)

<<t

<Jug|+ (L4 u ] ) [} 9. 0)ds+ ], Y

<<t
< [ug| + d, (1+u(@)), )+ cu(s®)],
<|uy|+d,(@+h)+ch, ted,,

So
||Au (¢(t))||a < |u0| +d,(L+h)+ch.
Therefore A(T) is uniformly bounded.

(3.3)

step 3. A(T) is equicontinuous onevery J, (k =0,

-++,N.), where

Jo =t &1, J=(&. 6] (k=L n, )
and J, =(&, ,a].

Forany Au(g(t)) € A(T) ande >0, take

5 =LA+ Ju] ) max,., 6@
Then if t,,t, € J, and [t, —t,| <& with t, <t,, from
(3.1) and (H2), the authors have

[AU(@(t,)) - Aub)] < [} 6,() (2+[u(s)],. ) s

< (L+uC)],0 ) max,.s, 9, (O —t) <&
Thus, A(T) is equicontinuous on every J, (K =0,---,n,).



As a consequence of Step 1-3, A is completely
continuous.

(ihFor any

Ju@@®)], € G ={lu(@®)], lu#®) € E,,
u(4(t)) = AAu(g(t)),0< 2 <1},

similar with getting (3.3), the authors have

lu@®)], = A[Au@®), <[ Au(s®),
<|ug|+d, + (c+d,)[u@)),

=L+ u(@®)], .

where
L =|u|+d,.
It follows that

L
1-1"°

Ju®)], <

ie, G is bounded.
From (i) and (ii), now all conditions of Lemma 2 are

satisfied, so (1.2) has at least one solution for any a >t,
(@a=¢&,). Let u,(t) be one solution of (1.2). It is clear

that U, |Jal is one solution of (1.2) in Ja1 for any

a, >a, >1;. Now, the authors get

u () =u,,, 1, (keN).
Then let u(t) =u, (t), t €[t,,k] (k e N), and
ut) =e(t).teft,—7,t1.
By Definition 1, u(t) is one solution of (1.1). Therefore
the proofis complete.

Theorem 2. If conditions (H1) ( 1,(0)=0 are not

needed ) and (H4) are satisfied, then (1.1) has a unique
solution.

Proof. Similar with getting (3.2), for any

a>t, (a#¢) and U (4(1)), u,(4(1) € E,,

we obtain

| Au, (4(D)) - Au, (#(V),
<[(b+kyb, +hb,)d, +clu, (#(1)) —u, (#(1))],
= 7|lu, () - u, (D)), -
Thus all conditions of the fixed point theorem of

Banach are satisfied.
So (1.2) hasa unique solution for any
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a>t, (@=<&).
The authors take similarly u(t) with Theorem 1. By
Defini-tion 1, u(t) is a unique solution of (1.1). The proof
is complete.

IV. An EXAMPLE

Consider the equation

U@y = [u®+u@-1],

teJ=[0,0), t=<& =k (keN),

1
Au(t,) :3_

“ut), t, =3k (keN), (4.1

u(t)=e', tel[-10],

Firstly, @(t)=3t, and the requisitions of (1.1) are
satisfied.

Next, since
eft
f(t,X, y) :?(X"'y) )

for any
a>t, (a=¢& =k),
the authors have

[Tt (1), U, (1)) = (¢, uy (1), Uy (t 1)

< %Duz(t) — U, ()] + |u, (t-1) —u, (t-D)|]

ot
< ?”u2 —uf|,, ted

a’

where
_1 _ ot _ [T a-tdt —
b==, g, =¢ ,dl_joe dt=1.
From
1
|k(X)=WX,
we have
1
|Ik(X2(tk))_Ik(xl(tk))|SW|X2(tk)_xl(tk)|v
1,(0)=0,
where
1 =1 1
Ck=W, :k:l3k+1zg'

Further, for any
a>t, (a=¢&),
we have



I (L u(t), u(t-D)| < %[|u(t)| +u-D)]

<& [1+fu, ] te o,

where
e we’ 1
)y=—,d, =| —dt==.
g,(t) 3 _[0 3 3
Finally, the authors get

I=c+d2=%+%=%<1.

Therefore, (4.1) satisfies all conditions of Theorem 1. It
follows that (4.1) has at least one solution.
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