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Abstract—Hybrid system is a dynamic system. However, it is
difficult to formally analyze hybrid systems due to the continuous
parts. In this paper, we propose an approximate semantic model
of hybrid systems, in order to employ formal analyzing tech-
niques; furthermore, the error could be under control. This me-
thod is based on incomplete low-up matrix decomposition, which
is used to generate approximating transition between states for
the continuous components of hybrid systems. The technique
reduces the complexity of analyzing computation. Moreover, the
model is also used to approximating control the transition condi-
tions, which simplifies the conditions.
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I. INTRODUCTION

Approximation of purely discrete systems has been based
on language inclusion and equivalence with notions such as
simulation or bisimulation relations [1].The notion of bisimula-
tion has been instrumented in obtaining decidability results for
various classes of hybrid systems[2].Notions that are similar to
bisimulation have been considered in supervisory control of
discrete event systems [3], and hybrid systems [4]. Bisimula-
tions have also been used as a controller synthesis tool for dis-
crete-event systems[5].However, these methods can only en-
sure the systems approximately satisfy the given rang and not
be able to calculate the allowable error of transition between
states.

The basic method of incomplete factorizations is used of
incomplete LU decomposition. The most well-known is the
incomplete triangular decomposition ILUO [6]. However, the
ILU preconditioner does not perform well for some PDE prob-
lems [7]. Thus, modified ILU (MILU) preconditioner is pro-
posed [8].

In this work, we review the hybrid systems and its classical
semantic model in section 2. In section 3, approximate tech-
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niques employed should be demonstrated. Then the approx-
imate semantic model and its error analyzing are considered in
detail in section 4. Section 5 draws conclusion and proposes the
future works.

II. HYBRID SYSTEMS AND ITS SEMANTIC MODEL

Definition 1 A hybrid system [9]is defined as a tuple

H =(L,n, p.E,F,Inv,G,R,Q"), where
e | is a finite set of locations or discrete states.|L| denotes

}.

en: L N, where for every | e L, N is the dimension
ofthe continuous state space in the location |. The set of states
of the hybrid system is Q=U{I}xR".

the number of elements of L, L= {1, e

®p: | N,whereforevery | L, p, isthe dimension of

the continuous observation of the hybrid system in the location
| . The set of observations is T=J{l}xR".

e EcLxL isthe set of events or discrete transitions.

oF = {F‘\l € L}‘ defines the continuous dynamics in each lo-
cation. For each |cL, F is a triple (f,q,u,) where f :
R"xU, »R", 0i: R" > R* and U, cR"™ is a compact set of
internal inputs accounting for disturbances and modeling un-
certainties. While the discrete part of the state is |, the conti-
nuous part evolves according to

{()

®Inv={InyleL} defines an invariant set in each location.
For each |eL, Iny cR" constrains the value of the conti-
nuous part of the state while the discrete partis | .

f(x(t).u)u(t)ev,
y()=g,(x(t))



©G={GlecE} defines the guard for each discrete transition.
For each e=(lI)e E, G ,cIny. The discrete transition € is
enabled when the continuous part of the state is in G,.

eR= {Re ee E} defines the reset map for each discrete
transition. For each e=(11')eE, R: G, »2™. When the event
e occurs, the continuous part of the state is reset using R.

®Q' cQ is the set of initial states:Q" =J{I}x 1, withI® < Inv,.

Here, we consider that hybrid systems can be formulated as
transition systems [10]. The results can be reviewed in much
detail in [11].

Definition 2 A labeled transition system with observations
is a tuple T=(Q,z,-,Q",11,(())) that consists of: a set Q of
states, a set ¥ of labels, a transition relation ,c QxzxQ, @

set Q"cQ of initial states, a set 1 of observations, and an
observation map (()):Q —II.

A state trajectory of T is a sequence of transitions,

1 o' sl

Q' —=—q q’ ey where g’ €Q’.
Let T1:(Q1’21>A)|’Q105H15<<'>>1) and Tz:(Qz5zz:_>z’QzU’nz:<<'>>g)

be two labeled transition systems with the same set of labels
(z, =%, =%) and the same set of observations (11, =11,=11) (i.e.

T and T, are elements of T(z,mm)). Let us assume that the set
of observation Il is a metric space; d, denotes the metric of
IT.

Definition 3 A relation s,cQ xQ, is a §— approximate
simulation relation of T by T, if forall (q,,q,)€S,:

ay Gl@),(@),)< s

! q;aaqz 2 qz such that (ql’qZ)e So‘ .

@ o

Definition 4T, approximately simulates of T with the
precision § ( noted T <,T,), if there exists S,, a 5 —approx-
imate simulation relation of T by T, such that for all q,€Q/,

there exists q, €Q’ such that (q,,q,)€S,.

If T, approximately simulates T with the precision §
then the language of T is approximated with precision 5 by
the language of T,.

Theorem 51If T <,T,, then for all external trajectories of T,

>

there exists an external trajectory of T, with the same se-
quence of labels

such that for all ieN,d, (7', 7)< &§[11]. (Proof omitted.)

109

III. APPROXIMATE AND INCOMPLETE FACTORIZATIONS

The approximate solution for a large sparse linear system
AX =D is to find a matrix M (the preconditioner) such that
the original linear system is transformed into an equivalent
linear systemm"aAx=M"b. Here, we focus on incomplete facto-
rization preconditioners which are ILU and MILU. The basic
idea of ILU preconditioner is to modify Gaussian elimination
to allow fill-ins at only a restricted set of positions in the LU
factors.

Let the allowable fill-in positions be given by the index set
S, i.e.

(1 Ii,jzoifj>i or (i,j)es : u,=0 if 1> o
(i,i)es.
A commonly used strategy is to define S by:
@) S= {i.i)a, =of

Let the preconditioner M be defined by the product of the
resulting LU factors, i.e. M=LU,

@ Mo =8 (L))es,
The basic idea of MILU preconditioner is: in the condition

(3) for ILU, the condition a, is removed and a new
row sum condition is added. That is, (3) is replaced by:

;mi,j = zai_

j=1

m,, =

@) "Vignd™ =3 if 1# 0 ang (J)eS,

Here, accuracy refers to the degree of preconditioner M
and matrix A, can be measured by the size of the M -4,

IV. APPROXIMATE SEMANTIC MODEL

Let H=(L.n.p.E.F.IV.G.R.Q") pe 4 hybrid system and

T =(Q’2’_”QO’H’<<'>>) be the associated transition system. Here,
we only consider the continuous state space in the location

| € Land the relation of states transition is X = AX . For, the
continuous dynamic behaviord € Qis abstracted into a plurality

of continuous dynamic behaviors ~"4h%:%: " and every

aie N), where Nis the set of positive integers, has the form

of changing rulesX = AX For t € R" where R" is the set of
positive real numbers, the continuous dynamic behavior tra-
jectory is abstracted into:

o o’ o

--q, q, q,

5

and the mathematical relationship of g, —=—gq,, q,—2—>q, is
respective X = AX, y=Ay. Thus, a transition from behavior
g, tobehavior g, canbe expressed as g —<<—q,.

Consider the continuous dynamic behavior ¢, —=—0q, is
following as:



Alt)

And the initial behavior is X(t)=(0.b,.--.b,),

It can be expressed as:x = A@t)x, te[tntz],
where o) a0 - a0] [%] [x
_ all.(t) azz.(t) azn.(t) X = X:Z X = X.Z

a,(t) a,t) - a,) X, X:
The original system x - a@)x Is transformed into an

>

equivalent system M~Ax=M"xby the mean of ILU, where
M =LU is the preconditioner,| is a triangular matrix, U is an
upper triangular matrix. Because the system x - a(t)x is a

portrait of the transition process from (, to 0J,. A-M, an
error matrix, has the meaning that (, can be translated into
g, in the error, and its degree of approximation is |M - A|..

Definition 6 The approximate distance between 0, and
qzas d(quqz):HM - N‘; .

We can call d(q,q,)=|M-A|, as the degree of approxima-
tion of 0, translated into ,. Because x(t)=gq,x(t,)=gq,, the

solution y of the equivalent system M 'Ax=M"'x is the
approximate solution of the original system ; _ A )y, where

y(t)=q.yt)=q, The mathematical relationship of
4 —>q, is:y=At)y, teft.t]
wherey=(y, v. - y,) ¥y=0, V. Yy

And the initial state is y(t)=(b.b,.---.b, )

Therefore, the accuracy between exact solution X and ap-
proximate solution Y is o=[m —NL_

Theorem 7Let Y be the approximate solution of X = Al)x,

then ¥Y=A1Y simulates approximately to x=Alt)X with pre-
. lim|AQ)] M - A,
cision ©* )

lim

tot,

- = lim/|IA(t)x — Al —1; _
Proof: X yHF 1311” (B~ AWy, liﬁf‘HA(t)(X vl

< Tl AQ),Jx— i, < liml ALY, i~
~ lim] AG), M - A
Hence, we can say the continuous dynamic behavior (,
can be approximately simulated by q,.

For location | ¢ L, the continuous dynamic behavior ¢ is
abstracted into a plurality of continuous dynamic behaviors
--Q,0,9,---- g is approximately simulated into q, that is
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-++0,0,0, ---. This means the set of continuous dynamic beha-
vior ---0,0,q,--- can be abstracted into a continuous behavior

q.

Here, we mainly focus on the discrete switching between
different discrete states. The continuous dynamic state 0 in
the location | ¢ | is abstracted into a set of continuous dy-
namic states---0,0,q, ‘-, then the set of continuous dynamic

states ---0,0,d, - are approximately simulated to ---0,q,0,
via the ILU method. That is, | ——|'(iff(,1')=e € E) becomes
-++QQ,0, ---—=>1", here, 7 is a discrete transition.

We discuss the discrete transition 7 (condition). Its form
likes this: g,(X,X,,"=,X,)=a,X +a,X, +-+a,X, (i=1,2,--,n).

2% inn

We only study the form of g,(x,%,--,%,). Sometimes, all
of variables are difficult to satisfy the scope of 0,(X, %, -, %, ).
Thus we can simplify the condition. We put all of the condition
considered. It likes this:

0,(X, X,y X ) =8, X +a,X, ++- -+, X,
0,(X, X0 X ) =8, X +8,X +--+8, X,
0% XX ) =a X +a.X ++a X )
Here, let
a, a a, 9,(x, %, %) X
A a:21 a:22 af" o gz(x,,x%, X)) x=| %
a, a, a, g,(x, %, x,) X,

Thus (1) is equivalent to X = Ax. We can obtain the pre-
conditioner matrix Mof matrix A by the mean of ILU. We
assume that the form of M likes this:

Then M replaces A in the equation x = Ax, thereby we
can obtain equations like this:

9,(X, X, 5% ) =h X +b,X, +---+, X,
gz(xl’xzﬂ'”’xn)zbnxl +bzzxz +- '+bznxn

0,062, X ) =b X +b X+t X o)

The values of variables in (1) are different from that of (2)
due to the preconditioner M. It’s difficult to control the pre-
cise conditions for states transitions. So we only find the ap-
proximating conditions for states transitions.



Error of exact solution for (1) is |A-M|. We assume that
the precise conditions is 7, so the range of variables only be-
longs to [-|A-M|, +7,|A- M|, +7].there states transition can
come true. Here, states transition only is approximation.

V. CONCLUSION

A new modeling of hybrid systems is proposed by means of
incomplete low-up matrix decomposition. Extending hybrid
systems’ semantic models to approximation semantic models
enables the formal techniques to analyze hybrid systems. In
addition, we analyze the error in detail, which could be under
control according to proper decomposition condition.
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