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Abstract—Dynamics of several processes quantity parameters has
S-shape curve character. It is proved by the fact that process may
be described by two parameters: potentional limit of the growth
and resource determinating this growth. Firstly such processes
were investigated in biology. Later this approach was spread on
many other processes and technological systems development as
well. At present time S-shaped curves are considered to be uni-
versal and sometime are used in order to describe the technologi-
cal systems progress. In this paper mathematical model is carried
out in order to describe S-shaped curve. S-shaped dynamics and
its mathematical model make it possible to forecast processes
quality parameters based on known reference points.
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I.  INTRODUCTION

S-shaped growth is also called sigmoidal growth. FIGURE 1
shows a general example of S-shaped growth. The curve be-
gins at less than the equilibrium amount. Initially, exponential
growth is the dominant behavior of the curve. Then, at the
inflection point, the curve begins an asymptotic approach to an
equilibrium. Examples of systems that exhibit this behavior
are the growth of rumors, sale of new products, epidemics,
diffusion and populations with limited resources.

The analysis of the system under study starts using the S-
shaped curve and the law of system development [1, 2]. This
law states that engineering systems (irrespective of the
objective) undergo three successive development stages: slow
growth, fast avalanche growth and stabilization of one of the
main operational characteristics of the system. The curve plot-
ted in the coordinate axes, where the vertical axis shows the
value of one operational characteristic and the horizontal axis
shows how long the engineering system has been in existence
or the expenditures on its development, is referred to as the S-
shaped line of the life cycle of the engineering system. The S-
shaped curve displays the qualitative development of the
engineering system.

One can see that S-shaped curve has three representative
zones (see FIGURE 1). The exponentional growth of system is
observed in zone 1. In zone 111 the growth tendency changes to
asymptotic one through the inflection point z, (zone II). In oth-
er words this curve has both salience and concavity areas. That

very point which connects these areas is the inflection of curve.
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FIGURE I. S-SHAPED CURVE OF SYSTEMS DEVELOPMENT.

(1 STAGE - ORIGINATION OF THE SYSTEM; 2 STAGE - RAPID
DEVELOPMENT OF THE SYSTEM, MATURITY; 3 STAGE — PERIOD
OF GROWTH SLOWDOWN, STABILIZATION AND DECLINE OF
CHARACTERISTICS)

Such curves are characterized by asymptotic tend toward 0
(or to some other minimum limit) when the time variable ¢
decreases and by the tendency to some maximum limit L when
the time variable increases; by the period of accelerated
growth until moment ¢,; by the period of slowdown in the
growth after moment ¢,

It should be noted that a number of relationships between
different technical parameters have the same form. Different
mathematical equations are proposed to describe S-shaped
curve with different extent of accuracy [2, 3]. To describe
these relationships Pearl-Reed and Hampertz equations are
used
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where P is the system parameter; L is limiting value of the
parameter; a, b are parameters; t is time.

These formulas were obtained as solutions of differential
equations describing development of populations of living
organisms. Justification of application of these formulas is
based on some similarities between biological processes on the
one hand and economic and technical processes on the other
hand. One of the disadvantages of modern approaches is the
absence of the process start-up and the process end in the
mathematical model. In real-time processes, which develop
within some finite time period, it is impossible to interpret



asymptotic tendency to some value. As a result, a need arose
in a new mathematical model of S-shaped relationships.

There are a number of methods of scientific and
technological forecasting, which have been developed so far
and which are used at present. These methods are based on
analysis of data bases contained in application for inventions
and in the issued patent documentation. Some approaches
make use of complex assessment of engineering significance
and economic feasibility of application of the analyzed patents
and determine the exploitability of various technological
solutions. In many countries making use of patent information
determines the research and development policy of companies
and production associations [4]. These methods can be
considered to be more or less satisfactory, when it comes to
forecasting for the next 5-10 years of manufacture of a certain
product or forecasting of performance improvement for the
equipment in operation. Forecasting methods can be divided
into two groups: quantitative ones, based on extrapolation of
well known trends and models, and qualitative ones, which are
based on expert evaluations and these methods can give an

idea of the possible major changes in the system being forecast.

The main advantage of qualitative forecasts is that they are
capable of predicting the principal turning points in the system
being forecast. However, in most cases the forecasts are based
on subjective expert experience, thus reducing significantly
the predictive value of the research [5, 6].

Mathematical forecasting models are the most common
and reasonably rigorous methods of analysis of development
trends in technology. They offer qualitative description of the
growth rate for real-life forecast objects, make it possible to
study the way in which different factors influence this
development [7, 8]. S-shaped curves have been applied on a
wide scale in economical and technical forecasting to model
dynamics of different processes [9-11]. However, in order to
forecast the system development, it is necessary to develop a
mathematical model, which will make it possible to determine
the pace of system development.

Il. THEORY AND METHODS

First, we will introduce the symbols and define require-
ments to such a model (FIGURE 2).

The period of time of the process development is denoted

[tort, .
as , and the corresponding values of the analyzed
characteristic are

P(to):E)! P(t_f'):Pf. )
We consider the P() function to be increasing.

Symmetrical variant of the function is also possible, when the

parameter decreases from the initial to the final time instant.
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FIGURE Il. ELEMENTS OF S-SHAPED DYNAMICS

Transformation of all calculations in this case is purely
technical.

The rate of change of the parameter in the vicinity of the
interval limits is reduced to 0

dp
di

4P

=ty

dt

t=t; =0
, 3)

And it increases with the increase of the distance to the
limiting values

d’p
dr?

a, t,<t<t,,

NG

where a > 0, b > 0 is the acceleration and the slowdown of the
growth rate, respectively, ¢, is the boundary of the periods of
acceleration and slowdown of the parameter growth.

S-shaped curve of the parameter change implies its
continuous change (continuity of the graph) and smoothness of
the growth (absence of breaks of the curve), i.e. continuity of
the growth rate (continuity of the first derivative), which is
provided by the continuity of the parameter and its first time
derivative in the point #, i.e.

P(t, —0)= P(z, +0),

and
| _dp
de "0 g (5)
From these conditions we obtain a set of two equations
05a(t, — 1, + P, =—0,5b(¢, -1, f + P,
a(th _to):b(tf _tb) . (6)

where the unknown variables are a, b, .



It is obvious that these equations don’t define all three
parameters. From these equations it is resulted that evidence of
one parameter entirely specifies two another ones and, hence,
all system dynamics. Generally speaking it is easier to
determine inflection point ¢, as a changeover from accelerated
growth character to decelerated one. It is proposed to use this
statement for forecasting.

1. RESULTS AND DISCUSSION

For further analysis we consider the point of time #, to be
known. Then

|4 |4
a= y b = [}
1, —t, t, —t, -
Pk
where ty—t

is the average speed of the parameter
growth for the period of study.

t—1,)°
P(t)=Vg+Po, t, < t<t,;
b_t()
t, —1)?
P(t):—Vu+P b, St<t,.
t,—t, :

@®)

Known variables of the growth rate v or the value of P at
some point of time ¢ make it possible to determine the
acceleration value a or slowdown value b, and, consequently,
all the path of the parameter variation within the
corresponding time interval. Then, if the initial parameters (z,,
Py) or terminal parameters (z; P, of the path are known, one
can calculate the back off point (transition from acceleration to
slowdown). Consequently, points O, B and F lie along a
straight line. In practice, the points of time ¢, and t,, when v =
v, are of great interest. In real-life time series with non-
systematic random error these points, unlike many others, can
be determined quite accurately.

The analysis carried out by the authors makes it possible to
offer the following algorithm of analysis of the S-shaped time
series.

1. Point ¢, is defined as the point where the value of speed
growth is lower to the right, than to the left
P, —AP . P, +AP

At At

)
2. If 1, and P, are known, one can determine the average
speed V.

3. If V' is known, one can determine the time point ¢, and
the value of P,.

4. After this one can forecast the end of the S-shaped
process, which will take place at the time point
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td +(td _tb)

1
P, +§(Pd -P,)

on the level of (10)

Thus, the model of process development offers an effective
forecasting method of growth dynamics for some parameter
and the time periods of some process.

IV. CONCLUSION

Mathematical model of S-shaped curve is carried out based
on suppositions (2), (3) and (4). In our opinion they entirely
characterize processes with accelerated growth character to
decelerated one. This approach may be used for forecasting
processes quality parameters based on known reference points
of S-shaped curves.

Undoubtedly S-shaped curves can’t be used for all
processes forecasting. Current stage of development is
characterized by development of nanotechnology, which is the
key factor of the sixth stage in technology development. On
the other hand, uneven development of different industries,
market relations, the need to respond quickly to the changes in
consumer needs and demand require some mathematically
based tool aimed at determining the right time for
implementation of innovative developments in operating
industrial facilities [12]. From this point of view the proposed
mathematical tool is of great practical interest for such
processes which development is characterized by accelerating
growth with further deceleration.
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