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Abstract—In recent years, fractional differential equations are
widely used in the many academic disciplines--viscoelastic
mechanics, Fractal theory and so on. Furthermore, fractional
differential equations can be used to describe some abnormal
phenomenon. For instance, fractional convection-diffusion
equation can be used to describe the fluid of abnormal
infiltration phenomenon in the medium. In this paper, by means
of the Arzela-Ascoli fixed point theorem, we can prove the
existence of solution for the time-fractional differential equations.
The conclusion is given out in detail.
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In the paper, we study the positive solution for following p-
Laplace problems with nonlinear time-fractional differential
equation:

INTRODUCTION

D%u(x,t) = div(b(x)|Dulx t)|*? |Dulx,t}[) +

hix)u(x o ulxt) + fixu) in O
ulx,th =0 on 88y,
u(x,0) = @fx) in £,
u,(x, 1) = Pix) in €L

Where Q is a bounded domain with smooth boundary in
R" , O =Qx[0,T] , D denotes the Caputo fractional
derivatives [3], 1 < a < 2 is a parameter describing the order of
the fractional time , and o (x) , y(x) e H; (b(x),Q) are given
real-valued functions. b(x), h(x) , f(x,u ) are measurable

functions and satisfy the following conditions
(H1) 0<b(x)eL”(Q) , and satisfies(x)—1
|X| —w. b (S) is a positive weight function, Locally Hoélder

as
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continous, and almost everywhere with positive measure in the
Sobolev space W, " (b(x),€2) which with the standard norm

llall = { [, b(s) IDu(x) s}

(H2)0<h(x)eI’(©), and h(x) has a compact support in
Q )

(H3) | f(x,u)[<C|u[*,C >0.

As we all know, the subject of fractional different equations
has emerged as an important area of investigation. Indeed, we
can find numbers applications in  viscoelasticity,
electrochemistry, control, electromagnetic, etc.

In consequence, the subject of fractional differential
equations is gaining much importance and attention. However,
there are few papers consider the p-Laplace problems with
nonlinear partial differential equations of time-fractional order,
as shown in [3,9,10].

Consequently, the problem (1) is deduced to an equivalent
integral equation under the fractional order integral operator
["a.At last, we proof the existence of solution for the time-
fractional differential equation by exploiting Arzela-Ascoli
fixed point theorem.

1L

We can denote the Sobolev space W,”(Q) by X .

addition, we study the fractional order equation (1) in the
weighted Sobolev space H, (b(s),2) which the standard norm

SOME IMPORTANT DEFINITIONS AND LEMMAS

In

1
7]
lull oo = {fﬂilbixmul)“dX}



To Discuss the existence of the positive solution for the
equation(1), we present some basic notations, definitions ,
Lemmas and preliminary results which we will be used through
the paper.

Definition 2.1 The Caputo fractional derivative of order o
of a functionf(t), t>0, is defined as

1
r{a-{oly

Dof(t) = j; =

Where in, (a) , [a] denotes the fractional and the integer

1
1':waf{t)ﬂ“]+nds

part of a respectively, is the Gamma function.

Definition 2.2 The Riemann-Liouville fractional integral of
order o of a function f(t), t>0, is defined as

t
15 £6) = % L (& — 5)*2f(s)ds

The right side is point wise defined on .

Lemma 2.1 Assume that yeC[0,T], T >0, l<a<2,
then the problem has the unique solution

u() = u(0) + u(0)t+ >

s [3(t = 8)"f(s)ds

Now we establish some results of the existence of positive
solution for the equation (1).

By Lemma 2.1, we may reduce the equation (1) to an
equivalent integral equation as following:

\ —(x) —PEIt+ulxt =
% L (t— 8)* 1 (div(b(x)|Dulx 8)["~?Du(x,t))
+hG)uGe, O~ %ulx,t) + f(x u(z,s))ds in O
u{x,'t.} = 0; on E'HZ'T

(1, integral )

The theory of integral equations is developing rapidly with
the help of the tools in functional analysis, topology and fixed-
point theory and it serves as a useful tool in turn for other
branches of mathematics, for example for different equation.
Now we define

@) = @(x) + P+

] 1
T(@ J; (t— 8)%"* (div(b(x)|Dulx,5)[*-?Du(x,t))

+h(x)|ulx, O ulx, 1) + f(x,u{x,s})ds in 0
ulxt) =0, on @y

(1, fixed)
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Definition 2.3 We call u e C([0, T]; H; (b(x),Q2)) to be a
weak solution of the fractional order equation (1), if
j(u—cp(u) vdx =0) Vte[0,T]forevey ve Hy(b(x),Q) .

Q
I1I.

Now we proof the existence of a unique weak solution for
problem.

A UNIQUE WEAK SOLUTION

Proposition 3.1 The operator
®(u) : Hi (b(x),Q) — H} (b(x),Q2) is completely continuous.

Proof

Putting
F(u) = div(b(x)|Dufx s)|F-*Dulx 1))
+h(x)ux, O %ulx,t) + f(x,u(x,5))
We can rewrite:

O() = () + W)+ 5 f; (e — ) F(u)ds

For each v e H;(b(x),Q), and "V”H‘(b( o= integration
0 (0(X),

by parts, we can get:

|« F(u),u | = |f b(£)|DulF~*Du + h(x) [u[2uu+ f(x, wpvdx|

Since 0<h(x) e L’(Q), and h(x) has a compact support
in Q, b(x)eL?(Q),s0

F(u) € C([0, TJ; Hy (b(x), )

And since p>2 , by Sobolev
have

imbedding theorem, we

W, P (b(x), ) = H2(b(x), )

Then, we can get
lellugeeo.o = ullyiogco.n

And, we can denote "u

and ||u

by ”U HY

Jull,,.. respectively . Hence, by Cauchy-Schwarz inequalities,

Ho (b(x).Q2) Ho' (b(x).02)

Poincare inequalities, Holder inequalities, Sobolev imbedding
theormandl < p<r , we have



< DU 0y B OO ez I g 1IN -

< B+ GO Ul - IR0

< IIUIIP1 +Ih () Iz IDull}z5- +ClIDull G-

o)) b))
< lull +lIh G llz allfs +Cllullg;
< lullE +Ih () Iz llall 2 +Cllullg

< DU oy HIBCO iz Ul +Cll S

< IIuIIp1 +Ih @) Iz lhullz4 +Cllull:

1202 (b().0) Lz'q' Yo"

P= -1
< ”u" 1 +”h(x)”L2"Du"L2(T "‘['b{x)ﬂ]+C"Du":iq-ﬂ{b(x‘),ﬂf

s ||U||p1 +[1h () llp= llulli; +CIIUIIH1 .

- -1
< [l LeCllullg™

+Hh @)zl

From [4], we know that U € X is bounded, that is to say,
Jul, <M (M is a constant).Then,

1 - -1
Nall?™ +1Ih @) llz lullg 2 +Cllull§ ™ < M,

Thus, by Cauchy-Schwarz inequalities, we obtain

0@z e 1< o) >|
i <P,V > +< P u > t+ = j (t=5)** < F(u),v > ds
L} “é |

<|<o®),u>|
+H< P(x),0 > tl+|$f:(t- $)* ! < F(u)v > ds‘-

< [l () oo,y 0l HIP (D) loogeo 10l
#1< )0 >[5 fy -9 as]

< I hepmaI¥E)lmpar=s | -5

Mt
al(a)

] - Ll
Lw(bcw).nﬁ" (X))||L°°(b(x).n) +al"(cc)

< Jlo () oy HIP D ot oy *

<o)

Hence, ®(u) is bounded.

On the other hand, given ¢ > 0, setting

1
-1 Yz
5= {(Ivelmawn +22) "
I }
That is to say, ®(u) is of equicontinuity; in fact
I Putts) — Pultadlly

[{®u(t,) - Pu(ty), v}l

_ sup
Iolggst

sup
lloll; <1

()0t - ty) +

I«

< 19 D ol =l 1< P 1| [ = )7

=< F(u)v>| ‘@ J, & =9)*ds].

M1 4 ..J.“.uﬁ

< ¥ et =tk 12

M
= ¥ @ lliogion It =t b5 (& = t9)-

Then we divide the proof into two cases

Case 1: §<t <t, .Since I<a <2 , we can get

llPu(t,) — Pult)lly;= |’"" [(®u(t,) — du(ty),v)|

< ¥ () llsogto.m It — ts s (15 — 1)

:||ll"(x)!|1‘w(b(x)‘m |t2 o tl |+r{;) ta(tz i tl )
M
= "lp(x)”LW(b(x),n) It, —t, |+F‘;Jm (t, —t;)

M
< ||\P(x)IILw(nanS+ﬁ5“'

< ||1P(x)|le<beo.m5°‘+ﬁsa

—L 8% < ¢,

= (Il + 7

1
Case 2: When 0<t,t, < a®S ,we can get
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b tz(t -5 1<F(u).u>ds—$f:‘(t1—s)“'1 <F(u),v>ds‘



lIPu(t,) — dulty) |l
— sup [{(®u(t,) — du(t,), v}l

v H},El
’ M,
< 1Y (%) ootz — t1|+al"(c(_l
M,
= "LP(XJ ”Lwi_b":x'],ﬂ_}s +“]—-,::“:] as®
M
< |ikp(x)||l_oc_\bix].ﬂi(3“+ .'.:'] &%

T
= ("lp(x_”le\_"bi_xf‘.f}) + 1\?1-)6“ sE&

M)

(7 —t9)

By the means of the Arzela-Ascoli theorem, we know that:
®(u): Hy (b(s),Q2) — Hy(b(x),Q2) is completely continuous.
This completes the proof.

By proposition 3.1, we know that I (u—®(u)) vdx =0 and
Q

Vte[0,T] for every veH (b(x),Q), that is to say , the
fractional order equation(l) has a unique weak solution
u e C([0, T]; Hy (b(x)Q2))
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