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Abstract—For a Hausdorff space X , we denote by 2* the
collection of all closed subsets of X . In this paper, we discuss the

connectedness and locally connectedness of hyperspace 2%
endowed with the vietoris topology. Further path connectedness
is investigated. The results generalize some theorems of E
Micheal.
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|. INTRODUCTION

There are many different compatible topologies on
hyperspaceox. Among these topologies, it is well known that
finite topology is an important topology. It is called Vietoris
topology.

In 1951, E. Michael [1] made a systematic discussion on
hyperspace properties with the finite topology. In this paper,
the connectedness and related properties of hyperspace 2x with

Vietoris topology are discussed. The results improve some
theorems of E. Micheal.

Definition 1.1 Let X be topology space. By 2* we denote
the family of nonempty closed subset of X , and then

{<U>U eT}U{< X,V >V eT}is a sub base to a topology
T, in 2%,
T, is called the finite topology in 2* or Vietoris topology.
Obviously, {<U.,U,--- U, >U, eT,i<nneN}is

a base of Vietoris topology, where

<U,U,,U, >:{Ee2X |EeUUi,EmUi i@,ViSn}

i=1
z(X)={E|E < X,E is a nonempty compact in X} ;

For simplicity, we denote by
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n(X):{E € 2* | E has n elements in X at most};

(X)={E &2" | E has finite elements in X | .

I11. CONNECT EDNESS OF HYPERSPACE

Proposition 2.1 Let X be topology space, then (X) is
dense in 2% .

Proof. For givenany U € T,U # & we haveU contains

o0

the finite subset n (X) , and (X) =U n (X) | thus

n=1
<U >N (X) . similarly, suppose U;,U,---,U are
nonempty open sets, X €U,,(L1<Kk<n) | then
(X, %, % e< XUy >N< X, Uy > Neo< XU, >N
n(X) 2.

Lemma 1 Let X be topology space, we define a
mapping 1: X — 2%, i(X)={X}, and then I is continuous
mapping.

Proof. Supposeld € T,U #J | then

i*(<U >) = {xeX|i(x) eU} ={xeX|{x}eU}=U.
fULU, - U, eT  i(<U >)

={X€X li(x) e[ )< XU, >¢®,1§i§n}

i=1

={xeX|xeU;1<i<n} :rn]ui_

i=1

Proposition 2.2 Let X be topology space, a natural
mapping P. 1 X" = #n (X)), we define P ((X,--*1 X))
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{X,+++1 %}, then P, is continuous mapping.

Proof. ForgivenanyU €T ,U #J we have

P (<U>)= {(Xl,XZ,---,Xn)| (X0 X000 X%,) € Un}

=U", P (< XU >) =X xX, xx X, xU x X x X,

i=1

X, =X,1<i<n,

then P

v a continuous

where is
mapping.

Lemma 2 [2] Let X be topology space, suppose Ac X is
a closed (or an open)set, then {E €2 |Ec A} is a

closed(or an open)set in 2% .

Corollary 1 Let X be topology space, suppose Ac X is

a closed set, and then {E e |ENnA= Q} is closed in 2% .

Proof. Since Ais closed in X, X \A=B s open in X .
By Lemma 2, {E€2* |EcB}={Ec2" [Ec X \A]

={E€2X |EmA=@} is open in 2% .

It follows that

{E€2|[EnA=@}=2"\{Ec2" [ENnA=0}s
closed in 2% .

Proposition 2.3 X is a connected topology space if and
only if (X)is connected.

Proof. Let P.: X" —n (X) be natural mapping, that is,

P %)) = 1%,

,Xn} . According to Lemma 1, P.

is a continuous mapping. As X is connected, X" is connected.

So n (X) is connected.
since (X) =U n(X), (X) is connected.
n=1

Proposition 2.4 [3] X is a connected topology space if
and only if 2% is connected.

Proof. Suppose X is connected, by [1], X" is connected,
n=1,2,--- According to Proposition 2.2,

P:X"—> n (X) is a continuous mapping, and
P.(X") =n(X), then n(X)is connected, N=1,2,---.

(X) =0 n(X)andﬁ n(X)=1(X) = then
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(X) is connected. Therefore the closure of (X) is
connected in 2% .

Suppose 2% is connected, and X =ﬂE62x E is not

connected, there exists nonempty sets A, B which is open and
closed sets, such that X =AuB and ANB=Y ,

{Ec2X|EnA=0} U{E€2* |ENnA=02}.

hence 2*

Since A is closed, {E€2x| En Ai@} is closed
Since B is closed, {E€2X| En A=}
:{EEZX |

in 2% .

ECB} is closed in 2% .

Obviously,

(Ee2X| En A2Q} n{Ec2*|EnA=0} =T,
(E€2|[ENA%D} @ | {Ec2 |ENA=0}=0

thus 2% is not connected. This is contraction. Therefore X is
connected.

l

Lemma 3 Suppose U; = X,i=12,---,n s connected,

<U,,U,---,U, > is connected.

Proof. Since U;,i=1,2,---,n is connected, (U;) is
connected (Theorem 4.10 of [1]).

U,)x U,) x--x(U,) is connected, and

(X) n <U,U,---,U, >is under continuous mapping
image of (U;)x (U,) x - x (U,) , then

(X)n<U,,U,--- U, > is connected,

(X)n<u,U,---,U, >c<U1,Uz,---,Un >, then
<U,,U,---,U_ > is connected.

Proposition 2.5 Suppose X is locally connected topology
space, then2* is locally connected.

Proof. Suppose X is a locally connected topology space
and E € 2X, there exists a neighborhoodV of E in 2%, we
can find the connected open sets U;,U,---,U, €T such that
Ee<U,U,---,U, >c Vv hence 2% is locally connected.

Suppose X is locally connected topology space,
xelU c X , there exists a connected neighborhood B

of {X} , such that B c<U> | so V:UA is a

Aep



neighborhood of X , V < U and [ are connected. Therefore
{X} € f and {X} are connected.

Lemma 4 [4] Suppose J is an open (closed)in 2%, then
UEG/; E isan open(closed)in X .

Lemma 5 Suppose U is a connected component, U is a
connected closed set.

Proof. Since U is a connected component in X , U is
connected [1]. Uis a connected, U CU, U is a component

in X, then U is a maximum connected set, :U, thus
U is a connected closed set.

Lemma 6 Suppose X is a locally connected topology
space, thenU is a connected component in X and U is an
open set.

Proof. Suppose PeU , X is a locally connected, P
belong to an open connected set G, at least, U is a
component which contain P , then PeG, cU and

U =U{G, |PeU}, thus U is open set as it is the union of
open sets.

Proposition 2.6 Suppose X is a locally connected topology
space, U is a connected component in X is and only if

{E e2”|E CU} is a connected component in 2% .
Proof. Since X is locally connected, U is a connected

component in. By Lemma 5 and Lemma 6, U is an open and
closed set in X . According to Lemma 2, it follows that

{E €2"|E CU} is an open and closed set in 2* . Hence

{E €2 |E CU} is a connected component in 2% .

Suppose {E e2'|E CU} is a connected component
in 2% . Since X is locally connected, by Corollary 2, we have
2% is locally connected, so {E e2"|E CU} is an open

and closed set in 2% . We haveU e 2% :

In fact, U1=U{E€2X |ECU} . If U=U, | there
exists X€U \U, such that {X} <U and {X} € 2" hence

X €Uy, this is contraction. So U =U{E62X |ECU}.

AS{EEZX |ECU}is closed in 2%, by Lemma 3,U is
closed in X and U € 2% .
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Since {E €2’ |Ec U} is an open and closed set in 2%,
by Lemma 3, it follows that U is an open and closed set in X ,
hence U is a connected component in X .

Lemma 7 [4] Let X,Y be topology space and X is path

connected, f:X —Y is continuous mapping, then f(X)is
path connected.

Proposition 2.7 Let X be topology space, then (X) is
path connected.

Proof. Since X is path connected, X" is path connected.
We define a natural mapping P, : X" — n (X) . By
Proposition 2.2, P. is a continuous mapping.

By Lemma 7, n (X) = P(X") [5] is path connected, we
havelC2C---CnC---.

0

As (X) =U n(X), VE,E,e (X), there exists

n=1
nmeN E enE,em

Assume N<m, E; encm. Since m is path connected

[6]-[9], there exists a path from E, to E,, then X is path
connected.
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