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Abstract—The paper shows that the balanced implicit method
reproduces the moment exponentially stable for hybrid
stochastic differential equation. The balanced implicit method
has better behavior of stability in comparison with the explicit
Euler-Maruyama method. Experiments simulation indicates that
the balanced implicit method may overcome unstability of the
Euler-Maruyama method.
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I. INTRODUCTION
In the 1970 s, Black and Scholes [1] proposed:

dx(t) = ux(t)dt + ox(t)dw(t), €D}
and he got the Nobel Prize in economics in 1993 for this

model. In this model, the terminology and notation are defined
as follows:

a)(t) A standard Winner Process, H - Asset returns
O : Fluctuation ratio

In the classical Black-Scholes model, # and O are
constants. While Hull and White [2, 3], Yin and Zhou[4]

found # and O are Markov processes instead of constants. So
the Markov switching system is proposed:

dx(t) = 2(r®) x(t) dt +o(r®) ) x(t)deott), (2)

In this model, "®(t>0)js a Markov Chain, and its

value ranges is a finite state space $={L2....N} .The
Markov switching system is popularly used in many financial
models, such as in pricing bonds, mortgage bonds, convertible
bonds etc.. [5]. However, most of the stochastic differential
equation cannot get explicit solution, the numerical method is
commonly concerned, various numerical methods are put
forward, such as Euler's method, the implicit Euler method,
the backward Euler method etc.. [10]. Implicit Euler method
with its better stability, gets more attention, especially the
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backward Euler method which is often used in the nonlinear
systems. But implicit Euler method is only applicable to rigid
equation with little noise because this method only partly uses
the implicit item in drift coefficient. In this paper, by means of
discrete Ito Lemma, we demonstrate that the balanced implicit
method torque index of markov switching asset pricing model
is stable, and at the same time we give the instability
condition and conclude that balanced implicit method is more
stable than Euler's method with numerical method.

Il. BALANCED IMPLICIT METHOD

Let [X:XeR™ be 4 Euclidean norm, If Ais a vector or

matrix, its transpose is denoted by AT, and if Ais a matrix,

. . Az,y ATA L
its trace norm is denoted by A= trace( ),whlle its

| Al=sup{| AX[:[x|=1} \ve jot

e P) be a complete probability space with a

operator norm is denoted by
(@ F.(FR)

filtration ( t)tzo ,satisfying the usual conditions (i.e.
incremental, right of continuous, Fo Contains all the zero
measure set); (1) js a standard Brown motion in probability

space; r(t)(t=0) is a right continuous markov chain
whose value range is the finite state space N} it

generates C=0)un and satisfies

7,A+0(4), if i j,
P{r(t+A)=j|r(t)=i}=4"

1+7,A+0(8), if i=],
A>0.7y ZOis the transition probability from i
i?fj Yii :_27“‘

j#i

where
to ) ,and when

Considering that r(t) is a right successive step function

with limited multiple jump discontinuity point in Re . we

assume that the markov chain " (%) s independent of
Brownian movement (1) We also assume that the markov

chain is irreducible, that is for any hjes, exists



ViiZii, " Yii = 0
rank (I')=N-1

hodoo b €S which can make sure
and 0 is an Eigen value root of [' and .So there

- XN
is a unique stationary distribution 7=(my mys my)eR ,

N
ﬂf:O,Zﬁj =17; >0, jeS.

=1

which satisfies

Lemma 21([6]) We assume that for
A>0,k=0,5 =r(KA), than {r& k=012..} is a
discrete markov chain, whose One-step transition probability

P(8)=(R, (&), ="

Given the Linear markov switching stochastic differential
equation:

any

matrix array is

dx(t) = z(rt) ) x(t)dt + o(rt) ) x(t)dw(t), 3)

t>0,x(0)=%, R, r(0)=r, €S,
S-Value F,

r, .
on and 0 is

measurable randomvariables of

is independent of X and the path of Iis
X and independent of X- We define

Since /i
produced before

Ae(0,1
( )as step size, then we can get discrete markov chain

{n* k=012..}

P(A A=
transition probability matrix ( ).Let fo =l and get a

as follows: calculate the one-step

random number 51 which distributed evenly over [0,1].Then
we define

i1 i1ES {N}’Zil 1'1( )<é1<zil IJ( )’
j:l2 j:l:
=

N,

N-1
Z.ilpi_j(A)éé‘

_lploj (a)=o0.

0

2, 5
on J then get another random number ~2
which is distributed evenly over [0,1] and is independent of

5 . We define

. _
Lies-(NEYT P (a)<e <Y Po(a),
j=1% j=1v"

rZ:

N,

N-1
DI CORLS

Repeating this we can

{r k=12..}

process, get

.This process can independently produce
more trajectory, after we get the discrete markov chain

A _
{r" - k=1, 2} , we define the balanced implicit method
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t, =KA, k> 0. X,=x(t,). 15 =iy,

zx(tk):

of hybrid system (3).For

here is the approximate value for X

Xk+1 = Xk +ﬂ(rk/\)xkA+o-(rk,\)XkAwk +C(Xk)(xk _Xk+1)’

O

Ao, :a)(tm) - a)(tk)

variable which is independent and Obey the
C(Xk) C(Xk):CDkA+Clk|Awk|‘

Co=Co (Xi)» Cu zcl(xk)is known as control function, and
often is chosen as constant[7].

F‘k -measurable random
N(O, A)

where is a

distribution. satisfies

Hypothesis 2.2: Assume that Cox and Cax are limited

function, for any step size A, ao A, a <[ O
2,20, M(X)=1+a,Cy (X)+Cy (X)

’

and

‘(M(x))'l‘sc@o,cw. o _
The equilibrium methods (4)is very

general, it covers the implicit and semi implicit Euler method.
C(X,)=(61)u(r*)A,

If denoted by (X)=(0 )'u(rk)

get the following semi implicit method

and from (4), we can

X, =X, +Gu(r’ )X A+(1-0) (') X,_A+o(r' )X, Aa,
0

then for =1 we can get the Euler's method

Xy = Xy +u(12) X A+ o (1)) X, Aa,

Clk

Next we assume that COk, is independent of the

constant K and Co=Cor G =Coc-
It is easy to prove that balanced implicit method and Euler

method have strong convergence with the same 1/2 order. This
article will take all the constants and all the product with

constants as C except CO,Cl,

Il. STABILITY

Lemma 3.1([6]) we assume that# is a randomvariables of

#(x)eC*(R)|¢" (x)|< L,

standard normal distribution, and
=0O)s. + . .

L is a constant xe[l-61+5])(0< 8 <1),¢:R—>R is a

Lebesgue integrable function, then for

cCCeR A—-O0,
E[ p(trea+cVau+calu)]=4(1)+
' CA+ 2 c +¢"(1)
e e )4

(c+ci)a+o(a).



Theorem 3.2 Assume that there is a positive constantA |

for any A<A

can get

'from the balanced implicit method (4) we

1

2
CA*+p +¢,

Jor
+p—_1(ai2 +cf)+CAi +0[Aij

2

1
lim sup—1log E|X | S£|OQC+Zﬂ'Jp
e NA A

jes

that is, for a sufficiently small step size A if

1

4 =
——CA*+u +c

NP
+p—71(c712 +cf)+CAi +0(Alj

BIogC+Z;r]p <0
A jes

2

©)

then the balanced implicit method(4)is P tn mo ment
exponential stable.

Proof Fromthe sequence(4),

e[[x,.I ]=e(x T ze[z’|F ).

we can get

(6)
F=o({r)},, {e(s)),.... )

=0 is a O -algebra, produced

., 00,

calculate that

n through the assumption,

P

20 _ ‘1+CDA+C1 ‘A(u"‘+y(t‘"A)A+0'(r"A)Aw"

‘ l+COA+Cl‘Aa)”‘ ‘

{“z[(cow(r;))Mc,Awnm(r,\)mn]}?
<c” .

(e, +u(7))a+c Ao | +o(r') Ao, |

(7)
and fromthe Taylor expansion, let
UZZ[(CO+y(l’nA))A+Cl|Awn|+a(rkA)Aa)n]
+[(co+,u(rnA))A+c1|Awk|+a(rnA)Aa)n:|2
and choose ACy. Gy, which can make sure that U >-1
then
1+£u+—p(p_2)u2
E[z!|F ]<c’E 2 8 :
L P(p-2)(p-4) . s
48 ’ ®)
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Let u, =(c(J +y(rnA))A+cl|Aa)n|+o(rkA)Aa)n, then

_ 2
u=2u +u". It is easy to calculate that

E[(am,)" | =(2i-1)ua" E[ (a0,)"" ] =0,

. 2' =
E Ao, | ] = ——=(i-1)a 7,
\2r )
(2i-1)n=(2i-1)(2i-3)---3-1,
on S0
(i-1)=(i-1)(i-2)---2-Li=12--
2 = R
E[/J1| F ] :rclA2 +(c0 Jr,u(rn ))A
2 (10)
E[u|F ]=(c 40" () as \%q(co ()
(e, +u(r)) a7, (11)
E[ w’ E":|:CA2+0(A2)E[/11A E"]_O(Azj
. (12)
plug (10)-(12) into (5), then
1+i cAi
@p,
u(r)+e,
E[Ix,.I J<E[Ix,'c’|+p +pl[az(r"")J AT zE[zIF ]
2 \+¢”
+CA§+0[A§J
(13)
Repeat this process, then
[p(n+1)logC )
l+% pc.A
» exp| a(r)+e :
e[l Jee| il en) o | " N +0[Azj -
k0 +T(o-z(r )+cf)
+CAE
. - . . log( +x)_3x,
By markov chain ergodicity and the inequation

VX>—L\e can figure out



- (‘)H: B H
lim ZIog 1+ pcA® +p p-1 A+CA +0(Aj
mEE ()=)
2

SZIZ‘ |: CA + :|A+(c,+plc‘)A+CA‘+o[A‘j:la.s.
N 2
Denoted by
4 L
CAZ?+u +C
p NF b

e _1 hl hl
- +pT(o-j2+cf)+CA2+0

then there exists £ > 0, which make

:ZlogC+erjp ) ( .
A

[ p(n+1)logC
1 ﬂ(rkA)+cu
1 1+ :

: pclA2+p p_l 2 A 2 A
eS| [ )

k=0 3 3
+CA? + o(Azj

<A+¢gas.

According to the lemma Fatou,

lime™ (2+¢)(n+1)A E | X

n—ow n+1| B

¢ <0,c0+p7_1012 <0,C <1,

-1
ZHJ- p(,uj +pTajzj<0,

degenerates to 1<

If choose then criteria(5)

This is the sufficient condition for p -th  moment

exponential stability of Euler's method.
Theorem 3.2

-1
ZH'J- p(,uj +pTO'j2j >0

jes

indicates that even

, we also can make criteria (5)

possible when the controls parameters €% and A are
chosen properly. Combined with the Euler's method., balanced
implicit method is more stable.

Next is the sufficient condition for instability of method
)

Theorem 3.3 Balanced implicit method (4)satisfies
1

Iim—Iog(E|Xn| ) Zp;r (y -~0c )That is if

ne NA

1 2 — -
AN =507 |> 0. forany sufficiently small step size A,
jeS

balanced implicit method is torque index is not stable.

Proof

from (4), we can get

|Xn+1|p :|Xo|p HE:oka =|Xo|p eXp(ZlOg ka].

k=1

E[ exp(logz! )|F. ] (15)

Depend on the Jensen inequation, we can get

Fzee(Elloaz R ]) 4

use the lemma 3.1,and combine (23),we can get

[ix []ee Ix | eXp[P(ﬂ(r\);a(r\))A]exp(Zlogz:) |

+o(a)
E[e"p('ong,)l':‘ ] (17)

E [exp ( logZ’ )

Repeat this process, we find

u(r’)

e[1x..I']=|Ix. em| 3| p| 4 A+o(4)
k=0 ——o'Z(I’k
2
Given (17), when >0, we can get
7(/1-8)I'IA
e MEIX " 2 E|X,|"exp| 1 :
+Zp(ﬂ(rkA)*EO'Z(rkA)jA‘FO(A)

Depend on the ergodicity of Markov chain, we can get

nmii[p(ﬂ(r;)éaz(r;)jm(A} z”[ ( o jm(A)}

e NA G

A= Z;r p[ ——Uj
Let Jes 2 then

A l 2 A
lim —p(ﬂ,—‘e)nA+ip(#(rk )_26 (x )jA = 40 as..
n% “1o(A)
1

lim |nf—IogE|X =¥ p(ﬂ ——aj e.

50 nom NA jes 2

when € = 0> then

lim mf—Iog E|X,|" =D 7, p(,u —%a )

n—ow nA jes
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Theorem 3.3 indicates that the condition of instability for
method (4) is stronger than Euler’s, that’s balanced implicit
method has better stability than Euler’s method.

1V. NUMERICAL EXPERIMENT

FIGURE I. LEFT: THE PATH OF r(t); RIGHT:THE PATH OF EULER'S

METHOD(RED LINE)AND BALANCED IMPLICIT METHOD (BLUE
LINE)WHEN THE STEP SIZE A=0.001

In this section we will verify the correctness of the
conclusion, through the Numerical experiment we confirmed
that the balanced implicit method has better stability. Consider
a scalar equation

dx(t) = w(r®)x® dt+o(rOXt)do(d),

(18)
>0,w(t r(t
and in it ( )is scalar Brownian motion, ( )is
a right successive markov chain which values in

X

r(t o(t
Assume that ( )is independent of ( ).It is easy to
2

1
m=5 Ty x(0 y I 0))= 5,1 ’
know 3 3 and when ( ( ) ( )) ( ) the
horizontal axis represents time variable U in the figure 1,2 and
4, Red line represents the curve orbit of Euler’s method, the
blue line represents the orbit curve of balanced implicit
method. In figure 3, red line represents the curve orbit of

balanced implicit method when Co=1 ¢=-2 while the
blue line represents the orbit curve of balanced implicit
c,=-01, ¢,=-0.2

S:{l’ 2} ,and generates

method when

FIGURE Il. LEFT:THE PATHOF" ® - RIGHT ; THE PATH OF EULER'S
METHOD(RED LINE)AND BALANCED IMPLICIT METHOD (BLUE

LINE)WHEN THE sTEp size A=0.001

1 2 3 4 5 6 7 [ 1 2 3 4 5 6 7 8

r(t
FIGURE IIl.LEFT:THE PATH OF ( ) : RIGHT:WHEN THE STEP
SIZE IS A=0'001’T=8' THE RED LINE REPRESENT STHE PATH OF

BALANCED IMPLICIT METHOD WHEN Con =1 Gin =—2 ,AND
BLUE LINE REPRESENT STHE PATH OF BALANCED IMPLICIT

METHODWHEN Con =-0.1c,=-02

case1 H(D)=Lo()=00(2) =2

2.7 p('uj _%O'JZJ:'%’
In this condition, we can find i<s

which indicate that the equation(27)is almost asymptotic
stable everywhere, figure 1 include the Orbit curve for both
Eulers method(when A=0.00L T=5¢C,=0. =0 y4uq
the balanced implicit method (when A4=0.001 T =5

C =01 Cl:_z);figure 2 include the Orbit curves for both
Euler's method and the balanced implicit method when

h=0.001 T=20, Con =—0LC=-02 1pece two figures

indicate that balanced implicit method has better stability than
Euler’s method. In figure 3, we can find the Orbit curves for

balanced implicit method when N=0.00L T=8 an4 control
=1L €=-2

coefficient respectively are and

Co =01, C1='0'2, which indicate that the stability can be

. . and
influenced by the control coefficients € Cl.

Case 2 u(1)=1.2,0(1)=1, 1(2)=1.2,0(2)=1

‘A | oM %,MW\k‘ww

(T !
[

i
0!
15 AU T i 6
ol i
14 T
|
i

0 1 2 3 4 0 1 2 3 4 5

FIGURE IV. LEFT: THE PATHOF "(V); RIGHT: THE CURVE OF
EULER'S METHOD(RED LINE)AND BALANCED IMPLICIT METHOD

(BLUE LINE)WHEN h=0.001, T:5’C0:-1, Cl:_2



. 1,
We can figure out that Zﬂ'jp(ﬂj —Eaj)>0, and
jes
Euler's method is not stable. Figure 4 shows orbital curve of
balanced implicit method and Euler’s method when

h=0.001, T=5 C,=-1, €,=-2 we can draw a conclusion

from the figure that balanced implicit method is stable, while
Euler’s method is not, that is balanced implicit method can
keep stable by choosing appropriate control coefficient, this
further illustrates that the balanced implicit method can
overcome the instability of Euler method, and makes the
systemstable.
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