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Abstract: We study a pure iron billet placed in an induction furnace. The magnetic reluctivity of
pure iron varies strongly according to the temperature. The volumic power and total current in the
billet increase linearly with temperature. But, before and near the Curie point, those parameters
increase very strongly. This, has his importance in the conception of the induction heating of
magnetic materials.

1. Maxwell equations and modelisation of the magnetization of saturation with temperature

For a homogeneous and isotropic material (pure iron), the permittivity €, the permeability m, the
conductivity y are expressed by constants only if the material is linear. In particular, the
permeability m is a non-linear function of the applied field Hy without matter and temperature T.
Then, the Maxwell's equations are:
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Combining (7) and (8), one obtains:

1
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where E = electric field, J = total current density, y = electric conductivity, D = electric
induction, p = volumic and superficial density of charge, & = absolute permittivity, B =magnetic
induction, H =mag-netic field, H, = applied magnetic field, M = magne-tization density, x4 and
#, = absolute and relative permeabilities, v = relative reluctivity, » = magne-tic susceptibility.

Using the Brillouin's function, [1], [3], the theory of ferromagnetism and law of Curie-Weiss
below the temperature of Curie, the variation of the magnetization M according to the applied field
Hyand the temperature T was obtained [2]. The magnetization of saturation M corresponds to

H,=0 and T=0. The reduced magnetization of saturation is defined as:

M
m, = N.,USB (10)
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where N = number of atoms of pure iron per unit volume, xz = Bohr's magneton. The equation of
m s [2]) :

2341 2J+41 3T¢ mg| ¢ 1 3Tc ms 11
mg = 3 g.coth( 5 '(J+1)g'T] 2'C0th{2J'(J+l)g'T ( )

where J=magnetic quantum number, g=2.0023,fac-tor of spectral decomposition, T, = 1043K
=tempera-ture of Curie for the pure iron. The equation (11) is a transcendant equation in m_. With

all magnetothermal data concerning pure iron, [2] , this equation takes the form:

mg =3.221150.coth [1075.262377.%) ~1.00150. coth (334.197081.%) (12)

It was solved for T [O,TC] using the software Maple. Figure 1 represents m = f(T).
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Figure 1. Reduced magnetization of saturation in mg versus temperature

2. Studied system and equations

2.1. Studied system

This system includes the inductor and the load. The inductor, in copper, has a diameter di=6 mm
and a height h;=19.25mm. The current in it is 6600A, 60 Hz. The load is a pure iron cylinder (billet).
Its diameter is dy=25 mm and its height is h,=84.25 mm. Between the inductor and load exists a gap
of 12.5 mm.
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Figure 2 The quarter of studied system.
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2.2. Equations

The studied system presents an axisymmetry around the axis of load. Thus, only a quarter is used
for calculus. The electrical conductivity of the load depends on temperature . The temperatures of
study in Kelvin are : 298 (25°C), 398 , 498 , 598 , 698 , 798 , 898,950,998, 1008 , 1018,
1028, 1038 , 1040, 1042 1042.95 . For each temperature, with a script Matlab, one determines the
reduced magnetisation of saturation m_, then the magnetization density M, then the magnetic

susceptibility y ,then the relative permeability 4. , then the relative reluctivity v . The Figure 3
represents u, as a function of temperature for temperatures in K : 298 (top),398, 498, 598, 698, 798,
898, and 1042.95 (bottom).

x10° mur=mur(B0)

Figure 3. Relative permeability m, versus By

For each temperature, v, instead 4, , was interpolated by a polynomial with R’=1 . For example, for

T= 298 K, the relative reluctivity is
4 3 2
Vr1208 =P1By + PaBg + P3By + P4By + Ps (13)

where pi= 0.04877, p, = -0.01696, ps= 0.002388, ps= -3.256x10°, ps=5.224x10°, and By =toH 18
the applicated magnetic induction. Figure 4 represents v 1,9 = f(Bo)
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Figure 4. Relative reluctivity at T=298 K versus By
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The studied system presents an axisymmetric along Oy. The appropriate parameter in this case is
the complex magnetic vector potential A . Combining equations from (1) to (9), and taking in
account the quasi-stationnarity of the phenomen, the system of partial differential equations
governing our installation is [4]:

A_re: div(vo.vy.grad(A_re))+e.y.A_im+nJs_re=0 (14)
A_im: div(vp.vr.grad(A_im))+w.y.A_re+nJs_im=0

where A _re and A_imare respectively real and imaginary components of the complex magnetic

vector potential A .v,= vacuum reluctivity, the inverse of vacuum permeability. v, = relative

reluctivity of billet interpolated for each temperature like in formula (13). @ =2z f is the pulsation of
the current source in the inductor. Js_re and Js_im are respectively real and imaginary components

of the complex source current density. n= a Boolean variable to identify regions carrying current.
Through the boundary conditions, n=1 in the inductor and n=0 in the billet. The real and imaginary
components of the complex current source density Js are calculated as [4]:

1
JS re=—|l~, - ®.y~,-A_im.d (Area_Cu (15)
B Area_Cu ( Cu Area{Cu 7Cu”- ( - )j
1
J im=———|0- [  -wy~,.A red(Area_Cu (16)
Area _Cu [ Area_Cu Cu ( ))

where I, = 6600 Amp is the courant in the inductor, Area_Cu and y are its area and electric

conductivity .
The real and imaginary components of the complex current density in the iron or billet J, are

calculated as [4]:

1
J =— |0~ ) @.Yan-A_im. d(Area_Iron (17)
b_re Area_lron( Area_lron ~ ON"- (Area._ )j

1
Jy i =—| 0 -o. .A_re. d(Area_lron (18)
b_im Area_lron( AreaI{Iron Viron-A-re-d (Area_ )]

where Area_lron and y,., are area and electric conductivity of the billet. This electric

conductivity as a function of temperature is

6
95.24x10
YIron = 14000457 (19)

The volumic power , in W/m’, is calculated as

)
_ 3|
i 7Iron (20)

3. Results and simulations:

All equations from (14) to (20) were implemented in a script running under FlexPDE which is a
code of computation using Finite Element Method and supporting large non-linearities in partial
derivatives differential equations. The studied system presents a revolution's symmetry, thus, the
calculus were made in 2D only.

The use of the relative reluctivity v was preferred to the use of the relative permeability

because . is in the denominator of equations (14) and its polynomial interpolation gives a
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polynomial at the denominator. On the other hand, the polynomial interpolation of v gives a

polynomial in the numerator of equations (14), and then, the time of computation is reduced: some
dozens of minutes versus two or three hours with the same computer. The Figure 5 , for T=950 K
and v, =v 195, SUmmarize some interesting physical parameters concerning this study.

SUMNMARTY

Teu= &600.000
= 60.00000

T= %30.0000
Volumic Power Pv= 3.6632514e+3
Iz_re= 3779942
Iz im= 4401 636
Is== 5801.927

Tb re=-3164 498
Tb_im= 1162694
Ib_re=-1.666306
b _im= 6122308
Ib= 6124575

Figure 5. Some pertinent data calculated by the script FlexPDE.

l,, is the magnitude of the current billet at T= 950K and with v =v 195 -

The problem has two lines of symmetry, hence a quarter of the problem is modelled. The
appropriate unknown quantity is the magnetic potential vector, because it has only one component
Ay ,in cylindrical coordinates, noted here A

e-2
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Figure 6. Field lines of the magnetic potyential vector at T=298K and .v, =v 1 ,9g

One of the interesting quantity in the induction heating is the volumic power in the load. Figure 7
represents this quantity from point A to point B like in Figure 2.
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Figure 7. Volumic power along the segment AB, at T=298K and v, =v 1,05

The variation of the magnetic potential vector along the quarter of the billet is plotted in Figure 8.
It shows that the point 1, or A(dp/2,0)), receives the maximum of the power.
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Figure 8. Magnetic potential vector along the perimeter 1 to 2 to 3 to 4 tol

The study of the volumic power as a function of temperature is plotted in Figure 9, for the sixteen
temperatures in °K: 298 (25°C), 398 , 498 , 598 , 698 , 798 , 898 , 950,998, 1008 , 1018,
1028 , 1038 , 1040 , 1042 1042.95 . The same study takes in account the variation of the electric
conductivity with the temperature in accordance with Formula (19). For each temperature, the
relative reluctivity is interpolated by a polynomial like in Formula (13). Until about 1025 K, the
volumic power increases linearly with the temperature. But, near and before the temperature of
Curie (1043K), the volumic power increases strongly. A special study in this zone is required. After
the point of Curie, the pure iron becomes amagnetic, i.e.v, =1.
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Figure 9. Variation of volumic power with temperature.

The electric current in the billet follows the same comportment that the volumic power. Figure 10
shows its variation with temperature. The script allows to have the real and imaginary currents in
the inductor as well as in the load. Then, we can calculate their magnitudes and their phases. A
study with varying the current frequency presents also an interest because it is known that the
transmitted power towards the load increases when the frequency increases.
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Figure 10. Variation of the electric current in the load with temperature.

4.Conclusion:

The conception and optimization of devices in Electroheat, require , first an thermic analysis and
after, an electomagnetic one. The relative reluctivity was modelled as a function of the applicated
magnetic field , but also a function of the temperature in the case of the pure iron. The variations of
the volumic power and the electric current in a billet was established. Those variations show a large
augmentation of the two quantities near the Curie's temperature. The results of simulations
obtained here with the script FlexPDE are reliable because the same code was used in other
applications with succes.
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