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Abstract. Recently Liu et al.(Int. J. Theor. Phys. 53:4079, 2014) had shown that a special form of
three-qubit entangled state |¢) = «|000) + 3|001) + ~|111) + §|110) can be teleported by using a five -
qubit cluster state. However, we demonstrate that five-qubit cluster state and five-qubit von-Neumann
projective measurements are not necessary to complete the protocol. The special three-qubit state |¢) can be
teleported via a four-qubit entangled state, by introducing one ancillary qubit and one controlled-not
operation. Physical realization of the proposed four-qubit entangled state and the generalization to teleport
the multi-qubit state is also presented.

Introduction

Quantum teleportation is one of the most astonishing features of quantum mechanics. An
unknown quantum state can be teleported from one site to another via previously shared
entanglement assisted by classical communications and local operations. In 1993, Bennett et al. [1]
proposed the first protocol of quantum teleportation of an arbitrary single-qubit state using a
maximally entangled two-qubit state. Four years later, this protocol was experimentally
demonstrated [2]. Thereafter, teleportation of an arbitrary single-qubit state was proposed using
tripartite GHZ state [3], four-partite GHZ state [4], SLOCC equivalent W-class state [5], cluster
state [6], etc. Teleportation of an arbitrary two-qubit state was proposed using tensor product of two
Bell states [7], tensor product of two orthogonal states [8], genuinely entangled five-qubit state [9],
five-qubit cluster state [10], six-qubit genuinely entangled state [11], etc.

Recently, Liu et al. [12] had shown that a special form of three-qubit entangled state
|¢) = «|000) + 3]001) + ~v[111) + §]|110) can be teleported by using a five-qubit cluster state based on
five-qubit von-Neumann projective measurements and local unitary operations. However, we demonstrate
that five-qubit cluster state and five-qubit von-Neumann projective measurements are not necessary to
complete the protocol. The special three-qubit state |¢) can be teleported via a four-qubit entangled state, by

introducing one ancillary qubit and one controlled-not (CNOT) operation. The proposed four-qubit entangled
state can be physically realized by a pair of Bell states and two single-qubit states. The generalization of the
protocol to teleport a multi-qubit state is also presented.

Quantum Teleportation of a Three-qubit State
In [12], a special form of three-qubit state is given by
16)ate = (@]000) + BJ001) + A[111) + 5/110)ape (1)
where |o|? + B2 + [7]* + [6]* = 1.
Our teleportation scheme can be described as follows. Suppose Alice has an unknown

three-qubit state |¢).... She wants to send this state to a distant receiver Bob. Alice and Bob share a
four-qubit entangled state

1
|C>1234 = 5{‘0000) + ‘0111) + ‘1101) +- |1010)1234 (2)

with the qubits a,b,c,3,4 belong to Alice, qubits 1,2 belong to Bob, respectively. The joint state of
the three-qubit state and the quantum channel is given by

© 2015. The authors - Published by Atlantis Press 197



1) abe1234 = [B)abe @ |C)1234. (3)

Alice first applies a CNOT operation on qubits « and &, with qubit 5 as control and qubit « as
target, which will result in [0), ® («|00) + 8|01) + v|11) + 6]10).. Now, we note that all the
information of the state («|000) + 3|001) + ~|111) + §|110).,. has been transferred into qubit b, c
with the state («|00) + 3|01) + ~|11) + &]10),.. S0 we only need to consider the state of qubits
b,c,1,2,3,4 whichis

(|00} + B[01) +7[11) + 6[10)p @ [C)1234

= }Il‘a@1>bc¢34(a|(]0> + 8|01) +v[11) + 6]10))12 + }I|W2>bc34(a|“0> — B|01) = ~[11) + 6]10))12
+i|{f’)3>b034(a‘00> — B8[01) +~[11) = 6]10))12 + %\@4>bc34(0¢\00> + 8|01) = ~[11) = 6]10))12
+%|@5>b034(a‘01> + 8[00) +~[10) + 6]11))12 + %\99%5034(0\01) — B800) +~[10) — 4]11))12
+%|W7>b034(a‘01> — B8[00) —~[10) + 6]11))12 + %\@8%034(06\01) + 8/00) — ¥]10) — 6[11))12
+%|{Pg>bc:34(a‘11> + B]10) + ~]00) + 6]01))12 + %\(Pmmsm(a\ﬂ) — B[10) —~]00) + 6]01))12
e sa(al11) + B110) — 1100) — 5101} )12 + L Z)aa(al11) — BI10) + 4]00) — 0Lz
+i|§013>bc3f1(a‘10> + B[11) + ~[01) + 6]00))12 + i‘@14>bc31(a|10> — B[11) + ~]01) — 6]00}))12

1 1. e
+Z|§9]5>bc34(0~"10> + B[11) = v|01) — 6]00))12 + Z\¢]6>bc34(a|10> — B|11) — ~[01) + 6]00))12 4)
where |¢")pe4(i = 1,2,3,...16) are mutually orthogonal states in Alice’s possession given by
o) = %(mooo) 4+ [0111) + [1101) + [1010)), |¢*) = %(\0000) —|0111) — |1101) + |1010)),

1
r3:_
l°) 5

- 1
%) = 5(10011) +[0100) + [1001) + [1110)), |o%) = 7 (|0011) — |0100) — [1001) + [1110)),

1
(10000) — [0111) + [1101) — [1010)),]¢") = 5(|0000) + [0111) — [1101) — [1010}),

1
l¢") = =(|0011) — [0100) + [1001) — [1110)), |¢*) = 5(\0011) +0100) — |1001) — |1110)),

RO | = DD =

1
lo?) = =(/0001) + [1100) + [0110) + [1011)), |¢'") = 5(0001) — [1100) — [0110) +[1011}),

b

1 1
|l = 5(/0001) — [1100) + [0110) — [1011)), |p12) = 5(10001) +[1100) — [0110) — [1011}),
1
o3y — =
0% = 3(
1% = %(\0010) — [1000) + |0101) — [1111)), |¢'®) = %(|0010) + [1000) — [0101) — [1111)).  (5)
After the measurements in the basis of {|¢')s34(i = 1,2,3,...16)} on her qubits b,c, 3,4, Alice
communicates her measurement results via four classical bits to Bob. In order to recover the
original three-qubit state, Bob first applies appropriate Pauli rotations on qubits (1,2). Then Bob
introduces one ancillary qubit A in the initial state |0}, and performs CNOT operation on qubits

1 and A, with qubit 1 as control and qubit A as target. Alice’s measurement result and Bob’s
corresponding operations are listed in Table 1.

1
10010) + [1000) 4 [0101) + [1111)), |p'*) = 5(10010) — [1000) — [0101) + [1111)).

Physical Realization and Generalization

The proposed four-qubit entangled state can be physically realized as follows. We start with two
photons in the Bell state |7) 2 = %@UUD) + [11))12. We need to prepare another photon in the state
\L@UO} + [1})3. One can combine both these states and get a W class of states as follows:

1 1

730100} + [11))12 == (10) + [1))s = %uooo) +1010) + [101) + [111)) 130, ©6)
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We now take another photon in the state |0} 4. The four-qubit entangled state can be obtained by
applying a CNOT operation on qubits A, 1,3, with qubits (1,3) as control and qubit A as target:

1
5102.4(1000) + [010) + [101) + [111))13 = (|0000)+|1010>+|1101>+\0111 7)

By introducing N ancillary qubits and performlng N CNOT operations, our scheme can be
easily generalized to teleport a (N + 2)-qubit entangled state |¢) given by
N =1, (a]000) + )+ | 111) + 8]110)) 1pe,
= 2, («[0000) + £|0001) 4 ~[1111) + &§|1110))12¢c,
= 3, (a|00000) + B|00001) + ~v|11111) + 6[11110))123pc,
=1, (2]0,.000) + 410..001) +7/ L. 111) + 8 1..110))12_npe. (8)

The generalized scheme can be described briefly as follows.

To teleport a special (I + 2)-qubit state |£}, which is the form of Eq. (8), Alice first applies ~
CNOT operations on qubits 1,2,...N,b with qubit » as control and qubits 1,2,...N as target,
which will result in @& |0}, @ («|00) + 8]01) + ~[11) + 6[10);.. So all the information of |¢) has
been transferred into qubit b, ¢ with the state «|00) + 3]01) + ~|11) + &/10). We only need to
consider the joint state («|00) ) +y[11) + 6|110)pe @ |C')gerq, Which is showed in Eqg. (4) and
(5). After the measurements in the basis of {|o")(i = 1,2,3,...16)} on her qubits b,¢, f,q, Alice
communicates her measurement results via four classical bits to Bob. In order to recover the
original (N + 2)-qubit state, Bob first applies appropriate Pauli rotations on qubits (d, ). Then Bob
introduces N ancillary qubits 1.2,...N in the initial state ©{_,[0); and performs N CNOT
operations on qubits 4 and 1,2,..N, with qubit 4 as control and qubits 1,2,..N as target
respectively. Alice’s measurement result and Bob’s corresponding operations can be referred to
Table 1.

Alice’s result Bob's state Bob’s operatioin

0" )beaa 0)4 @ ([00) 4 B8[01) 4+ ¥[11) + 6[10) )12 ONOT 1 (11 ® I5)
|~,D >bc34 |0>A ® (()1‘00) ) |11> + 6'10>)1Q CNOT;H(Il ® 0z )
0% besa 0) a4 @ (a|00) — ﬁlUl) +9|11) = §/10))12  CNOT41(6] @ 05)
|0 beza |0)A @ (a]00) + B|01) — 4|11) — §|10))12  CNOT;1(67 @ L)
0% besa |0)A®( 01) + 8|00) +~[10) +4[11))12  CNOTa1(I1 @ 65)
|0%) pesa 0} 4 @ (a]01) — B|00) +~[10) —8[11))12  CNOT1 (6] ® 6565)
07 )besa 0)a @ (|01) — B[00} — ~[10) + 6[11) )12 CNOTa1(l1 ® 6565)
|0%)besa 0)a @ (a|01) + B[00} — ~[10) —6[11))12  CNOTA1(57 @ 65)
|09 beaa 0)4 ® (a|11) + B[10) +~[00) +6[01))12  CNOT 4 (67 ® 63)
| U)bcd4 0)4 ® (a|11) — B[10) — 4|00) + 8|01))12  CNOT41 (6% ® 656%)
0! ) besa 0)4 @ (a|11) + B[10) — ~[00) — 6[01))12  CNOT 41 (6767 ® 65)
012 pess |0)4 @ (af11) — 5|10> +9[00) — 6[01))12  CNOTA1 (5767 ® 056%)
|013) beas 10} 4 ® (a[10) ) +701) +6/00))12  CNOTA1(6] @ I2)
01 )pes1 10} 4 ® (a|10) — /3|11) +4[01) = 5]00))12  CNOT4 (576¢ ® 03)
|01 )beaa 0)4® (a \1U>+5|11> 7101) —6[00))12  ONOTA1 (6707 @ I2)
|010) pesa 10)4 ® (@10} — B]11) — ~4]|01) + 5]00))12  CNOT 41 (6F ® 3)

Table 1. Strategy for recovering the three-qubit state. CNOT4; represents the controlled-NOT
operation on qubits 1 and A, with qubit 1 as control and qubit A as target. In 47 and &, the
subindex % indicates on which qubit the Pauli matrices 4% and 4 should operate.

Conclusion

In summary, we have demonstrated that a restricted class of three-qubit state can be faithfully
and deterministically teleported via a four-qubit entangled state by introducing one ancillary qubit
and performing one CNOT operation. Only four-qubit von-Neumann projective measurements, one
CNOT operation and local unitary operations are needed, which means that five-qubit cluster state
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and five-qubit von-Neumann projective measurements are not necessary to complete the protocol.
By introducing N ancillary qubits and performing & CNOT operations, our scheme can be easily
generalized to teleport a special multi-qubit state.
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