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Abstract. This paper demonstrates that an arbitrary N -qubit state can be faithfully and
deterministically teleported from Alice to Bob via N pairs of EPR channels. The analytical
expression of the reconstruct criterion is derived explicitly in the most general case, with a strict
proof through mathematical induction method.

Introduction

Quantum teleportation is a demonstration of the astonishing features of quantum mechanics,
which can transport an unknown quantum state from one site to another via previously shared
entanglement, classical communications and local operations. In 1993, Bennett et al. [1] proposed
the first quantum teleportation protocol, using a maximally entangled two-qubit state to teleport an
arbitrary single-qubit state. In 1997, this protocol was experimentally demonstrated [2]. Thereafter,
perfect teleportation of an arbitrary single-qubit state, using tripartite GHZ state [3], fourpartite
GHZ state [4], SLOCC equivalent W-class state [5] and cluster state [6] were proposed,
respectively. Meanwhile, perfect teleportation of an arbitrary two-qubit state, using tensor product
of two Bell states [7], tensor product of two orthogonal states [8], genuinely entangled five-qubit
state [9], five-qubit cluster state [10] and six-qubit genuinely entangled state [11] were proposed,
respectively. When it comes to N-qubit states, there are schemes that can only teleport certain kinds
of states, such as N-qubit state of generalized Bell-type[12], N-qubit W state[13], N-qubit W-like
state[14] and N-qubit GHZ state[15]. There are also research on the teleportation of an arbitrary
N-qubit state employing various channels, e.g., non-maximally entangled Bell state channel [16],
the composite GHZ-Bell channel [17], genuine multipartite entanglement quantum channel [18, 19]
and N pairs of EPR channel [7, 20]. In [16], the scheme succeeds with unit fidelity but less than unit
probability. All the schemes in [7, 17-20] can accomplish the teleportation deterministically.

However, in [17-19], multi-particle joint measurement is required and no analytical expression
of the criterion is provided. In [7], N Bell state measurements are required but no proof was
provided. In [20], Latin square was used to deduce the criterion, which is not a strict proof for
arbitrary N either. This motivates us to further study the teleportaion of an arbitrary N-qubit state
via EPR channels to provide an explicit analytical expression of the reconstruct criterion as well as
a strict proof.

In this paper, we explicitly show that an arbitrary N-qubit state can be faithfully and
deterministically teleported from Alice to Bob via N pairs of EPR channels. It only requires N Bell
state measurements by the sender and N single-qubit transformations by the receiver. The strict
proof through mathematical induction is presented and the analytical expression of the criterion for
the receiver to reconstruct the desired state is derived explicitly in the most general case.

Quantum Teleportation of an Arbitrary N-qubit State

The most general form of a ~N-qubit state is given by
2N —1

|¢>:E]IIJ‘2....’IJ;\: = Z ij|yj>:r1w2...;cf\rs (l)

J=0
where «; are complex coefficients, y; is the binary representation of the number ; and we
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assume &)z, zq...on to be normalized. A set of EPR states are given by
|Goo) = [n) = —=(|00) + [11))

7
(Gon) = 1) = —5(100) = 11)
G0} = [4+) = %(on +10)
(Gu) = i) = <(01) = 10)). 2)

Suppose Alice has an unknown N-qubit state, |¢).,.,.....n, Which is shown in Eq. (1). She wants
to send this state to a distant receiver Bob. Alice and Bob share N EPR states in advance, say

e hMue ..o’ YeN-1)(2N) = ®peylnt ) (2k—1)(2k) 3)
with the qubits z1.25..25,1,3,5,...2N — 1 belong to Alice, while qubits 2,4...2N belong to Bob,

respectively.
The combined state of the whole 3N-qubit system is given by,

1) 120w 123456...(2N— 1) (2N)

= ‘O>$1$2.rw ®f:1 |7?+>(2k.—1)(2k)

4N —1
1

= 3N Zo {®{L‘V:1|Gj'2k—1j2k>mk(2k—l) ® [pj)oa..2n)), 4)

j=

where [¢;)o4 (2n) = Uj|@)z1ay..zn @nd Uj = @I (87 )I2e-1(87 )02k, 5, represents the Ky, bit (from left
to right) of the number 0 < j < 4 — 1, which is written in binary notation and zeros should be added to leave
all 7’s with the same number of bits (2N bits). The subindex % indicates on which qubit the Pauli matrices 4*
and &% should operate. For consistency, the proof of Eq.(4) is presented in the next section.

Based on Eq. (4), the arbitrary N-qubit teleportation protocol is shown as follows.

(1) Alice shares N sets of EPR states @7, [n™) ax—1)(2x) With Bob, with the qubits x1, 5, ...zy.1, 3,
5..2N - 1 belong to Alice, while qubits 2, 4...2/N belong to Bob, respectively.

(2) Alice performs N Bell state measurements on qubits (z1,1),...(xn,2N — 1) in the basis of
{|Goo), |Go1),|G1o), |G11)}, respectively. Alice and Bob agree that the two classical bits {00,01,10,11}
represent the measurement outcome {|Goo), ), |G1o), |G11)}, correspondingly. So after N Bell state
measurements on her qubits, Alice will obtain one of the 4" states with equal probabilities, represented by
an 2N - bit classical message, Y = (ji72)(jsj4)...(Jon—1jan), Where jijo, 7374, ..., jon_1jon represent
the measurement results of qubit pairs (x1,1), (x2,3)..., (zn,2N — 1), correspondingly.

(3) Alice sends Y to Bob.

(4) Bob recovers his N qubits to the original state |¢;) by performing unitary operations
Uj = @ (6%)726-1(87)72+, which is an analytical expression of the reconstruct criterion instructed by Y.
Again, the subindex £ indicates on which qubit the Pauli matrices 4* and &% should operate, where
6% = [1)(0[ +10)(1] and 6 = [0){0] — [1)(1].

Up to now, the teleportation is finished faithfully and deterministically, i.e., the success
probability is 100%. Let us illustrate the protocol with two concrete examples. For N = 2, Alice’s
measurement result and Bob’s corresponding operations are listed in Table 1, while for N = 3, they
are listed in Table 2.

Alice’s result Bob’s operatioin

7)1 @ In* )m (10)€0] £ [1){1])2 @ ([0){0] £ [1}(1])4
n* )mé@lw daos (10)(0] £ [1)(1])2 @ (|1){0[ £ [0)(1])4
[9=) 201 ® |0 )m (11)€0] £ [0){1)2 @ ([0){0] £ |1}(1])4
9521 @ [0 )aas (|1)(0] £ [0)(1])2 @ (|1)¢0] = [0)(1])a

Table 1. Alice’s measurement result and Bob’s corresponding operations for N = 2.
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Alice’s result Bob’s operatioin

\ni>x11®ln Yz23 @ |1 >:.c3a (10) (0] £ [1)(1])2 @ (|0)(O[ == [1){L[)4 @ ([0){0] £ [1){1])s
\n dor1 @ |~ )m3®\d) Jazs  ([0)(0] £ [1){1])2 @ (|0)(0[ = [1){1])s @ ([1)(0] & [0)(1])s
[15)211 @ [0 g3 @ >a:3 (10)¢0] = [1)(1])2 & ([1)(0[ % |0){1[)4 @ ([0){0] & [1){1])s
15201 ® [ ) 003 @ [0 hags (10)(0] = [1)(1])2 @ ([1)(0] £ 0)(1])a @ (|1){0] £ [0)(1])s
05211 ® [15) 203 @ 11 )ass ([1)(0] = 10)(1])2 @ (|0)(0] £ [1)(1])s @ (0){0] £ [1){1])s
\‘Lff Jor1 ® [0 >r23®|7w[) Jass  ([1)(0] £ [0)(1])2 ® (|0)(O] % [1){1])a @ ([1){0] £ [0)(1])s
‘ >'~"11®|U :cz"s®|77 )rsﬁ (|1><0|i|0><1|)2®(|1><0|:l:‘0><1|)4®(|0><0|i|1><1|)6
7)1 ® [V )ays @ [0 F)ays (11){0] £ [0)(1])2 @ (J1)(0] £ [0)(1[)4 ® ([1){0] £ [0)(1])e

Table 2. Alice’s measurement result and Bob’s corresponding operations for N = 3.

Proof

Eq. (4) is proved through mathematical induction. Now, apply induction on N to Eq. (4).
Step 1. Verify that Eq. (4) holds for N=1.

When N =1, |¢)s, = ap|0)s, + a1|1).,. The combined state of the 3-qubit system is given by
D)z = 0)e @ 0112

= ([0}, + [L)s,) @ j§(00> )2

= %[\W+)m11(ao\0>2 +a1[1)2) + 77 )z 1(a0]0)2 — a1[1)2)
+|1/J Jar1(a1]0)2 + ag[l)2) + [¥7)uy1(a1|0)2 — agl1)2)]
*[\Goo)mll I1#))2 + |Go1)z11(0%|0) )2 + |G10)2,1(6%|9))2 + |G11) 2,1 (6707 | p) )2]

1 3
= 3 2 [Giheit @ (87F(59)16))a]
j=0

1 3

= 5 2 [1Giri)ent ®16;)2). (5)
7=0

So Eq. (4) holds for N = 1.

Step 2. Suppose that Eq. (4) holds for arbitray positive interger m > 1, which means

4m_1
1

|9)e122.2m Skt 117) 20—1)(20) = om D B Gln i) (2k-1) © [63)24...2m) (6)
g=0
verify that Eq. (4) still holds for N=m+1.
Note that an arbitrary (m + 1)-qubit state is given by

27?1.+171
|¢>:ﬂ1:ﬂ2...;ﬂm+1 = Z Ufj‘yj>:t:11‘-2...:ﬂm+1
=0
am__q 2m+171
= Z ajlyj>i”112~-33m+1 + Z aj|yj>xlmz...a:m+1
j=0 j=2m
gm _ 1 gm+1_1q
= |0)Il @ Z Q'j|yj>5‘52~-:ﬂm+1 + |1>1‘1 @ Z ajlyj>1'2-~lm+1
J=0 j=2m
2m—1 2m—1
= |0}, ® Z YlYj)aa.amer + )2 @ Z BilYi)es.cams
§=0 =0
where B = ajpom. (7)

When N =m + 1, based on Eq. (6) and Eq. (7),the combined state of the 3(s + 1)-qubit system
is given by
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‘F)I].’BQ...Im+112...(2Tﬂ,+1)(2'fﬂ,+2)

_ 1+
= [DPurzs.zmir @y I07) (@k—1)(2k)

1 _1 m
= [0z @2 @ (D P2 1) 72 Y lanams S 07 k1) (28
7=0 =0 7j=0
2m—1 . 2m—1 2"‘ 1
1)z @ I )12 @ ( Z 1851%)2( Z 18;1%)"2 Z Bilyi)as..amer @hdy 1) 2k-1)2k)
7=0 7=0 7=0
=
= [0)r, @2 ® 5 > @ i|G i ine ang s @h41) @ |85)46...2m+2)]
j*O
+H 1), @ 1MH)12® ﬁ Z (®k=11Gnp— 1ok ) sn (2k+1) D |¢J>46 (2m+2)]- (8)
om _1 om 1
In Eq. (8), |$j)46...c2m+2) = Qj 'Zo G |Yi)wg. i |ij )a6...(2m+2) = Qj Z Bilyi)aws.omep @Nd
J= =0
Qj — ®};7':1(5g‘)j2k—1(5£)j2k_
Note that
1 _ _
|0}y @ [0 )12 5[(|?7 Y+ 07 Na1|0)2 4 ([907) — [0 )1 1)2),
1)y @ )12 = 5[(|?P+) + 147 ))ar1[0)2 + (InF) = 07 ))ai1[1)2], )
and define €, ' by
4m 1
Q=[O Cla i )zpss 2k 1) D [05)a6...2m42)]s
§=0
4m_1
' = MG i) y : 10
L _ .
O =D (D11 G sson)aps (k1) ® 6746 2m+2)] (10)
=0

Combining Eg. (8) with Eqg.(9) and (10),

‘F>.fr:1.1':2...:cm+1 12...(2m+1)(2m+2)

1 / 1 _ ,
= e enll02 @ Q4 1) @ QU+ om0 )en[10)2 © @ = (1) © Q]
’ 1 _ /
+ W‘Tp+>x1l[|1>2®ﬂ+|0>2®Q]+W|w Jei1[—1)2 ® Q4 [0)2 ® Q. (11)
Note that

Rj = @ (8723 (57) 22,

|0)2[¢5)46...c2m12) + \1>2\¢ 146...2m+2) = 11 @ Rj|®)ayzs. wpnirs

10)2|65)46...2m+2) — | 1)2]®;) 6. 2m+2) = 0F ® Rjl@)arza..cmer s

|1)2[d5) 46...(2m+2) + \0>2\¢5 246...(2m+2) = 01 ® D) 120, 2y
= |Daléj)as...comr2) + \0>2\¢j)46...(2m+2) = 0707 @ Rj|D)xyzs..wpis- (12)
Combining Eq. (11) with Eq. (12),
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‘P>T1 9. Zm+112...(2m+1)(2m+2)
qm_1
1

= S D 1G00) et BFy Gy o )apsr 2h41) @ Tt @ Rj|D) 0]
J=0
e

+ gm+1 Z 1Go1) i1 @kl |Gla_rjordapsr (20+1) @ 1 @ Rl d)ares. i
=0
1 qm_q

+ W Z [|G10>I11 ®'gl:l ‘Gj2k—L(12k'>-rk>+l(2k+1) ® 6f ® Rj|¢>r1rz----?fm.+1}
=0
am_1

1 ] ]
+ W Z ”G” >:L'11 ®:.;cn:1 ‘sza:_1j2k>2:k+1(2k+1) @ 6%.512 & le@)w1;£2---$n1+l}
=0

gm+l_j
]' T [
= W Z {(g,’g:—]l|Gj2k71j2k>:rk(2k:fl) 2y |®j>2-'1...(2-m+2)}- (13)
=0

That is, Eq. (4) still holds for N =m + 1.

Up to now, we have strictly proved that Eq. (4) holds for arbitrary N, which guarantees the
correctness of our protocol. Obviously, the proof itself is a derivation of the analytical expression of
the criterion for the receiver to reconstruct the desired state.

Conclusion

We demonstrate that an arbitrary AN-qubit state can be faithfully and deterministically teleported
via N pairs of EPR channels. Only N Bell state measurements by the sender and N single-qubit
transformations by the receiver are needed. The analytical expression of the reconstruct criterion is
derived explicitly in the most general case, with a strict proof through mathematical induction
method. Though the teleportation channel described in the protocol is N sets of |»*), the results will
be analogous for the channels formed by N sets of |}, [¢»") or |25~ ). Moreover, our proof method
is universal, which can be applied in the teleportation of an arbitrary A-qubit state via other
multi-particle entangled states, e.g., GHZ states, W states, etc.
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