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Abstract. The inductance gradient is one of the most important indexes to evaluate the performance 
of the electromagnetic railgun. It has important theoretical and practical value to research the 
inductance gradient and its influencing parameters. According to the Biot-Savat's law and the 
principle of virtual work, the expression of the inductance gradient considered the skin effect of 
current has been given, and by using Monte-Carlo algorithm the numerical solution has been 
calculated. In order to verify the correctness and accuracy of the model, the finite element simulation 
software is used to compare with the numerical solution. Based on the model, the influencing 
parameters of inductance gradient has been analyzed, and the variation of the inductance gradient has 
been summarized. The results show that, the inductance gradient decrease with the separation 
distance between the inside and outside rail, decrease with the height and width of the rail, increase 
with the displacement of the armature then tend to constant. The research can provide a reference for 
the design of series-connected augmented railgun.  

Introduction 
Series-connected Augmented Railgun (SAG) is a new type of electromagnetic railgun which use 

several pairs of rails to increase the inductance gradient. Under the same current, SAG’s armature can 
get greater electromagnetic force and higher muzzle velocity [1]. The development of SAG 
effectively alleviate the contradiction between the rail ablation which caused by high current and the 
muzzle velocity [2]. 

The inductance gradient is one of the most important indexes to evaluate the performance of the 
electromagnetic railgun. It directly affects the velocity and efficiency of the armature [3]. In order to 
find the relationship between the inductance gradient and the rail structure, geometrical size, material 
property, and so on, many researchers have carried out the relevant research [4-9].  

In this paper, based on Biot-Savat's law and the principle of virtual work, the inductance gradient 
calculation model of SAG considered current skin effect is established at first. Then by using the 
calculation model, the influence factors are analyzed, and get the change rule of the influence factors.  

Model of the Inductance Gradient 
When the current flows through the rail and armature, a magnetic field is generated between the 

rails. The current and magnetic field produce the action of the ampere force that push the armature 
forward through the central axis. The schematic diagram is shown in Fig. 1. 

F

I

I

I

I

B

 
Fig. 1. Schematic diagram of the SAR 

The electromagnetic force of the armature can be expressed as  
d= ×∫ iF l B                                                                                                                                    (1) 
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Where idl is the current vector of the armature, and B is the magnetic induction intensity vector. 
And the electromagnetic force of the armature also can be expressed as [10] 

2 21 1( 2 )
2 2

′ ′ ′= + = eF L M i L i                                                                                                                     (2) 

Where L is the self-inductance of the rail, M is the mutual-inductance of the rail and ′eL  is the 
equivalent inductance gradient. 

From Eq.1 and Eq.2, it can be deduced that 
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When a pulse current or an alternating current flow through a conductor, current concentrated on 
the surface of the conductor, this phenomenon is called skin effect. The depth of skin effect can be 
expressed as [11] 

1
π

δ
µσ
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f

                                                                                                                                     (4) 

Where µ  is the magnetic permeability, σ  is the electrical conductivity, f is the frequency of the 
current. 

By using the Biot-Savat’s law, the magnetic induction intensity B of the position P which 
generated by direct electric current can be expressed as 

0 (cos cos ) / 4πµ α β= +B I r                                                                                                            (5) 
Where 0µ  is the permeability of vacuum, r is the distance from P to the conductor, α, β is the angle 

between P and the conductor. 
Consider the skin effect and proximity effect, the following assumptions are proposed:  
1) The current is evenly distributed in the depth of skin effect;  
2) The top and bottom surface current distribution is uniform, and the internal and external surface 

current distribution is proportional. 
In this setting, the distribution coefficient of inside rail current is 1 2,C C , outside rail current is 

3 4,C C , usually 1 2 3 4,> <C C C C  and C1(3)+C2(4)=2. 
Based on above condition, the force on the armature that was given in Fig. 2 will be calculated. 

Assume the current is I, the length of the rail and armature are L and d.  
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Fig. 2. Cross section of the rail and armature Fig. 3. The magnetic flux density of the 

internal surface of the inside rail 
First, the force generated by the current that distribute on the internal surface of the inside rail 

should be calculated. The current value can be expressed as 1 1
1

1 12( )
=

+
C hI I
h w

, so in position ( , , )p x y z  

shown in Fig. 3, the magnetic induction intensity can be expressed as  
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For the convenience of reading, the following replacements are made in the following article: 
2 2A ( ) ( )′ ′= − + −y y z z , 2 2 2B ( ) ( )′ ′= + − + −x y y z z , 2 2 2C ( ) ( ) ( )′ ′= − + − + −l x y y z z ,

2 2 2D ( ) ( ) ( )′ ′= − + − + −L x y y z z  
Because of the symmetry of the rail, the magnetic induction intensity in the Z direction will be 

offset, so the magnetic induction intensity in the Y direction is expressed as 
0 1
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The force of the armature is expressed as 
1
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            (8) 

The total force of the armature that generated by the current that distribute on the internal surface 
of the inside rail is expressed as 

2
1 1 1 1= + =L RF F F K I                                                                                                                                    (9) 

Where 1 1=R LF F .  
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In the same way, the force of the armature that generated by the current that distribute on other 
surface can be expressed as 

2= + =i Li Ri iF F F K I                                                                                                                             (11) 
Where 
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In summary, the total force can be expressed as 
8 8

2
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Substitute Eq. 13 in Eq. 3, the equivalent inductance gradient can be expressed as 
8

1
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=

′ = ∑e i
i

L K                                                                                                                                    (14) 
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Model verification 
In this paper three kinds of SAR with different parameters in Table 1 are designed. To verify the 

correctness of the model, the finite element method is used to compare with the result calculated by 
Eq. 14.  

Table 1. Design parameters of SAR 
Parameters/mm d h s L h1 w1 h2 w2 s1 

Type 1 20 20 20 1000 40 10 40 10 10 
Type 2 30 30 30 1000 40 15 60 20 10 
Type 3 20 20 20 800 20 5 40 10 5 

In the finite element method, the inductance gradient at x is expressed as 

0

( ) ( )( ) lim
2∆ →

+ ∆ − −∆′ =
∆

e e
e x

L x x L x xL x
x

                                                                                              (15) 

In order to get the approximate value of ( )′eL x , make 50mm∆ =x , so Eq. 15 transform to Eq. 16. 
[ ( ) 2 ( )] [ ( ) 2 ( )]( )

2
+ ∆ + + ∆ − −∆ + −∆′ =

∆e
L x x M x x L x x M x xL x

x
                                                      (16) 

The finite element model built in Maxwell 16.0 is given in Fig. 4. In the software, set solution type 
as Eddy Current, define the rail material as copper and define the armature material as aluminum. Set 
I=2MA, f=1kHz, x=450mm. Then use the software and Eq. 16 to calculate ( )′eL x . 

 
Fig. 4. The three-dimensional finite element model 

To Eq. 14, it is a multiple integral summation that is hard to calculate the result. In this paper, the 
Monte-Carlo algorithm is used to solve the problem in Matlab [12]. According to the simulation 
results of Maxwell, the distribution coefficient of inside rail current is C1=1.9、C2=0.1, and the 
distribution coefficient of outside rail current is C3=0.4、C4=1.6.  

Table 2. Comparison of inductance gradient 
Parameters/( H/mm )  Le' by Matlab Le' by Maxwell deviation 

Type 1 0.722 0.742 2.70% 
Type 2 0.844 0.888 4.95% 
Type 3 0.968 1.014 4.54% 

Table 2 shows the results of the comparison. And from Table 2 the model established in this paper 
can be proved to be correct and accurate. 

Influencing parameter analysis 
From the mathematical model, it can be seen that the inductance gradient is related to the distance 

between the inside and outside rail, the size of the rail and the displacement of the armature. Refer to 
the designed type 1, analysis the variation of inductance gradient with the parameters. 
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Fig. 5. The curve of the 

inductance gradient change 
with the distance between the 

inside and outside rail 

a) Inside rail b) Outside rail 

Fig. 6. The curve of the inductance gradient change with the 
height of the rail 
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a) Inside rail b) Outside rail Fig. 8. The curve of the 
inductance gradient change 
with the displacement of the 

armature 
Fig. 7. The curve of the inductance gradient change with the 

width of the rail 
 
The curve of the variation of the inductance gradient along with the distance between the inside 

and outside rail is shown in Fig. 5. The inductance gradient decrease with the increase of the distance, 
because when the distance increase, the magnetic induction intensity caused by the outside rail 
become smaller. In the design of SAR, the distance between the inside and outside rail should reduce 
as small as possible to enhance the inductance gradient. 

The curves of the variation of the inductance gradient along with the height of the rail are shown in 
Fig. 6. The inductance gradient decrease with the increase of the height, because when the height 
increase, the section area of the rail becomes lager, and cause the current density to decrease, the 
increase of the height also cause the distance between the top and bottom surface to increase, all of 
this makes the magnetic induction intensity become smaller, the inductance gradient also decrease 
with it. So in the design of SAR, under the premise of ensuring the structural strength, the rail with 
same height of the armature is better. 

The curves of the variation of the inductance gradient along with the width of the rail are shown in 
Fig. 7. The inductance gradient decrease with the increase of the width. Like the change of the height, 
the current density decrease and distance between the internal and external surface increase, that 
makes the magnetic induction intensity become smaller and the inductance gradient decrease. So in 
the design of SAR, under the premise of ensuring the structural strength, thinner rail should be first 
considered. 

The curve of the variation of the inductance gradient along with the displacement of the armature 
is shown in Fig. 8. The inductance gradient increase with the increase of the displacement of the 
armature at first, then tend to a certain value. This result is in accordance with the "four times 
diameter rule" in literature [11]. When the armature start to move, the electric rail is too short to 
produce a large magnetic field, but when the armature move forward to the "four times diameter", the 
magnetic induction intensity tend to maximum, and the inductance gradient tend to a certain value. In 
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launching experiments, the armature should be placed in the "four times diameter" to ensure the 
maximum force at the beginning. 

Summary 
Based on Biot-Savat's law and the principle of virtual work, the inductance gradient calculation 

model of SAG has been built in this paper. And by using the model the variation of inductance 
gradient with the parameters have been analyzed. The analysis results propose several design 
suggestion. Under the premise of ensuring the structural strength, to enhance the inductance gradient 
the distance between the inside and outside rail should reduce as small as possible, the height and 
width of the rail may take a smaller values, and the armature should be placed in the "four times 
diameter" to ensure the maximum force at the beginning in a launching experiment.  
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