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Abstract. In this paper we study some combinatorial properties and inequalities of some classes
of Z-matrices. These matrices arise in many problems in the mathematical and physical sciences.
We show that all (inverse) L,.j-matrices are irreducible and some eigenvalue inequalities of
(inverse) L,.j-matrices.

Introduction and Notation

Throughout we deal with n° n Z-matrices, i.e. real matrices whose off-diagonal entries are
nonpositive. These matrices arise in many problems in the mathematical and physical sciences. Some
of the best-known subclasses of Z-matrices are the class of M-matrices (introduced by Ostrowski), the
class of L, ;-matrices (introduced by Ky Fan and G. A. Johnson), and the class of F, - matrices
(introduced by G. A. Johnson). Especially for M-matrices, a large number of properties and
characterizations exist. However, the other classes of Z-matrices are also of great interest. In this
paper we study some combinatorial properties and inequalities of L,.j-matrices and inverse
L,.1-matrices. Firstly we introduce some definitions.

In 1992 Fiedler and Markham [1] introduced the following classification of Z-matrices:

Definition 1 Let L (for s=0,1,..., n) denote the class of matrices consisting of real n” n

matrices which have the form
A=tl - B, where B30 and r (B)£t<r_,(B), (1)
here
I o(B) =max{r (@) :Bisans’ s principal submatrix of B},
andweset I (B)=-¥ and r ,(B)=¥%.

The scalar t and the matrix B in (1) are not unique, but every Z-matrix belongs to exactly one set
L, . Moreover, none of the class L, is void. However, if one considers a fixed matrix B in (1), some of

n+l

the class L, can be the same, since we have in general only that
r (B)Er,(BYELE£r (B)
The class L, 1s just the class of n* n (singular and nonsingular) M-matrices. The class L, is

introduced by G. A. Johnson [2], and this class contains the N-matrices defined by Ky Fan [3].
Moreover, the class of n° n F, - matrices introduced by Johnson [2] is just L _,. Here we should
mention that the classification of Z-matrices given above inherits the dimension of the matrices one
considers. If we deal with n° n matrices, we have n+lclasses of Z-matrices, each consisting of
matrices of the same dimension.

Asprovedin[1], foreachswith £ SEn- 1, the class L_is equal to the class of Z-matrices for
which all principal submatrices of order Sare M-matrices, but there exists a principal submatrix of
order s+1 which is not an M-matrix. Additional properties of some of these classes are given in [4, 5,
6].

On the other hand, there has been interest in inverse M-matrices, i.e., any nonsingular matrix
B3 0 whose inverse is an M-matrix. A survey of this topic is given by C. R. Johnson [7]. Thus, it is
natural to determine classes of matrices which are inverse Z-matrices. A first step was taken by G. A.
Johnson [8], who proved that a matrix of negative type D is an inverse L, ;-matrix. Later, Chen [9]
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studied necessary conditions for a matrix to be an inverse F; - matrix; some new results on
Z-matrices are in [10].
At last, for two m" n matrices A=(g;) and B=(b;), the Hadamard product of A0B is

defined and denoted by AoB =(ab;) .

In this paper, we show that all (inverse) L, ;-matrices are irreducible and some eigenvalue
inequalities of (inverse) L,.;-matrices.

Result and proof

In this section, we firstly introduce some combinatorial properties of Lp.;-matrices and inverse
L h-1-matrices.

Theorem 1: All (inverse) L, ;-matrices are irreducible.
Proof: We firstly show that all L, ;-marices are irreducible.

Assume that a L,.;-matrix A is reducible, then there exists a permutation matrix P such that

_a&A Ao_, & B

PTAP = —=tl - =,
€0 Ay &0 By

)

B e
where A} and Ay are " S(1£s<n)and (n- S)” (n- S) matrices respectively, B = gl 82 23 0.
3 0

Since AT L,_,, then PTAPT L, and r_ (B)£t<r (B). But r (B)=max{r (B),r (B,)},

n-1°
then r (B) £r_,(B), this is a contradiction, so all L,.;-marices are irreducible.

At lastly, we prove that all inverse L, ;-marices are irreducible.

Assume that an inverse L,.;-matrix A is reducible, then there exists a permutation matrix P such

that
PTAP = ;‘)‘ AO_ 4 (3)
Ag
then A is an inverse L,.;-matrix and K'isa L,.;-matrix, but
jiFA AN -A'ARC

&0 A &0 Al g
is reducible. We know that all L, -marices are irreducible, this is a contradiction, so all inverse
Ln.;-marices are irreducible. This completes the proof of this theorem.
For establishing some results on eigenvalues of (inverse) L,;-matrices, we need the following
lemma.
Lemma 2[11]: Assume that an n° n A3 0, then any real eigenvalue | of A different from

r (A) satisfies the inequality
LET (A, “4)

If A is positive, then the inequality (4) is strict.
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Lemma 3(Gersgorin’stheorem): For any A=(a1j)T C"" and any eigenvalue | T s (A), there is
a positive K in N={1,2,...,n} such that

- a.E & lagl, (5)

iT Nitks
where s (A)={I T C:det(l | - A)=0}.

Theorem 4: Let Abe an inverse L,.j-matrix, then A has exactly one negative eigenvalue and det
A<0.
Proof: Since A'T L_,, then A' =tl - B(B3 0,r _,(B)£t<r (B)), so A has a negative

eigenvalue t- r (B). According to Lemma 1, we know that A™' has no other negative eigenvalues,

n-12

then A has a negative eigenvalue (t- r (B)) ', so det A<0. This completes the proof.
Theorem 5: Let A=(g;), , be an inverse L, |-matrix, A'= (aj)n,n , then

& lalr A laldo
AAVA)>Ea |- § |a|—HMLL Jal, (6)
é NGy &y | H
g
a lag|
where d, =1 and q(A) =min{|l |: 1 T s (A)}.

| By |
Proof: Let | T s(AoA") and || |=qg(Ao A"). According to lemma 3, then there existsa i1 N

such that

|| -analf é. |a”;]|,

it NG

then

I Blaga |- a kgl

it N\

o
|aji |+ a |ajk|dk

- o) o} KI N\{iLj) ~
3|aﬁaﬁ|' a |a”| a |a1'j| |a1'i|
TNy TN |ajj |
o ..
(?3 |aji|+ a |ajk|dk9
_ o} K N\{iLj N
_(;|a1'i|' a |a11| —|a1||
TN\ |ajj | =
& o

This completes the proof of the theorem.

Conclusions

In this paper some combinatorial results and inequalities of some classes of Z-matrices and
inverse Z-matrices are given. We show that all (inverse) L,_;- matrices are irreducible and some
eigenvalue inequalities of (inverse) L,.;- matrices. These results have wide applications in the

mathematical and physical sciences.
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