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Abstract. Multi-criteria decision making (MCDM) has been a hot topic in decision making and 
systems engineering. The Dual Hesitant Fuzzy Sets (DHFSs) is a useful tool to deal with vagueness 
and ambiguity in the MADM problems. In this paper, we propose some new dual hesitant fuzzy 
power aggregation operator for dual hesitant fuzzy information. We first redefine some basic 
operations of dual hesitant fuzzy sets, which are consistent with those of dual hesitant fuzzy sets. 
Then we propose several power aggregation operator on dual hesitant fuzzy sets, study their 
properties and give some specific dual hesitant fuzzy aggregation operator. In the end, we develop 
one approache for multiple attribute group decision making with dual hesitant fuzzy information, and 
illustrate a real world example to show the behavior of the proposed operator. 

1. Introduction 

Zhu and Xu introduced the definition of dual hesitant fuzzy set [1], which used the membership 
hesitancy function and the non-membership hesitancy function to support a more exemplary and 
flexible access to assign values for each element in the domain. DHFS can be regarded as a more 
comprehensive set, which supports a more flexible approach when the decision makers provide their 
judgments. The existing sets, including fuzzy sets (FSs) [2], intuitionistic fuzzy sets (IFSs) [3, 4] and 
hesitant fuzzy sets (HFSs) [5, 6] can be regarded as special cases of DHFSs. 

The objective in multiple attribute group decision making (MAGDM) problems is to find the most 
desirable alternative(s) among a set of feasible alternatives, based on the preferences provided by a 
group of experts. The fundamental prerequisite of decision making is how to aggregate individual 
experts’ preference information on alternatives. Information aggregation is a process that combines 
individual experts’ preferences into an overall one by using a proper aggregation technique [7]. 
Aggregation operator are the most widely used tool for combining individual preference information 
into overall preference information and deriving collective preference values for each alternative. 
The investigation on information aggregation has received surprisingly extensive attention from 
practitioners and researchers due to its practical and academic significance. Yager [8] developed a 
power average (PA) operator and a power ordered weighted average (POWA) operator to provide 
aggregation tools for which the weight vectors depend on the input arguments and that allow the 
values being aggregated to support and reinforce one another. Motivated by Yager, Xu and Yager [9] 
proposed a power geometric (PG) operator and a power ordered weighted (POWG) operator. 
However, the arguments of these power aggregation operators are exact numerical values. In practice, 
we often encounter situations in which the input arguments cannot be expressed as exact numerical 
values. Zhou et al. [10] presented the generalized power average (GPA) operator and the generalized 
power ordered weighted average (GPOWA) operator. Xu [11] and Zhou et al. [12] extended the PA, 
POWA, PG, and POWG operators to intuitionistic fuzzy environments and developed some 
intuitionistic fuzzy power aggregation operators. Zhang [13] developed a series of generalized 
intuitionistic fuzzy power geometric operators to aggregate input arguments that are intuitionistic 
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fuzzy numbers and studied some desired properties of these aggregation operators and investigate the 
relationships among these operators. 

In the real world, when experts make a decision, they are usually hesitant and irresolute for one 
thing or another which makes it difficult to reach a final agreement. They further indicated that 
DHFSs can better deal with the situations that permit both the membership and the no-membership of 
an element to a given set having a few different values, which can arise in a group decision making 
problem. It is, therefore, necessary to extend the existing power aggregation operator to dual hesitant 
fuzzy environments and to develop new power aggregation operator for aggregating dual hesitant 
fuzzy information. In this paper, we first review the dual hesitant fuzzy, and then give some other 
dual hesitant fuzzy operations. We further propose some dual hesitant fuzzy power aggregation 
operator.  

To do this, the remainder of the paper is organized as follows. Section 2 presents some basic 
concepts related to DHFSs and PA operator. In Section 3, we present one new dual hesitant fuzzy 
power aggregation operator, investigate some of their basic properties. In Section 4, we propose a one  
approache based on DHFSs and then use a numerical example to illustrate our operator. Finally, 
Section 5 concludes the paper with some remarks and presents future challenges. 

2. Preliminaries 

2.1 DHFSs. 
Definition 1 [1]. LetX be a fixed set, then a dual hesitant fuzzy set (DHFS)D  on X  is described 

as: 
{ , ( ), ( ) | }D x h x g x x X= < > ?  

In which ( )h x  and ( )g x  are two sets of some values in [0,1], denoting the possible membership 

degrees and non-membership degrees of the element x XÎ to the set D  respectively, with the 
conditions:  

0 , 1, 0 1g h g h+ +＃ ? ?
 

Where ( )h xg Î , ( )g xh Î , ( )h xg+ +Î = U
( )

max{ }
h xg

g
Î ，and ( )g xh+ +Î = U

( )
max{ }

g xh
h

Î  

for all x XÎ . For convenience, the pair ( ) ( ( ), ( ))x h x g xa =  is called a dual hesitant fuzzy element 

(DHFE), denoted by ( , )h ga = , with the conditions: ( )h xg Î , ( )g xh Î ,    

( )h xg+ +Î = U
( )

max{ }
h xg

g
Î ， and ( )g xh+ +Î = U

( )
max{ }

g xh
h

Î , 0 , 1g h＃  and 

0 1g h+ +? ? .   

Definition 2 [1] Let X  be a fixed set, 1
a  and 2

a  two DHFEs, Then: 

        1 2 1 2 1 2 1 21 2(1) | max , , | min ,h h h h h h g g g g g g                    U U I
; 

        1 2 1 2 1 2 1 21 2(2) | min , , | max ,h h h h h h g g g g g g                    I I U
 

    1 2 1 2 1 21 1 1 1 2 2 2 2
1 2 , , ,(3) , ;h g h g                             U

 
    1 2 1 2 1 21 1 1 1 2 2 2 2

1 2 , , ,(4) , ;h g h g                             U
 

    ,(5) 1 1 , ;
n n

h gn
           U

 
    ,(6) ,1 1 .

n nn
h g           U

 
where n  is a positive integral and all the results are also DHFEs.  
To compare the DHFEs, Zhu and Xu gave the following comparison laws: 

Definition 3 [1]. Let { , }
i ii d d

h ga = ( 1, 2)i =  be any two DHFEs, the score function of a and the 

accuracy function of a , is defined as:  
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where # h  and # g  are the numbers of the elements in h  and g  respectively, then 

if 
1 2

s s  , then 1  is superior to 2 , denoted by 1 2 f ; 

if 
1 2

s s  , then 

(1) if 
1 2

p p  , then 1  is equivalent to 2 , denoted by 1 2~  ; 

(2) If 
1 2

p p  , then 1  is superior than 2 , denoted by 1 2 f . 

However, little has been done about distance and similarity measures of DHFEs. We first 
introduce the concept of distance of DHFEs and then propose some new distance measures for 
DHFSs. 
2.2 Power aggregation operator. 

Yager [81] introduced a nonlinear weighted-average aggregation tool, which is called power 
average operator as follows: 

Definition 4[ ]. The power average (PA) operator is the mapping PA: nR R  defined by the 
following formula: 
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And  ,i jSup a a  is the support for ia from ja . The support satisfies the following three 

properties: 
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3. Dual hesitant fuzzy power average (DHFPA) operator 

Definition 11 Let { , }
i ii

h g
a a

a = K( 1, 2, , )i n=  be a collection of DHFEs, a Dual hesitant fuzzy 

power average power average (DHFPA) operator and a Dual hesitant fuzzy power average power 
average (DHFPG) operator are defined by the following formula: 
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and  ,i jSup a a  is the support for ia from ja . The support satisfies the following three properties: 
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Clearly, the HFPA and HFPG operator are two nonlinear weighted aggregation tools, and the 

weight 
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  of argument i  depends on all of the input arguments  1,2, ,j j n  K  

and allows the argument values to support each other in the aggregation process. 

Theorem 1 Let { , }
i ii

h g
a a

a = K( 1, 2, , )i n=  be a collection of DHFEs. The aggregated value using 

the DHFPA or DHFPG operator is also a DHFE, then 
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4. Approach to multiple attribute group decision making with dual hesitant fuzzy information 

In the following, we utilize the proposed dual hesitant fuzzy power aggregation operator to 
develop some approaches to multiple attribute group decision making with dual hesitant fuzzy 
information: 
Step 1. Transform the dual hesitant fuzzy decision matrix  tA

 
into the normalized dual hesitant fuzzy 

decision matrix     t t

m n
B 


  where: 
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Step 2. Calculate the supports 
         , 1 , . , 1, 2, , 1, 2, , 1, 2,t p t p
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which satisfy support conditions 
Step 3.Utilize our operator to obtain the hesitant fuzzy elements for the alternatives  
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to aggregate all of the individual dual hesitant fuzzy decision matrices 
      1, 2, ,t t

ij
m n

B t s


  K into the collective dual hesitant fuzzy decision matrix   .ij m n
B 




 
Step 4. Calculate the supports 

   , 1 , . 1, 2, , , 1, 2,ij iq ij iqSup d i m j q n      K K
 

Step 5. Utilize the weights jw  of attributes jg  1,2, ,j n K to calculate the weighted support 

 ijT   of DHFE ij by the other DHFEs iq  1,2, , ,q m andq j K  
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Step 6. Utilize the DHFPA operator to obtain the hesitant fuzzy elements for the alternatives  
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to aggregate all of the preference values ij  1, 2, ,j n K  in the ith  line of B , and then derive 

the collective overall preference value i  of alternative ix  1, 2, , .i m K
 

Step 7. Rank the i  1, 2, ,i m K  in descending order. 

Step 8. Rank all of the alternatives ix  1, 2, ,i m K
 
and then select the best alternative in 

accordance with the collective overall preference values i  1, 2, , .i m K  

Now we consider one example. Energy is an indispensable factor for the socio-economic 
development of societies. Thus the correct energy policy affects economic development and 
environment, and so, the most appropriate energy policy selection is very important. Suppose that 
there are five alternatives (energy projects) ( 1, 2, 3, 4, 5)iY i   to be invested, and four attributes 

( 1, 2, 3, 4)jG j   to be considered: 
1G  : technological; 

2G : environmental; 
3G : socio-political; 

4G : 

economic. The attribute weight vector is (0 .15, 0.3, 0 .2, 0 .35)Tw  . Several decision makers are 

invited to evaluate the performance of the five alternatives. Utilizing DHFSs can take much more 
information into account, the more values we obtain from the decision makers, the greater epistemic 
certainty we have. So, We use DHHS to deal with such cases: ( )ij

g  indicates the degree that the 

alternative 
iY  satisfies the attributes j

G and ( )ij
h

 indicates the degree that the alternative 
iY  does not 

satisfy the attributes 
j

G . For an alternative under an attribute, although all of the decision makers 

provide their evaluated values, some of these values may be repeated. However, a value repeated 
more times does not indicate that it has more importance than other values repeated less times. For 
example, the value repeated one time may be provided by a decision maker who is an expert at this 
area, and the value repeated twice may be provided by two decision makers who are not familiar with 
this area. In such cases, the value repeated one time may be more important than the one repeated 
twice. To get a more reasonable result, it is better that the decision makers give their evaluations 
anonymously. We only collect all of the possible values for an alternative under an attribute, and each 
value provided only means that it is a possible value, but its importance is unknown. Thus the times 
that the values repeated are unimportant, and it is reasonable to allow these values repeated many 
times appear only once. The DHFS is just a tool to deal with such cases, and all possible evaluations 
for an alternative under the attributes can be considered as a DHFS. The results evaluated by the 
decision makers are contained in a dual hesitant fuzzy decision matrix, shown in Table 1. 
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Table 1 dual hesitant fuzzy decision matrix. 
 

  1G   2G   3G   4G  

1Y   {(0.5,.04,0.3);(0.4,0.2)} {(0.9,0.8,0.7,0.1);(0.1,0)} {(0.5,.04,0.2);(0.5,0.3,0.1)} {(0.9,0.6,0.5,0.3);(0.1)} 

2Y   {(0.5,0.3);(0.5,0.4,0.1)} {(0.9,0.7,0.6,0.5,0.2);(0.1)} {(0.8,0.6,0.5,0.1);(0.2,0.1)} {(0.7,0.4,0.3);(0.2,0)} 

3Y   {(0.7,0.6);(0.2)} {(0.9,0.6);(0)} {(0.7,0.5,0.3);(0.3,0.2)} {(0.6,0.4);(0.3,0.1)} 

4Y   {(0.8,0.7,0.4,,0.3);(0.2,0.1)} {(0.7,0.4,0.2);(0.3,0.2)} {(0.8,0.1);(0.1)} {(0.9,0.8,0.6);(0.1,0)} 

5Y   {(0.9,0.7,0.6,0.3,0.1);(0.1)} {(0.8,0.7,0.6,0.4);(0.2,0)} {(0.9,0.8,0.7);(0)} {(0.9,0.7,0.6,0.3);(0.1)} 

 
Assume that the weights of the decision makers and attributes are known. We use Approach 1 to 

choose the best one: 
Table2 Score values obtained by DHFPA pertor based on the dual hesitant Hamming distance and the 

ranking of alternatives 
 λ=0.05 λ=0.1 λ=1 λ=10 λ=100 λ=200

1x  0.2115 0.2118 0.2169 0.2695 0.1048 -0.7762 

2x  0.4832 0.4834 0.4864 0.5206 0.5530 -0.1849 

3x  0.6527 0.6528 0.6551 0.6783 0.7081 0.3343 

4x  -0.0651 -0.0648 -0.0592 -0.0107 -0.5216 -0.7167 

Rankin

g 
3 2 1 4x x x x　 　　 3 2 1 4x x x x　 　 　 3 2 1 4x x x x　 　 　 3 2 1 4x x x x　 　 　 3 2 1 4x x x x　 　 　 3 2 4 1x x x x　 　 　

 

5. Conclusion 

In this paper, we have developed some new operational laws for DHFEs.We have presented 
several new dual hesitant fuzzy aggregation operator called DHFPA. Moreover, we studied their 
properties. We have applied the proposed operator to develop one approache to multiple attribute 
group decision making in dual hesitant fuzzy environments. The prominent characteristic of our 
methods is that they can consider all the decision arguments and their relationships. Finally, by one 
typical real world example, we have illustrated the dual hesitant fuzzy multiple attribute group 
decision making process. 
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