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Abstract. This paper applied the matrix theory and graph theory to the properties of planar 
mechanisms and constructed incidence matrixes. A construction method of characteristic matrices 
was proposed, and links incidence and pair incidence matrices were also defined. Meanwhile, 
through the concept of main diagonal spectrum, the physical meaning of the main diagonal 
spectrum was depicted in planar mechanism. 

Introduction 

Research on planar mechanisms involves structure, kinematics, and dynamics [1-3], and matrix 
analysis and calculations are generally used as tools in mechanism studies. In recent years, scholars 
have made good progress on planar mechanism research. LI Shu-jun[4], LIU Jiang-nan [5], WU 
Yan-rong and JIN Guo-guang [6], LU Wu-yun[7], ZHANG Zhong-hai, and LI Duan-ling [8] 

investigated and found several methods for rod adjacency matrices of planar mechanisms. 
DAI Jian-sheng [9] established a calculus matrix and topological structure in the planar 

mechanism method of matrix for the Assur group. LIU Chuan-he [10] put forward the theory of 
variable topology structure in planar mechanisms. Yuan Qing-ke[11]offered an incidence equation 
using graph theory, and studied the identification of kinematical chains, which led to useful results. 

The focus of this paper is mainly on the structural attributes of planar mechanism, which were 
introduced into the matrix theory[12,13] and graph theory [14-16] to analyze the attribute structure of 
planar mechanisms. Due to their superior, Introducing the mechanism of matrix is an inevitable 
choice for modern science, and since the computation ability of a matrix is excellent, introducing it 
into the mechanism study was necessary. Mechanical matrix should contain the complete 
information of mechanism attributes. 

Through matrix operation results, characteristics of various data can be depicted and 
characteristic mechanisms discovered. The application of computer-aided mechanical systems is 
getting more and more advanced, and the development of computation abilities has greatly helped 
the study of mechanisms. 

Definition of the incidence matrix of mechanical systems 

Definition 1: G  is the Planar mechanism system with m kinematical pairs and n links, the 
matrix nmijkGK  )()(  is defined as the incident matrix with linkages and pairs of planar 

mechanism G ,  LPG , ,  linkage set is },,,{ 21 nlllL  , kinematical-pair set is 

},,,{ 21 mpppP   , nl is the fixed link as last element for linkage set,  
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, )(GK also is called as the basic characteristics matrix of 

the mechanism G .  
Definition 2: )(GP is the kinematical-pair incidence matrix of planar 

mechanism G , )()()( GKGKGP T .The dimensions of )(GP are  mm  obviously and the 
kinematical-pair incidence matrix )(GP is a symmetric matrix. 
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As for matrix )(GP , the number on the diagonal of the matrix represents the number of revolute 
pairs between connected links. The digit 1represents the connection of links. Otherwise, the number 
will be 0. 

Theorem 1： For kinematical-pair incidence matrix )(GP ，where )(
1
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m

i
ijii jipp  and 
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Definition 3: )(GL is the link incidence matrix of planar mechanism G ，

)()()( GKGLGL T .The dimension of )(GL is  nn  and the links incidence matrix )(GL is a 
symmetrical matrix.  

Theorem 2: The number on the diagonal of the links incidence matrix )(GL represents the link 
connection.Digit1 of the matrix element represents that the link and the corresponding link are 
connected. Otherwise, the value of the matrix element is 0. 

Theorem3: )(GL  is the link incidence matrix of the planar mechanismG , and if the diagonal 
of the matrix is set to be zero, )(GL  will become the adjacency matrix in the graph theory. 

Definition 4: )(GSpcePDiag  is defined as main diagonal spectrum of kinematical-pair 
incidence matrix of planar mechanism G ,and )(GSpceLDiag  is defined as main diagonal 

spectrum of the link incidence matrix of planar mechanism G ，where main diagonal spectrum is 
the statistic for the values of the main diagonal elements in the incident matrix. . 
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where i  is value in the incident matrix on the diagonal. For a matrix with a dimension of mm , it 

should have n values. The same values of the diagonal in the matrix is denoted as s ，and the 

number of i  in the i  is at most m ，where ms  is shown in the matrix that does not have the 

same value, and 



s

j
jdm

1

.  

Due to the necessary movements of planar mechanisms, there should be a degree of freedom 
(DOF).Therefore, the structure of triangles of a mechanism system is rare, and 
both )(GL and )(GP are usually sparse matrices, which is beneficial for solving the determinant rank, 
which is very convenient for planar mechanism visualization of the matrix properties. 

 

Fig. 1.Mechanism graph 1G with 8 links and 6 kinematical pairs 

From Figure 1, it can be seen that the incidence matrix )( 1GK ， )( 1GK T ， )( 1GP and )( 1GL are：  
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From the main diagonal elements of kinematical-pair incidence matrix 16)( Ztr can be seen, 

kinematical-pair incidence matrix trace, This mechanism has 2 single hinge and 4  2-complex 
hinge kinematical pairs,  total pair numbers is 10 ； links incidence matrix trace is 

16)()(  PtrLtr ， the mechanism have 8 links, each link has 2 kinematical pairs, 
16)()(  PtrLtr can be obtained by matrix theory. 

From the above calculation, )(),(),( GLGPGK are relative matrices communications, and from 
anyone matrix of )(),(),( GLGPGK , another two matrices can be calculated. For general planar 
mechanisms, usually the number of kinematical pairs is less than the number of links, so the data of 
the kinematical-pair incidence matrix is less. The kinematical-pair incidence matrix is a symmetric 
matrix, from Theorem 1, and the unit of diagonal data of the kinematical-pair incidence matrix can 
be derived from the data of rows or columns of the adjacency matrix. Then, the actual stored data of 

the matrix on the computer is only 
2

2 mm 
. Therefore, the kinematical-pair incidence matrix of 

planar mechanisms can contain as much with a less amount of data. 
For the matrix )( 1GL in Figure 1, it can be seen that the values of 2for all links are provided with 

two pairs. The black box shown in the matrix )( 1GL is the information vector for fixed link(8). Links 
(1), (2), and (7) are connected to link (8), which is the fixed link. 

In Figure (Example) 1, the diagonal spectrum of kinematical-pair incidence matrix of the 
mechanism can be obtained by: 
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The information of )(GSpcePDiag   shows that there are four kinematical pairs that connect 
three links, and two kinematical pairs (A and E) that connect two links. 

The diagonal spectrum of the links incidence matrix of the mechanism can also be provided in 
Example 1: 
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The diagonal spectrum of the links incidence matrix indicates that the number of links of the two 
kinematical pairs for the mechanism is 8, including a fixed link l8. 

Formula for DOF of Mechanism 

In theory, although many controversies [17, 18]remain regarding the calculation of the DOF planar 
mechanism, the Grübler-Kutzbach formula is useful for calculating the degrees of freedom of 
mechanisms if they are not too complicated.. The formula HL PpnF  23 has been widely used 
and approved by popular literature, and therefore, this paper also used it to calculate the DOF of the 
mechanism system. Since this paper only dealt with revolute pairs while the revolute pairs were the 
lower pair, the Grübler-Kutzbach formula could be simplified as LpnF 23  . 

Through the pairs incidence matrix )(GP or the links incidence matrix )(GL ， estimating the 
formula for the degree of freedom of the mechanism system can be accomplished. The number of 
active links in the formula was 1n , that is, the fixed link was removed. The number of kinematical 

pairs was



m

i
ii mGP

1

)( .So, the formula for the degree of freedom of the mechanism using the 

matrix )(GZ  mechanism system is: 
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From Example 1, using Formula (2) can obtain the DOF of the mechanism 1G : 

                        1F                            
 
(3) 

Conclusions 

(1) This paper put forward and defined the construction method of a basic characteristic matrix 
)(GK  for a mechanism system G , and also put forward and defined the link incidence matrix 

)()()( GKGKGL T , and the kinematical-pair incidence matrix )()()( GKGKGP T . 

(2) )(GSpcePDiag   and )(GSpceLDiag   were put forward and defined in the matrix 
operation and their meanings for incidence matrix main diagonal spectrum of planar mechanism 
were explained.  

(3)  This paper is just studied and discussed for plane mechanism with all rotary pairs as an 
example, all incident matrixes have the vital significance to the study of rotary joints and moving 
pairs and spatial mechanism and metamorphic mechanism and its Mode conversion. 
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