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I. INTRODUCTION  
 

In mathematics analysis we define not only the 
continuous map but also the left and right continuity of the 
map. However, there is nothing specific about the 
continuity of map in general topological space. 

In this paper, we consider how to define left and right 
continuous map, discuss the rationality in a general 
topological space. Noticing that there is no such definition 
about left (right) in general topological space, we 
introduce order firstly so as to define an orderly 
topological space. Then we define open set and 
neighborhood, which leads to left and right continuity. By 
existence of local left and right continuous map, we finally 
discuss the rationality of global continuous map in general 
topological spaces. 

 

II. TOPOLOGICAL SPACE AND ORDER 
 
 

A. Topological space 
       Definition 2.1  Let X be a set, and Γ  is a subset of 
X satisfying, 

! X, Φ ∈Γ  if A,B ∈Γ , A∩ B ∈ Γ  

! if 
1Γ ⊂ Γ , then 

1A
A

∈Γ
∈ΓU , 

then Γ  is a topology of  X.  
       Assuming that Γ  is a topology in X, then ( ),X Γ  is a 
space with topology Γ ; or shortly we call X a topological 
space. Each element in Γ is a open set in

 ( ),X Γ . 

       Definition 2.2 Let ( ),X Γ  
be a topological space. K is 

a family of subsets of Γ . Supposing that each elements 
of Γ is union of some elements in K, or for all 
U ∈Γ ,there exists 

1
Κ ∈Κ  such that 

1B
U B

∈Κ
=U ,then 

K is a basis of Γ , or we write K as a basis of X. 
Definition 2.3  Let ( ),X Γ  be a topological space, H 

be a family of subsets of Γ . Supposing that the union of 
all non-empty subsets in H,  defined as 

Κ = S1∩ S2 ∩"∩ Sn | Si ∈ Η,i =1,2,!n;n ∈ !
+{ }  

is a basis of Γ , then H is a sub-basis of Γ , or we write H 
as a sub-basis of  X. 

Theorem 2.4  Let X be a set, K be a family of subsets 
of  X( ( )XΚ ⊂Γ ). Supposing that ℬ satisfying, 

!  
A
A X

∈Κ
=U   

! 1 2,B B ∈Κ , then for all x ∈ B1∩ B2 , there exists 

B∈Κ  such that  x ∈ B ⊂ B1∩ B2   
the family of subsets of  X  
        Γ = U ⊂ X |∃ΚU ⊂Κ⇒ U= B

B∈ΚU
∪{ }  

is the unique topology of X which is basis of K; vice versa, 
if a family of subsets K is a basis of topology in X, then K 
should satisfy (1) and (2).      

Definition 2.5  Let ( ),X Γ  be a topological space, 
x X∈ . Supposing that U is a subset of X satisfying, 
there exists an open set V ∈Γ  such that x V U∈ ⊂ , then 
U is a neighborhood of x. Therefore, if U is an open set 
with x, it should be a neighborhood of x. We call U be an 
open neighborhood of x . 

Definition 2.6  Let ( ),X Γ  be a topological space, 

x X∈  . Supposing that xµ  be a family of neighborhood of 
x. The subsets xν  of xµ  satisfying, for all xU µ∈ , there 

exists a set xV ν∈  such that x xV U⊂ . Then we define xν  
as a basis of the family of neighborhoods of x, or shortly 
we write it as a neighborhood basis of x. If the subsets 

xω  
satisfying, union of all non-empty finite subsets xω   
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        W1∩W2 ∩"∩Wn |Wi ∈ωx ,i =1,2,!n;n ∈ !+{ }                             

is a neighborhood basis of xµ , then we define xω  be a 
sub-neighborhood basis of x .  

B.  Orderly Sets 
      Definition 2.7 Let A be a set, ‘<’ be a relationship in A  
satisfying, 

! transivity: if x y<  and y z<  , then x z< . 
! unreflexity: there exists no x  such that x x< . 
! comparability: for all x  and y  satisfying 
x y≠ , either x < y   or y < x  holds. 

We define ‘<’ as orderly relationship in A, and ( ),A <  as 
an orderly set. 

Let ( ),A <  be an orderly set, for a < b , we write   

( ) { }, |a b x a x b= < <               

{ }( , ] |a b x a x b= < ≤  

{ }[ , ) |a b x a x b= ≤ <            

 { }[ , ] |a b x a x b= ≤ ≤  

{ }[ , ) |a x a x∞ = ≤  

{ }( , ] |b x x b∞ = ≤  
Supposing that 0A   is a subset of A. If 0b A∈  and for all 

0x A∈ , x b≤ , we define b as the maximum in 0A . 

Similarly, if 0a A∈  and for all 0x A∈ , a x≤ , a is 

defined as the minimum in 0A . 
Example 2.8 Consider the relationship formed by all 

real pairs (x, y)  satisfying x < y . That is a so call 
orderly relationship as defined above. 

 

III. ORDERLY TOPOLOGY 
 

A.  Definition 
Definition 3.1 Let X be a set with orderly relationship, 

containing more than one element. Supposing that K is a 
family of subsets covering: 

! All subsets like (a,b)  in X. 
! All subsets like 0[ , )a b , where 0a   is minimum. 

! All subsets like 0( , ]a b , where 0b  is maximum. 
By Theorem 2.1  K is a basis of some topology of X. 

Define that certain topology as an orderly topology and X 
as an orderly topological space.  

Example 3.2  The standard topology of ! (built by all 
open set ( ) { }, |a b x a x b= < < ), is exactly an orderly 
topology by standard relationship in ! . 

Example 3.3 : !
+

is an orderly set with minimum. The 
orderly topology in !

+
 is a discrete topology, since each 

element is an open set. 

B. Left and right neighborhood(open set) 
Definition 3.4 Let X  be an orderly topological space, 

x U X∈ ⊂  and x is not maximum. If there exists a 
neighborhood V X⊂  of x  such that U =V ∩ [x,∞) , we 
write U  as the right neighborhood of x . All right 
neighborhood of x  build a family of right neighborhood 
of x . Similarly, by replacing [ , )x ∞  with ( , ]x∞ , x  not be 
minimum in X , we can define the left neighborhood of x  
and the family of left neighborhood. 

Theorem 3.5 Let 

X

 be an orderly topological space, 
x X∈  , xµ

+

 is the family of right neighborhood of x ,  
! If ,xU U Vµ+∈ ⊂ , then xV µ+∈  
! if , xU V µ+∈ , then U ∩V ∈ µx

+  
! if x xν µ+ +∈ , then 

x
xU

U
ν

µ+

+

∈
∈U   

Proof: 
    (1)  Obviously it is true.  

(2) Since , xU V µ+∈ , there exist neighborhood P,Q of  x 
such that  

                 U = P ∩ [x,∞),V =Q∩ [x,∞) ,  
then  

                 
U ∩V = P ∩Q( )∩ [x,∞) , 

where, P ∩Q is a neighborhood，U ∩V ∈ µx
+  . 

(3) for all xU ν +∈ , there exist a neighborhood P of  x 
such that U = P ∩ [x,∞) , then 

U
U∈ν x

+∪ = P ∩ [x,∞)( )∪ = P∪ ∩ [x,∞) , which means 

U
U∈ν x

+∪ ∈ µx
+

. 
Similarly, the theorem holds for the left neighborhood 

of x. 
Definition 3.6 Let X be an orderly topological space, 

U X⊂ . If for all x U X∈ ⊂ , there exist U ∩ [x,∞)  
which is right neighborhood of x, we define U  as right 
open set of X. All right open set build right topology of X. 
Similarly, we can define the left open set and left topology 
of X. 

Theorem 3.7 Let X be an orderly topological space, +Γ  
is right topology of X.      

! If  A is an open set in X, then A +∈Γ . 
! If ,A B +∈Γ , then A∩ B ∈ Γ+  

! If 1
+ +Γ ∈Γ , then U

U∈Γ1
+∪ ∈ Γ+   

   Proof:  
   (1)  It is obviously true.  

        (2) For all x ∈ A∩ B , by ,A B +∈Γ , 
A∩ [x,∞),B∩ [x,∞)  should be right neighborhood of x, 

thus A∩ B( )∩ [x,∞) = A∩ [x,∞( )∩ B∩ [x,∞( )  

should be right neighborhood of x, therefore, A∩ B ∈ Γ+ . 
        (3) For all 

1U
x U+∈Γ
∈U , there exists 

1x U + +∈ ∈Γ ⊂ Γ , U ∩ [x,∞)  should be right 

neighborhood of x ，
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U ∩ [x,∞)⊂ U
U∈Γ1

+∪( )∩ [x,∞) = U ∩ [x,∞)( )U∈Γ1
+∪ . 

Therefore, U
U∈Γ1

+∪ ∈ Γ+ . 

 
 

 

IV. LEFT AND RIGHT CONTINUITY IN ORDERLY 
TOPOLOGICAL SPACE 

 

A. local and global left(right) continuity 
    Definition 4.1 Let X be an orderly topological space, Y 
be an topological space and a map :f X Y→ . Assume 
that for each open set U in Y, ( )1f U−  is a right open set 
in X, we define f be a right continuous map from X to Y. 
Similarly, we can define a left continuous map. 
    Theorem 4.2 Let X be an orderly topological space, Y 
be a topological space and a map :f X Y→ , then 
conclusions below are equal: 

!  f is a right continuous map; 
!  there exist a basis K in Y such that for all U ∈Κ , 

the preimage
 ( )1f U−  is a right open set in X; 

! there exists a sub-basis H in Y such that for all 
S∈Η , the preimage ( )1f S−  is a right open set 
in X. 

 Proof: It is obvious that ⑴ yields ⑶, since the 
topology of Y  is definitely a sub-basis of Y. 

 If ⑶ holds, assume H is a sub-basis of Y. By 
definition, 

Κ = S1∩ S2 ∩"∩ Sn | Si ∈ Η,i =1,2,!n;n ∈ !
+{ }  

is a topological basis of Y. For all 
Si ∈ Γ,i =1,2,!n, where n ∈ !

+
, we get  

f −1 S1∩ S2 ∩"∩ Sn( )=f −1 S1( )∩ f −1 S2( )∩"∩ f −1 Sn( ),  
which is union of right open set in X, thus it is a right 
open set in X. 
          If (2) holds, assume Γ  is a basis of Y. If U is an 
open set in Y, there exists Κ

1
∈Κ  such that 

1B
U B

∈Κ
=U , then we get 

f −1 U( ) = f −1 B
B∈Κ1
∪( ) = f −1 B( )B∈Κ1

∪  as union of a family 

of right open set in X , thus it is a right open set in X. 
That indicates that f  is a right continuous map. 
    Theorem 4.2 holds for the left continuous map. 
    Definition 4.3 Let X be an orderly topological space, Y 
be a topological space and a map : ,f X Y x X→ ∈ , with 
x not the maximum of X. For all preimage

 
f −1 U( ), f −1 U( )∩ [x,∞)  is a right neighborhood of x X∈ , 

we define f  be a right continuous map at x. Similarly, we 
can define a left continuous map at x. 

    Theorem 4.4 Let X be an orderly topological space, Y 
be a topological space and a map :f X Y→ , the 
conclusions below are equal: 

! f is a continuous map at x; 
! there exists a basis of neighborhood

 ( )f xν  for 

( )f x  such that for all 
( )f xV ν∈ , the preimage 

f −1 V( )∩ [x,∞)  is a right neighborhood of x. 

! there exists a sub-basis of neighborhood 
( )f xω  

for ( )f x  such that for all
 ( )f xW ω∈ , the 

preimage f −1 W( )∩ [x,∞)  is a right 

neighborhood of x. 
      Proof: It is obvious that ⑴ yields ⑶ since the family 
of neighborhood of ( )f x  is definitely a sub-basis of 

neighborhood of ( )f x . 

      If (3) holds, assume that ( )f xω  is a sub-basis of 

neighborhood for ( )f x . By definition, the family of 

subsets W1 ∩W2 ∩"∩Wn |Wi ∈ωx ,i =1,2,!n;n ∈ !+{ }  

is a basis of neighborhood for ( )f x . For all 

Wi ∈ωx ,i =1,2,!n, where n ∈ !
+

, we get 

f −1 ∩Wi( )∩ [x,∞) =∩ f −1 Wi( )∩ [x,∞) , which is union 

of n right neighborhood of x, thus it is a right 
neighborhood of x. That comes the conclusion (2). 
       If (2) holds, assume that ν

f x( ) is a basis of 

neighborhood for ( )f x . If U is a neighborhood of ( )f x , 

there exists 
( )f xV ν∈  such that V U⊂  ,thus 

( ) ( )1 1f V f U− −⊂ . Noticing that f −1 V( )∩ [x,∞)  is a 

right neighborhood of x, f −1 U( )∩ [x,∞)  is also a right 

neighborhood of x, which indicates that f is a continuous 
map at x. 
    Similarly, this theorem holds still for left continuous 
map at x. 

B. Connections between global and local continuous 
maps 

    Theorem 4.5 Let X  be an orderly topological space, Y 
be a topological space and a map :f X Y→ . f is right 
continuous if and only if for all x X∈  , f is right 
continuous at x. 
     Proof: Necessity. Assume that f is right 
continuous, x X∈ . If U is a neighborhood, there exists V 
such that ( )f x V U∈ ⊂ , then ( ) ( )1 1x f V f U− −∈ ⊂ , 

where ( )1f V−  is a right open set. Therefore, 

f −1 V( )∩ [x,∞)  is a right neighborhood for x X∈ , which 
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yields that f −1 U( )∩ [x,∞)  is a right neighborhood for 

x X∈ .  f is right continuous at x. 
     Sufficiency. For all x X∈ , f is right continuous at x. If 
U Y⊂  is an open set, then for all

 ( )1x f U−∈ , U is a 

neighborhood. Therefore, for all 

( )1x f U−∈ , f −1 U( )∩ [x,∞)  is a right neighborhood 

for x, then ( )1f U−  is a right open set. 
    This theorem holds still for left continuous map. 
    Theorem 4.6 Let X be an orderly topological space, Y 
be a topological space and a map :f X Y→ . f is 
continuous if and only if  f is left and right continuous. 
    Proof: Necessity. f is continuous, then for open set U in 
Y, ( )1f U−  is an open set in X. It is obvious that ( )1f U−  is 

left and right open set in X, which means that f is left and 
right continuous. 

Sufficiency. Assume that f is left and right 
continuous, for open set U in Y, ( )1f U−  is left and right 

open set in X. That is for any ( )1x f U−∈ , there exist 

neighborhood P,Q of x such that 
f −1 U( )∩ [x,∞) = P ∩ [x,∞), f −1 U( )∩ (∞,x]=Q∩ (∞,x].  

Thus 
f −1 U( ) = f −1 U( )∩ [x,∞)( )∪ f −1 U( )∩ (∞,x]( ) = P ∩ [x,∞)( )∪ Q∩ (∞,x]( ).  is 

neighborhood for x, which means that ( )1f U−  is an open 
set.

  Example 4.7 The left(right) map in orderly 
topological space is not always a continuous map. 

 !  is standard topological space and define 
f :!→!  

( )
1, 0
1, 0
x

f x
x
≥⎧

= ⎨
− <⎩

 

It is obvious that f (x)  is right continuous at 0 but not 
continuous. 
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