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Abstract—In this paper, we define ‘global’ and ‘local’
right or left continuous map on order topological spaces,
also we elaborate connections and differences between them
and the continuous maps in general cases.
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L INTRODUCTION

In mathematics analysis we define not only the
continuous map but also the left and right continuity of the
map. However, there is nothing specific about the
continuity of map in general topological space.

In this paper, we consider how to define left and right
continuous map, discuss the rationality in a general
topological space. Noticing that there is no such definition
about left (right) in general topological space, we
introduce order firstly so as to define an orderly
topological space. Then we define open set and
neighborhood, which leads to left and right continuity. By
existence of local left and right continuous map, we finally
discuss the rationality of global continuous map in general
topological spaces.

II.  TOPOLOGICAL SPACE AND ORDER

A. Topological space
Definition 2.1 Let X be a set, and I'" is a subset of
X satisfying,
e X d€T if 4,BT, ANBET
e if [, CT,then UAErl AL,
then I is a topology of X.
Assuming that I is a topology in X, then (X,F) is a

space with topology TI'; or shortly we call X a topological
space. Each element in I is a open set in (x,T)-
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Definition 2.2 Let (X,I‘) be a topological space. K is

a family of subsets of ' Supposing that each elements

of T'is union of some elements in K, or for all

U €T ,there exists K €K such that {7 = U B,then
1 BEK,

K is a basis of I' | or we write K as a basis of X.

Definition 2.3 Let (X,r) be a topological space, H
be a family of subsets of I'. Supposing that the union of
all non-empty subsets in H, defined as

K={5,N8,N---NS,|S, EH,i=1,2-mn€EZL,}
is a basis of I', then H is a sub-basis of T', or we write H

as a sub-basis of X.
Theorem 2.4 Let X be a set, K be a family of subsets
of (KC F(X)). Supposing that B satisfying,
* UAEK A = X
® B.BEK, then for all x € B, ﬂBz, there exists
B€EK suchthat x€ BC B B,

the family of subsets of X
r-{vcxak,ck=uv-J,, B

is the unique topology of X which is basis of K; vice versa,
if a family of subsets K is a basis of topology in X, then g
should satisfy (1) and (2).

Definition 2.5 Let ( X ,1“) be a topological space,

x& X . Supposing that U is a subset of X satisfying,
there exists an open set /€I such that x€) C U, then
U is a neighborhood of x. Therefore, if U is an open set
with x, it should be a neighborhood of x. We call U be an
open neighborhood of x .

Definition 2.6 Let ( X ,1“) be a topological space,

XEX . Supposing that u, be a family of neighborhood of
x. The subsets v, ofu, satistying, for all U € U, there
exists a set VEVX such that V.CU.. Then we define v,
as a basis of the family of neighborhoods of x, or shortly
we write it as a neighborhood basis of x. If the subsets

w

satisfying, union of all non-empty finite subsets @y
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mow,n--nw, W €w,i=12,-nneZ}

is a neighborhood basis of &,, then we define &, be a
sub-neighborhood basis of x .
B.  Orderly Sets
Definition 2.7 Let 4 be a set, ‘<’ be a relationship in 4
satisfying,
e transivity:if X<y and y <z ,then x<z.
e unreflexity: there exists no X such that x < x.
e comparability: for all x and y satisfying
X # y,either X<y or y <X holds.
We define ‘<’ as orderly relationship in 4, and ( A,<) as
an orderly set.
Let ( A, <) be an orderly set, for a < b, we write

(a,b)={x|a<x<b}
(a,b]={x|a<x=b}
[a,b)={x|a=x<b}
[a,b]={x|asxsb}
[a,00)={x|asx}
(0,b]={x|x =< b}
Supposing that 4 is a subset of 4. If & 4 and for all

xXEA,, x<b, we define b as the maximum in 4.
Similarly, if @& 4, and for all xEAO, a=sx, ais

defined as the minimum in 4.

Example 2.8 Consider the relationship formed by all
real pairs (X,)) satisfying X < y. That is a so call
orderly relationship as defined above.

III. ORDERLY TOPOLOGY

A.  Definition
Definition 3.1 Let X be a set with orderly relationship,

containing more than one element. Supposing that K is a
family of subsets covering:

e All subsets like (a@,b) in X.
e Allsubsets like [a,,b), where g, is minimum.

e Allsubsets like (a,b, ], where b, is maximum.

By Theorem 2.1 K is a basis of some topology of X.
Define that certain topology as an orderly topology and X
as an orderly topological space.

Example 3.2 The standard topology of R (built by all
open set (a,b) ={x|a <x<b} ), is exactly an orderly
topology by standard relationship in R,

Example 3.3 : 7 _is an orderly set with minimum. The
orderly topology in 7 is a discrete topology, since each
element is an open set.
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B.  Left and right neighborhood(open set)

Definition 3.4 Let X be an orderly topological space,
¥EUCX and X is not maximum. If there exists a
neighborhood V' © X of X such that U =V [x,), we
write U as the right neighborhood of X . All right
neighborhood of ¥ build a family of right neighborhood
of X. Similarly, by replacing [*-*) with (w,x],x not be
minimum in X, we can define the left neighborhood of ¥
and the family of left neighborhood.

Theorem 3.5 Let X be an orderly topological space,

XEX | M s the family of right neighborhood of X,

o IfUEW UCYV, thenVeEu'
o ifyveu .thenUNVeu
if v* € u’, th *
° 1y €u ,then UU@:UE‘L‘X
Proof:

(1) Obviously it is true.
(2) Since U,V € u?, there exist neighborhood P,Q of x

such that
U =PN[x,»),V = Qﬂ[xa“’),

then

UNv=(PNQ)N[x,)

where, pNQis aneighborhood, UNV € u’
(3) for all U €y, there exist a neighborhood P of x
that U =PN[x,») , then

UerU = U(P ﬂ[x,oo)) = UPﬂ [x,00) , which means

UUEv: ve ‘u-:

Similarly, the theorem holds for the left neighborhood
of x.

Definition 3.6 Let X be an orderly topological space,
UCX. If for all x€U C X, there exist U [)[x,)

which is right neighborhood of x, we define U as right
open set of X. All right open set build right topology of X.
Similarly, we can define the left open set and left topology
of X.
Theorem 3.7 Let X be an orderly topological space, T
is right topology of X.
e If Aisan opensetinX, then AET",

If 4, BET", then ANBET™
If I} Er then | J _ UeT

such

Proof:
(1) It is obviously true.

(2) For all xedNB , by ABET"
AN [x,%°),B(\[x,%°) should be right neighborhood of x,

(4N B)N[x,%) = (4N[x,0) N (BN[x,)
should be right neighborhood of x, therefore, A(1BET™.

thus

(3) For all xe{J U there  exists
vert
x€UETI CI'" |, UN[x,%) should be right
neighborhood of X )
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un [x,oo) C (UUEF( U) N [x’oo) = UUEFI* (U N [x,oo))
Therefore, UUep UeT.

IV. LEFT AND RIGHT CONTINUITY IN ORDERLY
TOPOLOGICAL SPACE

A. local and global left(right) continuity

Definition 4.1 Let X be an orderly topological space, Y
be an topological space and a map f: X — Y. Assume
that for each open set Uin Y, £~ (U) is a right open set

in X, we define f be a right continuous map from X to Y.
Similarly, we can define a left continuous map.

Theorem 4.2 Let X be an orderly topological space, Y
be a topological space and a map f:X —Y , then
conclusions below are equal:

® fis aright continuous map;
e there exist a basis K in Y such that for all U €K ,

the preimage £~ (U) is a right open set in .X;

there exists a sub-basis H in Y such that for all
SEH, the preimage ' (S) is a right open set
in X.

Proof: It is obvious that (1) yields (3), since the
topology of Y is definitely a sub-basis of Y.

If (3) holds, assume H is a sub-basis of Y. By
definition,

K={s,N8,N--NS,|S, EHi=12-mn€Z,}

is a  topological basis of Y.
S €l,i=12,n, wheren€Z _, we get
f‘l(SlﬂSzﬂ-~-ﬂS,,):f’1(Sl)ﬂf—'(Sz)ﬂ---ﬂf‘l(Sn),
which is union of right open set in X, thus it is a right
open set in X.

If (2) holds, assume I is a basis of Y. If U is an
open set in Y, there exists K &K such that

U=UBG(]B s

()= r" (U B) ~U,. /7 (B) 3 union of a family

of right open set in X, thus it is a right open set in X.
That indicates that /" is a right continuous map.
Theorem 4.2 holds for the left continuous map.
Definition 4.3 Let X be an orderly topological space, Y
be a topological space and amap f: X —Y,x€X, with

the maximum of X For all

s (U),f_l (U) N [x,) is a right neighborhood of xe X,

For all

then we get

X not preimage

we define /" be a right continuous map at x. Similarly, we
can define a left continuous map at x.
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Theorem 4.4 Let X be an orderly topological space, Y
be a topological space and a map f:X—Y , the
conclusions below are equal:

® fis a continuous map at x;

® there exists a basis of neighborhood v for

f(x)

f ( x) such that for all VeV, the preimage

[ (V) ([x,%) is a right neighborhood of x.

® there exists a sub-basis of neighborhood @

f(x)

for f (x) such that for all WEa)/ the

preimage ' (W) N[x,o) is
neighborhood of x.
Proof: It is obvious that (1) yields (3) since the family

of neighborhood of f (x) is definitely a sub-basis of
neighborhood of £ (x).

()

a  right

If (3) holds, assume that a) (x) is a sub-basis of
neighborhood for f ( x)- By definition, the family of
subsets {W] NW,N--NW W Ew_i=12-mnE Z+}
is a basis of neighborhood for f(x) . For all
WeEw,i=12,-n,wherenE€Z,
f (ﬂWi)ﬂ[x,OO) =Nf" (Wl_)ﬂ[x,oo) , which is union

of n right neighborhood of x, thus it is a right
neighborhood of x. That comes the conclusion (2).

, we get

If (2) holds, assume that v 1) is a basis of

neighborhood for f ( x). If U is a neighborhood of f ( x),
exists VEVf(x) such that PV CU ,thus

f—l (V)Cf‘1 (U) Noticing that f-l(V)ﬂ[x,oo) is a
right neighborhood of x, f‘l(U>ﬂ[x,oo) is also a right

there

neighborhood of x, which indicates that f'is a continuous
map at x.

Similarly, this theorem holds still for left continuous
map at x.

B.  Connections between global and local continuous
maps

Theorem 4.5 Let X be an orderly topological space, Y
be a topological space and a map f: X —Y. fis right
continuous if and only if for all x&€X , f is right
continuous at x.

Proof: Necessity. Assume that f is right
continuous, x € X . If U is a neighborhood, there exists
such that f(x)€V CU, then x€ (V) C £ (U),
where £ (V) is a right open set. Therefore,

f" (V) ([x,) is a right neighborhood for x& x , which



International Conference on Management, Computer and Education Informatization (MCEI 2015)

yields that f~' (U)ﬂ[x,oo) is a right neighborhood for

x& X . fis right continuous at x.
Sufficiency. For all x& X, fis right continuous at x. If

U CY is an open set, then for all fo_1 (U), Uisa
neighborhood. Therefore, for all
xef(U). 1 (U)ﬂ[x,OO) is a right neighborhood

for x, then /™' (U) is a right open set.
This theorem holds still for left continuous map.
Theorem 4.6 Let X be an orderly topological space, Y
be a topological space and a map f: X —=Y. f is
continuous if and only if f'is left and right continuous.
Proof: Necessity. fis continuous, then for open set U in

Y £ (U) is an open set in X. It is obvious that /™' (U) is
left and right open set in X, which means that fis left and
right continuous.

Sufficiency. Assume that f is left and right
continuous, for open set Uin ¥, £~ (U ) is left and right
open set in X. That is for any y& f~' (U), there exist
neighborhood PO of X such that
S (U)NEx%) = PALx,2), 17 (U) N (0, x] = QN (0,x]
Thus
£7(0)= (" (U)NLe)U (77 (U) Nl = (PNLx)) U (QN 0.20). 1
neighborhood for x, which means that /™' (U)is an open
set.

Example 4.7 The left(right) map in orderly
topological space is not always a continuous map.
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f

IR is standard topological space and define

R—R

Lx=0

- -Lx<0

f(x)

It is obvious that /(*) is right continuous at 0 but not
continuous.
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