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Abstract: For the uncertainty problem of structure strength of bird-striking canopy, firstly, the 
random finite element model is established by the prior random information. Secondly, according to 
the real test data, the Bayesian posterior distribution of the structure strength can be determined and 
the mean value and variance of the distribution without prior information also can be obtained, 
which can determine their bird-striking credible intervals of Bayesian theory. Finally, the example 
illustrates the effectiveness of the proposed method.  

Introduction 

For practical engineering problems, the random phenomena in structure analysis are very important 
[1], so the stochastic finite element method is widely applied in the field. According to the theory of 
probability statistics, the random parameters in a stochastic model need to be determined by a large 
number of experimental data. If the test data is not sufficient, it cannot be accurately determined by 
the traditional methods of probability statistics. According to Bayesian probability statistical methods, 
the prior information can be obtained from the data of the previous analogous test, and the posterior 
information can be obtained with the use of a small amount of actual information based on recent 
experiences, so such problems of the small data can be resolved and Bayesian probability statistics 
method has been widely used [1-4]. A new method in the stochastic finite element method based on 
Bayesian confidence interval is proposed. 

Stochastic finite element method in Bayesian credible interval 

Assuming that x are random variables in the stochastic finite element model and xmu are the mean 
values, when the mean values of the above parameters are brought into the finite element model, the 
finite element model of the corresponding stochastic parameters can be obtained[5]from the following 
Eq.1. 

mu mu mu[K ]{U } = {P }                                                                                              (1) 

While, [Kmu] is the stiffness matrix, and {Umu} is the displacement vector, {Pmu} is the load vector. 
According to the traditional finite element method of the design and calculation, it can be 

concluded that the finite element results by the mean values of parameters {xmu} are the mean values 
of the results in the stochastic model. 

The mean value of the random variable of the finite element model of the structure is the Eq.2. 

mu= Z                                                                                                                                       (2) 

Based on Bayesian theory, a Bayesian function of the posterior normal distribution with the 
unknown variance and known mean value will be gained when we assumed that the mean values of 
the parameters are known and the standard deviations are unknown，and the result is the random 
variable in the normal distribution. Then we can take the Bayesian credible interval [ZL, ZR] as the 
interval of the parameter with unknown posterior variance. 

According to Bayesian theory, when the mean value θ is known, assuming that Y= ( Y1 ,... , Yn ) is 
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obtained from the real data which obeys the normal distribution N(θ,σ2), and the prior distribution of 
σ2 is without prior information, then the process of solving the posterior distribution is as follows : 

Assuming 
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  , the likelihood function of σ2 (or the probabilistic density function of S2)  

in the normal distribution N(θ,σ2) can be expressed as the following Eq.3. 
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And the posterior distribution function of σ2 obeys the inverse-Gama distribution：
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which is equivalent to the following Eq.4. 
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So the mean value and variance of the posterior distribution of σ2 are the Eq.5. 
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At the same time, the definition of the credible interval stipulates as follow: if the posterior 
distribution of θ is ( x）  ，for the given sample x and probability （1 ）  , the existence of the 

upper credible limit θU and the lower credible limit θL of Bayesian credible （1 ）  level satisfy the 
following Eq.6. 

( ( ) ) 1
L U

P x x                                                                                     (6) 

Then, [θL, θU] can be called as the Bayesian credible interval of the credible level （1 ） .While, 
when the upper credible limit θU satisfies the following Eq.7  

( ( ) ) 1UP x x                                                                (7)           

It will be called as the single side interval of the upper credible level. 
According to the principle of reliability design, the posterior distribution of the variance is the 

following equation Eq.8. 

'

max = +2 2 2( ) ( )， 1E D                                                             (8)        

Therefore, the Bayesian credible interval of the credible level （1 ） is defined as the following 

Eq.9, when 2S   is assumed. 

PINT mu PINT PINU mu mu= , ]=[( (， or [ ), )]Z Z S Z Z Z S Z S                                       (9) 

      While, ZPINT is the posterior credible interval expectation of the random finite element results 
(such as the displacement or stress). 

Example 

A bird-striking canopy problem is considered with the SPH and FEM coupling method, and the 
bird-impacting canopy model [5] is shown in the Fig.1. The shell element is used for the skin and the 
supporting member, and the rivet is simplified as a beam element. The elastic-plastic material is used 
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to simulate the constitutive relation of the aluminous canopy. And a bird's body model is established 
by the SPH (Smoothed Particle Hydrodynamics). 

 
Fig.1 A model of bird striking on the canopy 

Using the method proposed in this paper, the mean value of the maximum stress in the random 
model is 284MPa, which is less than the material's design strength 350MPa. According to the above 
method, the data of 10 cases of bird-striking accidents can be calculated as follows: S*

2  =  40000 

(MPa)2, λ=  200000  (MPa)2,  r=2.5. So the mean value and variance of σ2 are as the following 
Eq.10. 

2 2 2= a =7856.74 a2 2( ) 22222.22 MP ， ( ) MPE D                                                                                          (10) 

When we take the standard derivation as = + =22222.22 7856.74 173 MPa , considering random factor, 
the maximal stress in the bird striking will be ( ）284+173 =457MPa.  

As the value is absolutely larger than the material's design strength, so the canopy structure must be 
redesigned. 

Conclusion 

In this paper, a Bayesian interval finite element method is proposed, the main steps are following: 
(1) Firstly, by referring to the relevant prior information and experience, the mean value of the 
random parameter's posterior distribution can be determined by the recent real test data. 
(2) Then according to the Bayesian theory, the response of the stochastic finite element model can be 
obtained, which satisfies the normal distribution with the unknown variance and known mean value; 
(3) The posterior distribution of the variance can be obtained from the real information when the prior 
distribution of the variance is unknown; 
(4) Finally, a Bayesian credible interval can be obtained by the response of the stochastic finite 
element model. 

The example shows that this method took into account the random parameter distribution of the 
similar problem. Therefore, the method proposed in this paper will be more realistic. 
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