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Abstract. The robust output regulation problem of switched linear multi-agent systems is studied in
this paper. The dynamics of each agent are described by a switched linear system. According to the
characteristics of agent network and switched systems, we put forward an agent-dependent average
dwell time method. Owing to the limited information exchange between agents, distributed dynamic
controllers are designed. Finally, simulation results show the effectiveness of the proposed solutions.

Introduction

Switched systems, as a hot research field, is composed of a family of continuous-time or discrete-
time subsystems and a rule determining the switching between the subsystems [1-3]. Stability, as a
key issue in the study of switched systems, has attracted much attention. Several effective
approaches have been developed, among which the average dwell time method is one of the most
effective methods. The average dwell time method is firstly presented in [4], the switching is slow-
on-the-average among stable subsystems. In the case of linear switched systems consisting of both
Hurwitz stable and unstable subsystems in [5], if the average dwell time is chosen sufficiently large
and the total activation time of unstable subsystems is relatively small compared with that of
Hurwitz stable subsystems, the exponential stability of a desired degree is guaranteed.

On the other hand, output regulation, as one of the most fundamental problems, its purpose is to
design a controller to ensure the tracking of a class of a reference signals and rejection of a class of
disturbance while maintaining the internal stability of the closed-loop system. For the multi-agent
systems, output regulation is also one of the fundamental problems. If each agent can obtain the
information of the exosystem, the output regulation problem can be easily handled by decentralized
control [6]. In fact, this is not often possible. Thus, cooperative control of multi-agent systems
Conform to the actual situation and becomes the focus of the study. For the no-switched multi-agent
systems, by a dynamic full information distributed control scheme in [7] and devising distributed
observer network in [8] respectively, the output regulation problem can be solved. In [9], the
cooperative robust output regulation problem is studied by both distributed state feedback and
distributed output feedback control. Based on internal model principle, distributed control scheme
was adopted to achieve the robust regulated objective in [10]. For the switched multi-agent systems,
in the existing literatures, the switching of multi-agent systems includes two kinds of switching.
One is switching of interconnections of agents, and the other is that each agent is a switched system
and the switching takes places between subsystems of an agent. Most results of the output
regulation problem of switched multi-agent systems are for the former one, namely, the switching
between interconnections of agents [11-13]. However, few results about output regulation problem
of multi-agent systems whose agents are switched systems have appeared [14].

In this paper we study the robust output regulation problem of multi-agent systems in which each
agent dynamics are represented by a switched linear system. Due to the existing of the uncertain, we
will study coperative semi-global robust output regulation problem for the class of uncertain
switched linear multi-agent systems. Owing to not every agent can obtain the information of the
exosystem, a distributed dynamic controller of synchronous switching with the agents is set up.
Base on the characteristics of multiagent systems and the linear switched systems, we present a new
method, called an agent-dependent average dwell time method. Compared with the existing
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literature [14], the switched linear multi-agent systems considered have more general form on
structure and a new agent-dependent average dwell time method is proposed.

The remainder of the paper is organized as follows. The preliminaries and problem statements are
discussed in Section 2. In Section 3, the main results are given. An example is given in Section 4.
Section 5 draws a conclusion.

Notation: The information exchange among agents is denoted by the directed graph G = (4, ¢). 4
= {1,2, --- N} is the set of node and ¢ € § x 3 is the set of edges. A = [a;], i,j =1,2,--- N is a
adjacency matrix of the graph G. The neighbor set of the i-th agent is denoted by ®;={j : (j,i) € & i
= 1,2, ---,N}. Let a diagonal matrix D = diag {Z’j“:lalj, Laz,- 1'“12’::1% } the Laplacian matrix L

will be defined L = D — A. Let ajp describe the connection weight from the i-th agent to the leader,
and ajp > 0 if the i-th agent can obtain information from the leader, otherwise ajo= 0. Set a diagonal
matrix Ao = diag {aio,a20, ---,ano}. Let H = L +A,. We know H is positive definite if and only if node
0 is globally reachable [15].

Problem statement

In this paper, we consider the following switched linear multi-agent systems. The dynamics of
agents are described as

Xi= A, n(@) Xi+ B, (o)ui+ E, (o), (1)
yi= Ci(w)xi, 1=1,2, --- N,
where x; € R" ,u; € R™,y; € R%are the state, control input and output of the i-th agent respectively.

ai(t) :— Mi={1,2, ---,pi} is a piecewise constant function of time t called a switching signal of the i-
th agent.

Aj(@) = A, TARK; B (@) = By +AB;,
Eiji (o) = Eiji +AE; Ci(a)) =Ci+AC;,i=1,2, --- N, ji € M;.

i !
The matrices A; ,B; ,E; and C, represent the nominal part of the plant while AA; , and so forth

represent the uncertain part.v € R%is the exogenous signal which represents the reference input to
be tracked and (or) the disturbance to be rejected. It is assumed to be generated by a so-called
exosystem defined by
v'=Sv, yo=—Fv, @)
where Y is the reference output and S is a constant matrix.
We can define the regulated error output for the i-th agent as follows:

ei = y| - yo = Cl(w)xl + FV! i = 1121 "',N. (3)
We consider the following distributed dynamic control law
Ui = Ki, iy Xi + Gi, vy Giv (4)

=86+ af Z aij(G— &) +an(v—3)1,

jed;
where K, € R"™, G, , € R™ are gain matrices to be determined later and aj;,ai0 € H,i =
1,2, ---)N, ji € M;. j belongs to the neighbor set of the i-th agent.

Then, the output regulation problem of the switched linear multi-agent system (1) is stated below.
The output regulation problem: Given the systems (1) and the exosystem (2), find the control
law (4) and switching signals oi(t) such that

( 1) When o =0and v =0, the closed-loop system is asymptotically stable;
(ii ) There exists an open neighborhood Q of w = 0 and for any initial condition x;i(0),7i(0),i
= 1,2, ---,N and v(0), the tracking error satisfies
lime_..ei(t) = 0. (5)
The solvability of the output regulation depends on some standard assumptions listed below.
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Assumption 1: The eigenvalues of the matrix S have no negative real part.
Assumption 2: Fori=1,2, --- N, jj= 1,2, ---, pj, the linear matrix equations
Xi(w)S = A; (@) Xi(w) + By (0) U; (w) + E; (@), (6)
0 = Ci(w)Xi(w) + F
have the solution pairs (Xi(»), U;; (w) ) respectively.

Assumption 3:  Matrix pairs (A; , B; ),i=1,2, ---\N, ji € Miare stabilizable.
Assumption 4: The node 0 (the exosystem) is globally reachable.
In order to solve the output regulation problem, we need the following lemma.
Lemma 1: Consider the switched uncertain linear system:
X'e= Ay (@)X + B...t (o), (7
v =TYy,
e = C¢(w)Xc + Dy,
where x; € R™, v € R* are states. oc(t) : [0,00) — {1,2, ---,p} is the switching signal. Acs(®) = Acs
+ AAcs, Bes(w) = Bes+ ABgs, Ce(w) = Cc+ AC, S =1,2, ---,p. Acs, Bes and C, D¢ are constant matrices.
Suppose that the switched linear system x'c= A, ) Xc is asymptotically stable under the switching

signal o¢(t) and there exists an open neighborhood Q of w = 0 and constant matrix X.(w) that
satisfies the following linear matrix equations:
Xe(@)I' = Agi(w)Xc(w) + Bei(w), (8)
0= C(w)Xc+ De,i =1,2, ---,p.
Then, we have
lim_.e(t) =0. 9)
Main results

In this section, we give the solvability condition of robust output regulation problem of switched
multi-agent systems.
We employ the merging technique in [31] to describe the switching signal of the switched multi-

agent sys- tems with a(t) : [0,00) — Hli,wherea(t) = (01(t)),02(t), ---,on(t)). The merging action is
I<i<N
denoted by @ such that o(t) = g1(t) @ o(t) ® --- ® on(t). This means that the switched multi-agent
systems has M;>xM,x -->My and the set of switching times for o(t) is the union of the sets of
switching times for oi(t),i = 1,2, ---,)N. Let the controller gain matrix G; be as follows:
Giji = Uiji (C!)) - Kiji Xi(w)v i= 112! '"!N!ji < Mi’ (10)

where Xi(w), U;; (w) are the solutions of equations (6).

Let Aj(w) = block diag (A; (@), A, (@), -, Ay, (@), Bj(w) = block diag (B (w), B,; (@), -,

By, (@), Ej(w) = block diag (E;, (w), E,;, (w),---, Ey;, (®)), Kj= block diag (K; , K, ,-=-,

Ky, )» Gj= block diag (G;; , G,; , ===, Gy;, ), C(@) = block diag(Ci(w),Co(w), ---,Cn(w)), X(@) =

block diag(Xi(w),Xao(w), ===, Xn(w)).
By (6) and (10), we have

X(@)(In @ S) = (Aj(w) + Bj(w)Kj)X+(Ej(w) + Bj()G)), (11)
0 =C(w)X(w) + (INQ F).

According to Assumption 3, there always exist K, ,i = 1,2, ---\N, ji< ji € M;, such that A, +
B, K are Hurwitz. Then, there always exist a family of constants 4, > 0, yoi > 0,i = 1,2, ---\N, ji
€ Mi and positive definite matrices P, such that

(A, + By Ky)'Ry + By (A + By Ky)+yal +24, By <0, (12)
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Definition 1[4]: For a switching signal o and any T >t > 0,let N,(t,T) be the switching numbers of ¢

over the interval (t,T). If for any given N,< 0 and 72> 0, we have N_(t,T) < N, + , then z;and

No are called average dwell time and the chatter bound, respectively.
We now have the solvability condition for the regulation problem.
Theorem 1: Let Assumptions 1-4 hold. Suppose that the inequalities (12) are established, the
robust output regulation for the switched multi-agent systems (1) is solved by the controller (4) for
any agent-dependent average dwell time
« Inu

> =—",1€(0,4,). 13
Z-al Tal 211 € ( 2’0 ) ( )
Proof: Under the distributed control law (5), the closed-loop system of i-th agent is
X' = (Aiji () + Biji (w) Kiji Xit+ Biji (w) Giji i+ E(w)v, (14)
5 =3¢ +a[zaij (& —&)+a(0—&)]
jed,

V=239V,
ei = Ci(w)x; + Fv.

Let X= (X]T ) X;— "y X-l[\-j )T ' 5 = (éjtr ) g; )t '1§N>T ) e:(el,ez, === ,eN) and \-7 = 1N ® V. ThUS, the Overa”
closedloop system of the switched linear multi-agent system can be rewritten in the form.

X = (Asy(@) + Boy(@)Kow)X + Boy(@)Goé + Enp(e) V (15)
EF=((IN®S)—aHR 1)+ (HR 1g) V,
V=(IN®S)V,

e=Clo)x+(INQ F) V.
Next, we will prove the origin of the closed-loop system without the disturbance input .
X = (As((@) + Boty(@)Ko)X + Bof(@)Goné, (16)
F=((IN® S) —a(H ® ))&
is asymptotically stable. Obviously, according to Assumption 1 and Assumption 4, [(Ix ®S)—(H
®Ig]) is Hurwitz. Therefore, there exist a symmetric and positive-define matrix Q and a positive
constant y, such that

[(In® S) = a(H ® 19]'Q+QI(IN® S) — a(H ® 15)] + p2l <0 A7)

For system (1), we define the following piecewise Lyapunov function candidate
Voo ®(.£0) ==V, (1) + kw(E(t)
= SMex®) Fixi(t) + k E07040), (18)

where positive constant k will be given later. o(t) is the merged switching signal of the switching
signals ai(t),i = 1,2, ---,N of all switched agents. This means that the set of switching times for a(t) is
the union of the sets of switching times for gi(t),i = 1,2, ---,N. According to this merged switching
signal o(t), o(t) = j means that for any i, the ji-th subsystem of the i-th agent is activated. According
to(12) and (18), we obtain

V (X(O.60) = 30,0 Py (0-+% 07 By x(0) +E(DT00 + 40"02() (19)

:iXiT t{ (Aiji + Biji Kiji )T Piji + Piji (Aiji + Biji Kiji)xi t + 2Xi(t)T Piji Biji Giji G} +ka(t){[(|N
®9)—a(H ® I)I'Q+ QLk ® S) ~a(H ® 1T}
< 222,V 06 0) = Al O - 7ol O +2x0) PuiBGc (0] — ko2 |0

We know that there exist constants ¢;>0,0;>0,i =1,2, ---,N, such that
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IR [? <k - [BiGuE®] sz -
Let 0 = max{aidi, 1 = 1,2, ---,N}, we have

V. (x(0).¢0) SZ(—Z/%i)Vi(Xi (1) - (ko —%) IE@ 1. (20)

Since B, .1 = 1,2, ---,N are switched among the solutions P, ,,,i=1.2,---N, ji € Miof (12)
according to the piecewise constant switching signal o;(t),there exist constants j4> 1 such that
Viji (%) < Mvijs (x), 1=1,2,---N, ji Js € M. (21)

V(x@), &) < Z g e (x(0), £0) - (kp, — yi)zug(w\f, (22)

where 4; = max 4; - Under the average dwell time (13), we have
JieM; '

V(x(t),;’(t»sie“*“"V(x<0),f(0). (23)

Thus, the closed-loop system without disturbance input and w = 0 is asymptotically stable for any
agent-dependent average dwell time za; > 75*.

Next, Using lemma 2, we obtain lim_...e(t) = 0. The proof is thus completed.

Simulation example
Consider the following switched multi-agent systems.
Xi= Aiji(w)xi + Biji(a))ui + Eiji(a))V,
yi= Ci(w)xi, 1=1,2,3;j1=1,2;jo=1,2;j3=1,2. (24)
where

o e PR L s I PR
S e e i O
onlofeefof=olo e Shenlh Yoo Aol )
15 Ao d

By Assumption 4, we give the matrix H described the information exchange of the multi-agent

1
systemsas H =
0 1

We given the constant a = 3.Let yp1 = 0.5,702=0.001,y03= 0.2;41 = 0.5,1,=2,13=0.9;701 > 2.14, 750>
1.8,723> 10.5. We obtain the simulation results as shown in Figs. 1.

} (AA, =0.01%i* j;, AB, =0.005%i* j;,AE; =0.02*i*j, AC, =0.04*i.

errars of agents

s w % = = = =& a & = Fjg.1: errors of the three agents.

490



Conclusion

In this paper, we have studied the robust output regulation problem of multi-agent systems whose
each agent is a switched linear system. The switching dynamics of each agent bring us challenges
for the research of the problem. Based on the classical average dwell time method, a new agent-
dependent average dwell time method is presented to solve the robust output regulation problem.
Due to the limited information exchanges between agents, we establish a distributed controller on
the basis of a distributed In the future, the study of the output regulation problem should be extend
to multi-agent systems whose each agent is a nonlinear system.
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