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Abstract—Let G be a graph where for each vertex, a subset of
a set of K colors is assigned. If for each vertex to which an
empty set is assigned, its neighborhood contains all K colors,
then such an assignment is called a K -rainbow dominating
function of G . The corresponding invariant ¥, (G) , which is
the minimum sum of the cardinalities of the subsets assigned by a
K -rainbow dominating function of G, is called the K -rainbow
domination number of G . In this paper, we study the

2 -rainbow domination number of the Circulant graph

C(n{L,3}), and we show that

where ¢ =0 for N=0(mod 5), =1 for N=1,2 (mod
5)and ¢ =2 for n=3,4(mod 5).
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I. INTRODUCTION

Rainbow domination is one of the most active research
fields in recent years in the theory of graph domination. The
study of rainbow domination in graphs is active in many fields
of optimization theory, the design and analysis of
communication networks, network search, and pattern
recognition, with plenty of practical significance.

Let f be a function that assigns to each vertex a set of
colors chosen from the set 12 K} ; that s,
f:V(G)—> P{L2,.,k} If Uiene FU)={12,... k}

VeV(G) win TWM=9D en T s
called a K -rainbow domination function(k RDF) of G,
The weight, w(f) , of a function f

w(f)= f(v
() zvev(G)‘ ()|. The minimum weight of a
k RDF is called the k-rainbow domination number of G ,

for each vertex

is defined as

which is denoted by 7/”<(G). Clearly when k=1 tnis
concept coincides with the ordinary domination.

The concept of rainbow domination was introduced by
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7.2 (C(n3{1,3}) = Z{Q—J +a’
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BreSar B, Henning M A and Rall D F[1,2]. In [2], it was
observed that rainbow domination of a graph G coincides
with the ordinary domination of the Cartesian product of G

with the complete graph, in particular 7w (G) = 7(GLUK,)

for any graph G The relationship between rainbow
domination and paired-domination of Cartesian products of
graphs was also studied. In addition, a linear-time algorithm

for determining a minimum weight 2 _rainbow dominating
function of an arbitrary tree was presented. In the language of
domination of Cartesian products, B. Hartnell and D.F. Rall[4]
obtained several observations about rainbow domination, for
instance:

min{G|,7(G) +k -2} <, (G)<ky(G) ()
for any k>2 and any graph G . The attempt in to
characterize graphs with (G) =y,,(G) was inspired by
the following famous open problem[10].

Vizing’s Conjecture. For any graphs G and H ,
y(GUH) 2 y(G)y(H)

One of the related problems posed in [5] is to find classes
of graphs that achieve the equality. There it was shown that

7’(GDH):7(G)7(H), it G is any graph with

(G)= 7/,2(G) and H isaso-called generalized comb.

In [3], BreSar B and Sumenjak T K showed that the

problem of deciding if a graph has a 2 -rainbow dominating
function of a given weight is NP-complete. In addition, some
bounds and exact results for several standard classes of graphs
were proved, namely, paths, cycles, suns and generalized
Petersen graphs. For relatively prime integers 1<k<n
with N=3 , the generalized Petersen graph P(n,k) is

defined as follows. Let ¥V and V  be two disjoint cycles of
length n | say Vo= Ugly Uy U
V7= VoV, Yoy ViV

and

, with indices taken modulo . The



V.

graph P(n,k) UV for

OSiSn—l_ The graph P(5.2) is the well-known
Petersen graph. BreSar B and Sumenjak T K showed that

4nw< {4n]

— [£72(P(2) | — [+ 8 _

{ 5 i 5 where p=0 for
n=39 (mod 10y and B=1 o N=157 (mod 10y,

R EPRUNDRY
and 5

is obtained by adding the edges

for relatively prime numbers
N and K. Yunjian Wu and Nader Jafari Rad[13] also

studied bounds on the 2 -rainbow domination number of
graphs.

In recent years, the research on domination in graphs has
made great progress. Xueliang Fu[6,11] and Yuansheng
Yang[12] studied the domination number, and also presented
the redomination number concept. Chunling Tong[9], Meigin
Luo[8] and Guangjun Xu[7] further studied the generalized

Petersen graphs P(n,2) P(n.3)
results were proved.

and , and the following

Theorem 1.1. Chunling Tong[9] proved this Theorem.

5

{%”}L n=12,5,6,7.8( mod 10).

n=0,3,4,9( mod 10),

7r2(P(n,2)) =

@)

Theorem 1.2. Guangjun Xu[7] proved this Theorem( nz 13).

n=0,2,4,5,6,7,13,14,15 mod 16),

-

n—ﬁ J+], n=1389,10,1112( mod16).

%Z(P(nv 3)) =

@)

< j <nh
For 1_J<k_2 , the

G=C:{J.k}) s the graph on M vertices whose vertex
and edge sets are as follows:

Circulant graph

V(C:{i. k) =V(G) ={v,:0<i<n-1} @

ECIn{.kH)=EG) :{Vivi+j ViVik

are taken module M).

:0<i<n-T

(subscripts

()

The Circulant graph C(7:4L3}) s shownin Figure 1.
In this paper, we prove the following result.
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m=| Lo
Theorem 1.3. For N=7 et L5J and

N=3M+a e have

2m, a =0,
7,(C(N{L3}) =<2m+1, «a=12,
2m+2, a=34.

(6)

FIGURE I. THE CIRCULANT GRAPH C (7;{1,3})

1. 2 -RAINBOW DOMINATION NUMBER OF THE CIRCULANT
GRAPH C(n:{1,3})

In this section, we prove Theorem 1.3. For convenience,

let 0,1,2,3 stand for, respectively, the values Q, {1} {2}

1.2} taken by a 2 -rainbow domination function. We first
prove the upper bound.

Let:

V,={veV(G): f(v) =T}

7)
Vi={veV(@): f(v)={l}or f()={2}}
V,={veV(G): f(v)={12} ©
Vi) ={v,,, :0< <i-3 (10)
N(V)={ueN():uveEG)} (11)
N[V]=N(v) U} (12)
rd($) =2, rdv). (13)



rd(N,[vUu]) = ZVENe[vUU] rd(v)

: (14)
rd(V (x,i)) = ZVEv'(x,i) rd(v) )
f (VO'Vlv""anl) = (f (Vo)f f (Vl)v"" f (Vn—l)) . (16)

For a vertex Y, let P(v) be open neighborhood

rainbow domination weight of the vertex V, and a(v) be

its own rainbow domination weight of the vertex V ,
respectively, that is to say:

For Va EVO,Iet p(Va)=O, q(va):O.

a7
For Yo Vi gt p(vy) = 0-5, a(v) =1, (18)
For Ve €Va o PG =1 alv)=2 (19)

Definition 1. The number of repeat rainbow domination
(NRRD) of a vertex V', denoted by rd(v) , is defined by:

AW) = 3,0 ) PO +AW L o0

Definition 2. The effective rainbow dominating vertices
(ERDV) of S, where S s either a single vertex of

ViUV, o S=VUU ypere TO) =1 g F(U) =42}

is the set Ne[S] defined as follows. If VeVl

NIV =0}, ¢ VEVs o NVI=NDVL, ¢ £0)=03

(OB pen NelvUul=(NW NN W) U{v,u}

Note that Ne[S] consists of those vertices that are
2 _rainbow dominated by S,

Definition 3. Rainbow dominating subset: Rainbow
dominating subset of all vertices are the rainbow domination

vertex. If any one vertex YV belongs to the rainbow
dominating subset, then f(V):{l}, f(V):{Z}, or
f(v)={L2}

nx>7 let m:L%J

Lemma 2.1. For and

N=5M+a e have
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2m, a=0,
7,(C(N{L3})) <<2m+1, a=12,
2m+2, «a=34.

(21)

Proof. Now we prove the upper bound of Theorem 1.3.
For a 2RDF fvV(e)— P({l,2}) let:

01020...01020, a=0,
01020..010201,  a=1,
f (Vg ¥,V ;) =401020..0102010, o =2,
01020..01020102, a =3,
01020..010200102, o =4.

Clearly, the function f s a 2roF of C(N{L3})
with

2m, a =0,
w(f)=<2m+1, a=12,
2m+2, a=34. 23)
So
2m, a =0,
7, C(M{L3})) <42m+1, a =12,
2m+2, a=34. 1)

Lemma 2.2. For the Circulant graph C(8;{13}) , if
VeV,(FW) =), ueV(f©)={B), and | N,[vUu] =6,
then rd (N, [vUu])>1.

Proof. Without loss of generality, let f (Vl) ={1} ,
f (Vs) :{2}] then | Ne[V1UV3] |:6. Because Vs & N[Vl UV3]’

vV, & N[V1UV3], according to the definition of 2 -RDF,
there is at least one rainbow dominating vertex and its

W( f) = 2 . Suppose f (VG) :{112}, then rd(Ne[Vl UVS])
=2x1+2=4>1 (as shown in Figure 2(1)) (the other
cases( T () =102 () =12 g () ={12}
are similar to this case). Suppose F(v) ={1}, f(v) ={2}
then 'd (N [vyUv,]) =2x4x05=4>1
Figure 2(2))(the other cases (such as

f(ve) :{2}) are similar to this case).

(as shown in
fv) =1}



Lemma 2.3. For the Circulant graph C(n;{1,3}) ( n=7
g N#8) o fO)={0 f(v,;)={31<j<6)

[NV UV 1I<6 o rd(vi(i-18)>1
rd(V'(i-15))=0.5

and

rd(V (i —1,10)) > 2 ,
rd(V (i—6,5)) > 2.5 .
Proof. There are 6 cases.
cse 1 [0 6= 4, 10()=05
rd(v.,) :0.5. Therefore, rd(V' (i—15)) > rd(v,) +rd(v,,)
=0.5+0.5=121 (55 shown in Figure 3).

or and

f(vi)={1} f(vi,,) = {2}

FIGURE Il
Case 2. F(v;) :{1}, F (Vi) :{2}(as shown in Figure
4(1)), there are 3 cases.

V.

Case 2.1. 'i+5 EVO , there are 3 cases.

Case 2.1, | (Visa) :{1}, theny Td(Vip) =rd(v,5) =05

Therefore, rd(v (i—-15))>rd(v,,)+rd(v, ,) =05+05=1>1
(as shown in Figure 4(2)).

f (Vi+6) :{1} . then r-d(Vi+3) =05 .
Considering the vertex Vi+4, we have F(vi.7) :{]"2}, then
rd(vig) =1 rdv,)=15 Tharefore. ™ (V'(i-110)) > rd (v, ,,) +
rd(v,¢)+rd(v,,,)=05+1+15=3>2
Figure 4(3)).

Case 2.1.2.

(as shown in

Case 2.1.3. f(v”g):{l}. Considering vertices Viva
and vi+6l we have f(vi+7):{112}’ then r-d(Vi+7) :1-5,

dVis) =1 rperefore. rd(V (i—110)) > rd(v.,,) +

rd(vi,s) =1.5+1=25>2 (as shown in Figure 4(4)).
\

Case 2.2. i+ eV, , suppose F(vies) =11 , then
rd(v...) 20'5. Considering vertex Vi+4, then F(vi.7) :{2}.
Vi—2 ¢:VO

If Via Vo , or Vig Vo , or then
rd(V (i-15))>1 O v, €V, and v, 5 €V, and
Vi, €V then f(vs) ={L2} ’ f(vi ) ={2} ’

rd(v, ¢) :1’ rd(v,s) =15 Therefore, rd(V (i-15))=05
and rd(V' (i—6,5)) > rd(v, ;) +rd(v, ;) =1+1.5=25>25
(as shown in Figure 4(5)).

Vi,s €V, rd(v,,,)=1

Case 2.3. , then . Therefore,

rd(v (i-18))>rd(v,.,) :121(as shown in Figure 4(6)).

foure v, T (vi) =11} f(vi,) = {2}

Case 3. f(v)={1} , f(v.s) ={2} . then
rd(v,)=0.5 rd(v,,)=0.5 .
Therefore, rd(v(l —],5)) = rd(vl) + rd(vi+3)

=0.5+0.5=121 45 shown in Figure 5).

feurey. f )= (v,,) = {2}

Case 4. F(v) ={1}, F (Vi) ={2}(515 shown in Figure

6(1)). Considering the vertex Viiz , there are 3 cases.
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Vi+2 EVO

Case 4.1. , there are 3 cases.

Case 4.1.1. If Via e\/l, then rd(v,) :O'S, rd(v) :0'5,
rd(V (i—15)) > rd(v,;) +rd(v,)=05+05=1>1
(suppose Fvia) =t} , as shown in Figure 6(2)); if
Vi+1 € Vl then rd(Vi) :05 rd (Vi+1) = 1
rd(V (i-15))>rd(v,)+rd(v,,)=05+1=15>1
e Vs €V " then rd(v,)=05 rd(v,,,) =1

rd(V (i—-15)) > rd(v,) +rd(v,,,) =05+1=15>1
Case 412, If Vit eV, , then rd(v,) :1'5, rd(v;) :1.

Therefore, rd(v (i-15))=rd(v,y)+rd(v,) =15+1=25>1

(as shown in Figure 6(3)). If EVZ,
similarly available, rd(v (i-15)) >1.

V.

i+1

or Vi+3 EVZ ,

Case 4.1.3. If Yis€V2 then Md (Vi) =1 rd(v..s) :1'5.
Therefore. " (i-110) > rd(v,,,)+rd(v,)=1+1.5=25>2

(as shown in Figure 6(4)).

rd(v,,)+rd(v,,)+rd(v,,)=05+1+1+1=35>1
(as shown in Figure 6(6)).

Case 5. F(v;) :{l}, f(Vis) :{2}(as shown in Figure
7(1)). Considering the vertex Vi+1, if F(vi.2) ={2}, it is
the same as case 2; if f (Vi+4) :{2}, it is the same as case 4.
So we only need to consider f(viz) :{2}. Considering
V.

i+2 " there are 3 cases.

the vertex

V.

Case 5.1. 'i+2 Vo , there are 3 cases.

Case 5.1.1. If f(i)={ then rd(vi_,) :11 rd(v;) 20-5_
Therefore rd(v' (i-15)>rd(v,;) +rd(v) =1+05=15>1
(as shown in Figure 7(2)).

Case 5.1.2. If f(v'ﬂ)z{[}, then rd(v;) =0-5’ rd(v,,) :1_
Therefore rdV (i-15)=rd(,)+rd(v,,) =05+1=15>1
(as shown in Figure 7(3)).

Case 5.1.3. If f(v'+3):g}, then rd(v) :0'5, rd(\/i+3):0-5_
Therefore. A (i=15))2rd(%)+rd(v ;) =05+05=1>1
(as shown, in Figure 7(4)).

coorevr ) = F () = {2}

Case 4.2. Visa evl. If f(vi+2) - 2, it is the same as
case 2; If f(vi) =1 . then rd(v,,,) =rd(v,;) =0.5 _
Therefore, rd(V (i-19)=rd(v,,) +rd(v ;) =05+05=1>1 (as
shown in Figure 6(5)).

o) =rd)=l oV (i-15)2rd(v,)+
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rcure v (Vi) ={1} f(vi5) ={2}

Case 5.2. Vi+2 eVl_ If F (Vi) :{2}, it is the same as
case 2: if f(vi,,) ={8 then rd(v, ;) =rd(v;,,) =
rd(vi,)=05 [ rore AV (i-15))>rd(v,,)+
rd(v,,,)+rd(v,,)=05+05+05=15>1
in Figure 7(5)).

(as shown



Case 53. then MAM2)=rd(v) =1
rd(\/i+2)=1.5, rd(v,;) =05 Therefore, Fd (V (i—1,5))
>rd(v,_,)+rd(v,,)+rd(v,,)+rd(v, ;) =1+1+15+05=4>1

(as shown in Figure 7(6)).

Case 6. F(v;) :{1}, F (Vi) :{2}(as shown in Figure
8(1)), there are 3 cases.

Vi+2 EVZ ,

Case 6.1. Visz EVO , there are 3 cases.
Case 6.1.1. If Via ev1, then rd(v;,) =0-5, rd(v;) =0.5,

rd(V (i-15)) >rd(v,,) +rd(v,)=05+05=1>1
(suppose Fvia) =t} , as shown in Figure 8(2)); if
Vig €V,  then rd (v;) = 0.5 , rd(v;,,) =0.5 ’
rd(V'(i-15)) > rd(v,) +rd(v,,) =05+05=1>1
it then rd(v,)=0.5 rd(v,,;) =1 ’

Vig €Vy
rd(V (i —15)) > rd(v;) +rd(v, ;) =05+1=15 >1

v, eV,

Case 6.1.2. If , then
Therefore, rdv (i-15))>rd(v,) +rd(v) =1.5+1=25>1
(as shown in Figure 8(3)). If Via €V, ,or Vis3 €V, ,

similarly available, rd(v (i-1.5)) >1.

Case 6.1.3. If Vi+5 EVZ’ then rdvi—+—5)215’ rd(vprs) :1.

Therefore, rdV (i-110)>rd, ;) +rdi,;) =15+1=25>2
(as shown in Figure 8(4)).

meure vin, (Vi) =41 F(vie) ={2}

rd(v,)=15 rd(v,) = 1.
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Case 6.2. Vi+2 eVl. If f(vi.2) :{2}, it is the same as
case 2. If f(V”Z):{l}, then rd(v”3):0'5. Considering
the vertex V”l, If F(Via) :{2}, it is the same as case 4. If
fV) =D gy MUU)=THUD=05 e
rdV (i-15)>rd\v,,)+rd\v,,) +rdv ;) =05+05+05=15>1
(as shown in Figure 8(5)).

Case 6.3. €V, , then ralyy)=ry,)=05 ,
d(4.2) =10 =1 pporerore, 14V (-15))

>rd(v,_,) +rd(v,,)+rdv,,)+rdiv, ;) =05+05+1+1=3>1
(as shown in Figure 8(6)).

V.

i+2

For any a rainbow dominating subset S , let

ING[ST[= 2., INa[V]|= p(S) +a(S) =2, P(v)
+Zvesq(v)’ (24)
w(f(s) =2 .l FW1 25)

Lemma 2.4. For the Circulant graph C(n;{1’3}), if the
rainbow dominating subset S satisfies w(f (S )):2, we
INy[S]}=6

have
Proof. According to the definition of 2 _rainbow

domination function and W(f(S )) = 2, then the rainbow

dominating subset S s either a single vertex S =v
where VEVZ, or S =vUu where VeV, and UEV1I
There are 2 cases.

Case 1. Suppose VGVZ, then ‘Nd[s ]‘ =p(S)+a(s)

= . PW)+Y (V) =4x1+2=6

veV,

! and ueV,

Case 2. Suppose , there are 3

cases.

Case 2.1. Suppose fFW=TU=T yen ‘Nd[sl]‘ =p(S)
+4(S)=Y P+ q(v)=2x4x05+1+1=6

Case 2.2. Suppose f(v):f(u):{Z}’ then ‘Nd[sl]‘: pEs)
+4(8)=>  pPW)+D. qM)=2x4x05+1+1=6



Case 2.3. Suppose FOV) =1 g f(u)={2}, then
ING[ST=p(8)+a(8) =Y, P(V)+ Y . a(v)

=2x4x05+1+1=6

We can now obtain the lower bound for Theorem 1.3.

Lemma 25 For N7
N=5M+a \ye have

let m:L%J and

2m, a=0,
7,CM:AL3Y) = 2m+1,  a=12,
2m+2, a=34. (26)
Proof. Let f be a 2 RDF for the Circulant graph
C(n;{1,3}) By Lemma 22 and 2.3, we have
V() =3, W2t = e =mes

Lemma 2.4, we have

W(f)ZZXM

Sm+a+m+¢
6

>2x

6m-+5
6

=2m+| 2|

:2)(

There are S Cases.

Case1. @ =0 then W(T)22m+0=2m

case2. @ =1 then W(f)22m+(ﬂ:2m+1_
Case3. @ =2 then W(f)22m+[ﬂ:2m+1_
Cased. @=3 then w(f)22m+[§1:2m+2'
Case 5. @ =4 then W(f)22m+(§1=2m+2'

Theorem 1.3 now follows from Lemmas 2.1 and 2.5.

In Figure 9, we shows 2 RDFs of C(n:{L3}) for
9<n<14
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Ficure 1x. 2rorsof C(M{L3}) ¢ 9<n<14
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