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Abstract—This paper focuses on dynamic pricing decision with a 
static reference price in revenue management situations. Firstly, 
it constructs the optimal control model with continuous time and 
continuous prices. Secondly, it defines the concept of 
multiplicative reference effect, and describes the characteristics 
of the reference effect and the demand function with 
multiplicative reference effect. By solving the Hamilton-Jacobi 
equation, it presents the optimal price path. Finally, it compares 
the pricing strategies with the GVR model without reference 
effect under different circumstances through simulation 
experiments. The results show that the stronger the reference 
effect is, the more it influences the optimal price and total 
revenue. The optimal price and revenue increase with the 
reference price. The markup policy is effective in high demand 
situations and the markdown policy is effective in low demand 
situations. In the situations with low demand and strong 
reference effect, one should adopt demand-oriented strategies. In 
other situations, one should adopt price-oriented strategies. 

Keywords-optimal control; pricing policy; reference effect; 
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I. INTRODUCTION 
Researches on dynamic pricing policies in revenue 

management situations have been pursued over two decades 
[1]. In the pioneering work, Gallego and Ryzin (1994) 
formulated a continuous time model (GVR model) to obtain 
the optimal price function depending on the length of horizon 
and a function of stock level [2]. On the basis of this model, 
they also have studied the dynamic pricing model of multi-
products [3]. Gallego and Hu (2014) focuses on single-product 
problems with competition [4]. Mersereau and Zhang (2012), 
Levin, et al. (2010) consider strategic customers [6][7]. Chen 
and Chen (2014) presents a comprehensive review of the 
dynamic pricing problems [5]. This paper contributes to 
expand GVR model to a pricing model with reference effect. 
In our model, consumers perceive price through gains 
(discounts) or losses (surcharges) relative to a reference price. 
Popescu and Wu (2007) presents dynamic pricing models with 
reference effect in the condition of discrete time and 
unconstrained capacity [8]. However, we explore the 
continuous-time problem with limited capacity, taking static 
reference price into consideration. We can find many 
examples of dynamic pricing decision with static reference 
price in business practice. For example, the rapid development 
of high-speed rail in China has brought more choices for 
travelers. As a result, when the travelers plan to buy airline 
tickets, they will refer to the high-speed rail fares. And the 
managers have to adjust the original airline dynamic pricing 
policies. The remainder of this paper is organized as follows. 

Section 2 describes the optimal control model. Section 3 
defines the multiplicative reference effect and analyzes 
demand function. Section 4 presents the optimal solution with 
exponential demand function. Section 5 presents simulation 
results. Finally, section 6 offers concluding remarks. 

II. OPTIMAL CONTROL MODEL 
Assume that the firm has a stock N (a nonnegative integer) 

of items at the beginning of the selling horizon 0=t and it has 
a finite time )0( >TT to sell these products. The salvage value 
of any unsold items at time T is zero. At the moment of t, the 
price of the product is )(tp is and the inventory 
is ],0[),( Tttn ∈ . The realized demand is stochastic and 
modeled as Poisson process with intensity )(⋅λ , which is 
related to the time, the price and the reference price. The 
demand function will be further described in Section 3. 
Let )(tM denote the number of items sold up to time t, then 

)(tdM denote the number of selling items in time 
period ],[ ttt Δ+ . We denote )(tdM by 

)()(,)()( tdntdMdttdM −=⋅= λ  

We define that the price function )(tp is the system control 
vector and the inventory function )(tn is the system state vector. 
We denote the system state vector by 

Nn
dt

tdn
=⋅= )0(),()( λ  

And we denote the target set constraint which satisfy 

∫ +∞∈≤
T

tpNtdM
0

),0[)(,)(   

Given any initial stock 0>n and a sales horizon 0>t the 
performance index function can be written as 

⎥⎥
⎤

⎢⎢
⎡ ⋅= ∫

T

t
dpEttnJ τλτ )()()),((   

)),(( ttnJ denotes the expected revenue in time period [0,T] 
with boundary condition 0)0,( =NJ .  
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Consequently, the optimal pricing path can be obtained by 
solving the optimal performance index function )),((* ttnJ to 
find the optimal control strategy )(* tp . The Hamilton-
Jacobi equation is  

)}),(()()()(max{)),(( *
*

ttnJtp
t

ttnJ
Δ⋅−⋅−=

∂
∂ λλ     (1) 

where ),1)(()),(()),(( *** ttnJttnJttnJ −−=Δ denotes the 
marginal revenue. 

III. DEMAND FUNCTION 

A. Multiplicative Reference Effects 
In this section we describe how consumers make purchase 

decisions based on price and reference price. Popescu and Wu 
(2007) present a type of additive reference effect 

),(),(),( ppDppDpxR −= ττ , which describes customer 
behaviors via the magnitude of the perceived “gain” or 
“loss,” ppx −= τ affect quantity demanded relative to a 
reference point. Differently, we define the multiplicative 
reference effect. 

),(
),(

),(
ppD

ppD
pxR τ
τ =              (2) 

where 0),( ≠ppD .  

Alternatively, ),( τpxR measures the multiplicative 
impact on demand, that is, a consumer’s perceived 
discount/premium τppx /=  has a relative influence on 
demand, comparing with the reference price τp .This reference 
effect function has the following properties. 

Property1. 1),( ≥τpxR  for x<1, 1),( ≤τpxR for x>1, and 
.1),1( =τpR  

Property2. ),( τpxR  is increasing in τp  . 

Property3. ),( τpxR is decreasing in x. 

Compared with the additive effect, the multiplicative 
demand function has two advantages: Firstly, it reflects the 
relative amounts of change in demand intuitively. One can 
easily observe the demand amplification or contraction. 
Secondly, it can be integrated easily with the nonlinear 
demand function as a multiplicative factor. We can find many 
function forms satisfy the three properties, such as the 
exponential function as written in (3), which is incorporated in 
our demand function 

)1(),( xepxR −= θ
τ              (3) 

where 0>θ . 

B. Demand Function 
We consider exponential demand function 

)()),(( tpettp βαλ −= where 0,0 >> βα are arbitrary 
parameters. Considering the reference effect, the demand 
function is  

)()/(),()),((),),(( tppepXRttptptp τθβθα
ττ λλ +−+=⋅=  

It can be written as: 

)()(),),(( tppbaetptp τ
τλ −=           (4) 

The demand function has the following properties. 

Property 1. )),(( ttpλ is decreasing in )(tp and increasing 
in τp . 

Property 2. )),((),),(( ttptptp λλ τ < for )(tpp <τ and 
)),((),),(( ttptptp λλ τ > for )(tpp >τ .Furthermore 
)),((),),(( ttptptp λλ τ =  for )(tpp =τ .  
IV. SOLUTION 

The Hamilton-Jacobi function is  

)),(()()()( * ttnJtpH Δ⋅−⋅= λλ  

Its optimal conditions are  

0
)(

,0
)( 2

2
<

∂
∂

=
∂
∂

tp
H

tp
H   

Using (4), we obtain 

),1)(()),((
)(

1)( *** ttnJttnJ
pb

tp −−+=
τ

     (5) 

Combining with (1), we gain the maximum revenue in the 
time interval which satisfies 

),1)(()(1
)),(()( *

*

ttnJpba
ttnJpb

ee
t

e −⋅−
⋅

⋅−=
∂

∂
τ

τ

 

Therefore, we obtain the maximal revenue: 
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The optimal price )(* tp  is given by 
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Using (4) we obtain an optimal intensity )),((* ttnλ  in the 
path of this optimal price  
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V. NUMERICAL EXAMPLES 
In this section, we present a set of numerical examples to 

analyze the impact of reference effect on the total revenue and 
the price paths. We take the GVR model (without reference 
effect) as the benchmarking model. The initial inventory 
is 20=N and the market types are different in two dimensions: 
high vs. low demand and strong vs. weak reference effect. 

A. High Demand 
In this case, the parameters of the demand function 

are 2.0,3 == βα . The firm sold all the items in the sales 
period. Furthermore, we use two sets of parameters to 
represent the degree of reference effect. We determine the 
values of the reference prices referring to the GVR model 
results without considering reference effects. The price 
obtained from the GVR model is called the benchmark price. 

The steps of simulation are as follows: Firstly, using (8) to 
calculate the optimal initial arrival rate )0,(* Nλ , which 
generates the sold-out timing of the first product 1t . Using the 
same method, we can calculate the sold-out timing it  of each 
product ]20,1[∈i . Secondly, For each successive 

period ]1,[ +ii tt , calculate the optimal price ),(* tiNp − , using 
(7). 

 
FIGURE I. HIGH DEMAND AND WEAK REFERENCE EFFECT 

Consider the case of the weak reference effect )01.0( =θ . 
25,13,4=τp  and the initial capacity n ranging from 1 to 20. 

The optimal price path is also shown in Figure 1. We can 
observe the jumps in the price curve denoting that the products 
are sold out at the time. Once an item has been sold out, the 
price decreases gradually until the next item is sold. Figure1. 
shows that when the reference price is low, the optimal price is 
lower than the benchmark price and the optimal revenue under 
the reference effect is reduced by 0.07%, the reason is that the 
customer makes a purchase behavior without considering the 

reference price. The optimal price is higher than the 
benchmark price and the optimal revenue increases by 1.00% 
when the reference price is high which is due to the customer's 
limited rationality. Moreover, when the reference price is in 
the benchmark interval, the optimal price and revenue remain 
unchanged.  

 
FIGURE II. HIGH DEMAND AND STRONG REFERENCE EFFECT 

We next consider the case of strong reference 
effects )4.0( =θ , Figure 2. shows the price paths. By 
comparison, we find in this case, the rule of the optimal 
pricing strategy is similar to the case of weak reference effect. 
The stronger the reference effect is, the more it influences the 
optimal prices and the total revenue. 

B. Low Demand 
In the low demand situations, the parameters of demand 

function are set as 2.02 == βα ， . The items are not sold out 
at the end of selling horizon. Similarly, we use two sets of 
parameters to represent the weak and strong reference effect. 
We set 753 ，，=τp  as the reference prices and the benchmark 
interval is [5.000, 5.004]. 

 
FIGURE III. LOW DEMAND AND WEAK REFERENCE EFFECT 

Consider weak reference effect firstly )05.0( =θ , the 
simulation in this case is shown in Figure 3. The optimal price 
path has the same characteristics as the case of high demand. 
However, unlike high demand, when it comes to the end of the 
consumption period, there is a fall in demand. Therefore, the 
enterprise improves the revenue by lowering the price to boost 
demand. 

These calculation results is according to what we observe 
in practice. For example, in the fashion industry of exclusive 
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products, the initial price of tickets is usually extremely high. 
If it is not popular, the price decreases significantly after a 
couple of weeks. Similarly to the case of high demand, the 
optimal price here is lower than the benchmark price and the 
optimal revenue decreases when the reference price is low; the 
optimal price is higher than the benchmark price and the 
optimal revenue increases when reference price is high. 
Moreover, when the reference price is in the benchmark 
interval, optimal price and revenue remain unchanged. 

 
FIGURE IV. LOW DEMAND AND STRONG REFERENCE EFFECT 

Considering strong reference effect )4.0( =θ , In Figure4, 
we note that the optimal price is always lower than the 
benchmark price no matter how much the reference price or 
the benchmark price is. This is different from the situation 
above. The reason is that the demand reduction caused by the 
inflation of price, or the demand increase caused by the price 
declining, will be multiplied for exponential function with the 
multiplicative reference effect. Therefore, enterprises will 
promote the commodity demand greatly by bring the price 
down to increase revenue.  

C. Comparison  
The four figures show significant changes in the optimal 

price paths. The characteristics are as follows. Firstly, the 
stronger the reference effect is, the more it influences the 
optimal prices and the total revenue. Secondly, the stronger the 
reference price is, the greater the total revenue and the optimal 
prices are. Thirdly, considering high or low demand with weak 
reference effect, the optimal price is lower than those in the 
benchmark model and the optimal revenue decreases when the 
reference price is low. The optimal price is higher than the 
benchmark price and the optimal revenue increases when the 
reference price is high. Moreover, when the reference price is 
in the benchmark interval, the optimal price and revenue 
remain unchanged. Considering the case of low demand with 
strong reference effect, we find that the optimal price is always 
lower than the benchmark price no matter how much the 
reference prices and the benchmark prices are. 

How the firms in different markets choose the pricing 
strategies to maximize their revenue? The pricing strategies 
consist of markup or markdown policy as well as price-
oriented or demand-oriented policy. For high demand, one 

should adopt the markup strategy to control demand and raise 
the total revenue. The higher reference price is, the faster the 
price rises. However, for low demand, one should promote 
demand by adopting the markdown strategy. When the 
reference price is higher, the price volatility is more obvious. 
The choice of the price-oriented policy or the demand-oriented 
policy plays an important role in the case of low demand. 
When the reference effect is strong, the demand amplification 
effect for price reduction is remarkable. Therefore, enterprises 
should focus on raising the demand level and make the low-
price strategy . Nevertheless, the first point for enterprises is to 
figure out how to utilize reasonable price for high revenue, i.e., 
enterprises should adopt price-oriented strategies in the case of 
weak reference effect.  

VI. CONCLUSIONS 
The paper considers a dynamic pricing control model with 

the static reference price. The main results are as follows: the 
stronger the reference effect is, the more it influences the 
optimal prices and total revenue. The optimal prices and 
revenue increase with the reference price. The markup policy 
is effective in high demand situations and the markdown 
policy is effective in the low demand situations. In the 
situations with low demand and strong reference effect, the 
enterprises should adopt demand-oriented strategies. In other 
situations, they should adopt price-oriented strategies. Further 
research will take dynamic reference prices into consideration.  
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