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Abstract. The traditional constant modulus algorithm (CMA) can’t ensure robust convergence 
performance under impulsive noise environment, hereby a blind equalization by CMA with 
nonlinear transformation carrying on the received signal was proposed. The impulsive noise can be 
suppressed effectively by sine transform, in which the linear interval factor and the scale factor are 
set to keep the scatter plot of the output consistent with the send signal. By embedding nonlinear 
transformation in CMA blind equalization, the robust convergence performance can be obtained 
under the impulsive noise environment. The simulation results under the shallow sea channel show 
that compared with fractional low order CMA and CMA improved by error nonlinear transforming, 
the nonlinear transformation CMA has the fastest convergence rate and the lowest steady-state 
residual error. Meanwhile, the nonlinear transformation CMA has highest convergence ratio under 
different general signal to noise ratio. 

Introduction 

So far the sound wave is still effective medium to realize underwater signal propagation. High 
frequency and long distance transmission of the acoustic wave propagation result in energy losses 
seriously, so underwater acoustic channel bandwidth is very limited. Single carrier adaptive 
equalization is an effective technical for overcoming the multipath transmission to improve the 
quality of underwater acoustic communication. Blind adaptive equalization can compensate and 
tracking the channel without any training sequence, which can save the underwater acoustic channel 
bandwidth, thus it has potential value in underwater acoustic communication system [1]. In all kinds 
of blind equalization algorithm, CMA is widely used for its simple structure and easy to implement 
[2]. CMA can obtain robust convergence performance if the channel interfered with additive white 
Gaussian noise. However the ambient shallow sea noise has the typical characteristics of impulsive 
noise that can be described by the   stable distribution. The   stable distribution has no more 
than  order moments, so CMA is difficult to obtain robust convergence performance for it using 
the high-order moment of the received signal [4]. For the blind equalization under the impulsive 
noise environment, fractional low-order CMA [5] and the output error nonlinear transform CMA [6] 
show more robust convergence performance. However fractional low-order CMA is still a gradient 
descent algorithm based on minimum dispersion criterion, which can suppress the impulsive noise 
at cost of loss of high-order moment information of the received signal, as a result, the convergence 
rate is slow. The output error nonlinear transform CMA can only suppress the impulsive noise in the 
output error and the robust convergence performance is not ideal, especially when the large step 
size is adopted. Based on the analysis of impulsive noise characteristics and the gradient descent 
algorithm iterative process, a nonlinear transform CMA was proposed which the nonlinear 
transform is carried on the received signal. The nonlinear transform is designed according to sine 
transform, in which the linear scale factor and amplitude factor are used to keep the scatterplot is 
consistent before and after transform, and the impulsive noise can be suppressed at the same time. 
The simulation results under the shallow sea underwater acoustic channel show that the proposed 
algorithm has robust convergence performance with faster convergence rate and lower steady state 
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residual error compared with fractional low-order CMA and the output error nonlinear transform 
CMA, and it also can obtain higher convergence rate in different generalized SNR. 

The impulsive noise model 

The engineering practice shows that, the noise in the wireless communication channel often has 
short-term amplitude pulse, which cannot be simple to be described by Gaussian distribution with 
exponential trails, but to be suitable to be described by non-Gaussian distribution with algebraic 
trails, such as the electromagnetic noise, the tropical shallow sea ambient noise and the noise in the 
city wireless mobile communication channel etc. The distribution of impulsive noise in the channel 
is close to Gaussian distribution, but has the thick trails characteristics. The   stable distribution 
is very suitable for describing the statistical characteristics of the impulsive noise. Nikias first 
studied the application of the symmetric alpha-stable distribution ( S S ) from the point of view of 
the statistical signal processing [7], and he proved Gaussian distribution is a special case of S S .  
Most of impulsive noise can be described by S S . S S has no closed analytical expressions, and 
it can only be defined by the characteristic function [8] which can be given by 
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where  （0 2  ）is the characteristic exponent which controls the degree of the impulsive 
noise of the stochastic process, and it decide the shape of the   stable distribution. 
（ 1 1   ）is the symmetry coefficient. The   stable distribution degenerates to the Gaussian 
distribution if 0  and 2  . a R  is the location parameter which describes the mean values 
or the median value of the   stable distribution. 0   is the coefficient of dispersion which 
describes the degree of deviation relative to a  of the distribution. In 2004, Chitre through the 
experiment to determine the tropical shallow sea ambient noise to meet the S S  
with1.5 1.6  , which show that it has practical meaning to study the blind equalization 
algorithm under impulsive noise environment for underwater acoustic communication. The typical 
waveform of impulsive noise is shown in Fig.1, where 1.6  . 
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Fig.1 The typical impulsive noise 

Nonlinear transform CMA 

The equivalent baseband model of CMA is shown in Fig.2. The send signal ( )x n transmits 
through the channel ( )h n interfered with the noise ( )n n , and then the observed signal ( )y n  is 
obtained. The objective of blind equalization is to recover the send signal without the information of 
the send signal and the channel. The equalizer ( )w n  compensates and tracks the channel 
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characteristics to eliminate the inter-symbol interference (ISI) caused by multi-path transmission. 
CMA is a special case of the Sato algorithm, which the cost function is designed according to the 
nonlinear transform of the output of the equalizer. The ideal equalizer result can be obtained by 
minimize the cost function of CMA.  

+

CMA

( )x n

( )n n

( )y n )(~ nx )(ˆ nx
( )w n( )h n (.)D

 

Fig.2 The baseband model of CMA 
The cost function of CMA [10] is given by 
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where 2R  is the constant modulus of the send signal which can be given by 
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The equalizer can be updated according to the stochastic gradient descent algorithm [11] which 
is given by 
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where  is the study step. Let the error function ( )e n is 
2

2( ) ( )e n R x n                                                                (5) 

then the updating formula of the equalizer can be given by 
*( 1) ( ) ( ) ( ) ( )w n w n e n x n y n                                                    (6) 

If the noise ( )n n meets the Gaussian distribution, CMA can obtain robust convergence 
performance, especially using the fractionally spaced equalizer, CMA can obtain preferable 
performance under low SNR. However CMA meets failure convergence when the noise is the 
impulsive noise meets the S S . According to the signal transmission process, the equalizer output 
can be given by 

( ) ( ) ( )Hx n w n y n                                                             (7) 
Then the cost function of CMA can be rewritten as  
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The nonlinear transform is carried on the received signal as follow 
( ) ( ( ))z n y n                                                                (9) 

Then the cost function of the nonlinear transform CMA can be given by 
2 2
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Blind equalization implements ideal equalization by minimizing the cost function, in order to 
ensure the relationship as follow 

min ( ) min ( )CMA NCMAJ n J n                                                    (11) 

The nonlinear transform function needs to meet the two conditions as follow: ( ( ))* ( ) 0y n y n  ; 
( ( )) ( )y n y n  . The condition (1) is to ensure that the symbol characteristics remain the same 

before and after the nonlinear transform. The condition (2) is to ensure that the gradient direction 
for the equalizer updating remain the same based on the cost function as Eq.2 and Eq.10.   
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Here we design the nonlinear transform function according to sine transform.  Let 
( ) sin( ) [ 2, 2]f t t t                                                      (12) 

Obviously, ( )f t  is a monotonic function in the definition domain [ 2, 2]t    . Meanwhile 
( )f t  meets the condition (1) and (2).  But the received signal often beyond the definition domain 

as Eq.12, here a linear scale factor a  is adopted to expand the definition domain. Meanwhile the 
codomain of ( )f t  is[ 1,1] , so the amplitude factor A  is adopted to expand the codomain of ( )f t  
to meet the characteristics of the transmission signal in the communication system.  Thus the 
nonlinear transform function can be given by 

( ) sin( )f t A at                                                              (13) 
where the linear scale factor a and the amplitude factor A can be designed according to the modulate 
method and the received signal. For example, if the linear scale factor 0.5a  , the monotonic 
domain of ( )f t  can be expand to[ , ]  .  

Computer simulation 

The shallow sea underwater acoustic channel model [12] is used in the simulation, which has 
high precision and after lots of the sea experiments. The carrier frequency is 10Hz. the bandwidth of 
the channel is 2kHz. The send signal adopts QPSK modulation. The signal transmission baud rate is 
1000byte/s and the wind speed is 20knot/h. The receiver and the transmitter are located in the water 
under the 10m and the transmission distance is 10km. The model of channel impulse response can 
be given by 

1

( ) ( )i i
i

h t a p t 




                                                            (14) 

where ia  is the normalized pressure amplitude of the i-th path of the channel. i  is the delay of 

the i-th path relative to the direct path. ( )p t  is the raised cosine pulse with the roll-off factor is 0.2. 
The energy of the sound wave decays with the several reflections during the signal propagation 
process in seawater. Here only the transmission paths which the normalized pressure amplitude 
larger than 10% is taken into account. The eigenray parameters of the channel are shown in Tab.1. 

Tab.1 Eigenray parameters of the shallow sea underwater acoustic channel 

Ray 
number 

relative time 
delay（ms） 

Normalized 
amplitude 

Ray 
number 

relative time 
delay（ms） 

Normalized 
amplitude 

1 0.000 1.0000 6 0.120 -0.3286 
2 0.013 -1.0000 7 0.120 -0.1080 
3 0.013 -0.3286 8 0.210 0.1080 
4 0.050 0.3286 9 0.210 0.1080 
5 0.050 0.3286 10 0.330 -0.1080 

The impulsive noise and Gaussian noise is different, and the impulsive noise cannot be measured 
by the SNR. Here general SNR (GSNR) is used to measure the impulsive noise in the transmission 
signal [13] is given by 

2
10 lg ( )GSNR x n                                                          (15) 

where 
2

( )x n is the energy of the send signal and   is the coefficient of dispersion of S S . In 

the simulation 1.6  . The performance of the blind equalization is compared in term of the 
residual ISI which is given by 
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where C is the combined impulse response of the channel and the equalizer.  
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In the simulations, the fractional low-order CMA (FC-CMA) and the output error nonlinear 
transform CMA (ET-CMA) are done for comparison. The nonlinear transform CMA (CT-CMA) 
proposed in this paper use the parameters as follow: 0.95a  and 1.2A  . The length of the 
equalizer is 42 and the study step size 0.0008  . The ISI convergence curve after 500 time’s 
Monte Carlo simulations is shown in Fig.3.    

 
Fig.3 The convergence curve of ISI              Fig.4The convergence rate 

To further verify the performance of CT-CMA, the convergence rate under different GSNR is 
compared by 500 time’s Monte Carlo simulations. The convergence rate is defined the percentage 
of the residual ISI is lower than -15dB in the simulations and the comparison result is shown in 
Fig.4. Fig.3 shows that CT-CMA has the fastest convergence rate and the lowest residual steady 
state error among three algorithms. Fig.4 shows that CT-CMA has highest convergence rate which 
can prove the robust convergence performance of CT-CMA. 

Conclusion 

This work proposes a nonlinear transform CMA to solve the blind equalization problem under 
impulsive noise interference. The nonlinear transform is designed according to sine transform and 
carried on the received signal, which can suppress the impulsive noise effectively to obtain robust 
convergence performance. In the simulations, the fractional low-order CMA and the output error 
nonlinear transform are done for comparison and the results show the effectiveness of the proposed 
algorithm. The impulse noise is representative in underwater acoustic channel, so this work has 
practical application significance 
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