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Abstract. It is well known that computer has been widely used in almost all fields. In this paper, 
Hirota’s bilinear method with computer symbolic computation is extended to a new AKNS hierarchy 
with variable coefficients. As a result, one-soliton solutions and two-soliton solutions are obtained. 
Through the analysis of the obtained one-soliton solutions and two-soliton solutions, a uniform 
formulae of n-soliton solutions are derived. It is shown from computer running that the obtained 
one-soliton solutions and two-soliton solutions satisfy the AKNS hierarchy.  

Introduction 

In the past several decades, some powerful symbolic computation systems like Mathematica or 
Maple have become indispensable auxiliary tools for solving nonlinear partial differential equations 
(PDEs) [1-8]. Finding exact soliton solutions of nonlinear PDEs plays an important role in the study 
of nonlinear physical phenomena and has gradually developed into a significant direction in 
nonlinear science. Some effective methods for constructing multi-soliton solutions have been 
proposed, such as those in [9-11]. Among them, Hirota’s bilinear method [11] is a purely algebraic 
method, the process of which is fairly simple and convenient for computer operation. Since the 
Hirota’s bilinear method was proposed, the method has received extensively applications [12-15]. 
However there are very few studies on generalizing the method for a whole hierarchy of nonlinear 
PDEs. In this article, we will extend the Hirota’s bilinear method to a new AKNS hierarchy with 
variable coefficients 
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for constructing its multi-soliton solutions, here the recursion operator is employed as 
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when 
1( ) 1mta + = , Eq. (1) becomes the constant-coefficient AKNS hierarchy [14]. 

Multi-soliton solutions 

To begin with, we rewrite Eq. (1) as 
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Then from Eq. (3) we have 
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Further taking the following transformation 
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we get the bilinear forms of the AKNS hierarchy (1): 
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If we set 

2 2 0,xD f f g h⋅ + ⋅ =                                                                                                                             (8) 
then Eqs. (6) and (7) are reduced to 
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In what follows, based on the reduced bilinear forms (9) and (10) we construct multi-soliton 
solutions of the AKNS hierarchy (1). 

To construct one-soliton solutions, we suppose that 
2 (2) 4 (4) 2 (2 )1 j jf f f fe e e= + + + + +  ,                                                                                     (11) 

1 (1) 3 (3) 2 1 (2 1)j jg g g ge e e + += + + + +  ,                                                                                       (12) 
1 (1) 3 (3) 2 1 (2 1)j jh h h he e e + += + + + +  .                                                                                                       (13) 

With the help of symbolic computation system Mathematica we substitute Eqs. (11)-(13) into Eqs. 
(8)-(10) and then collect the coefficients of the same order of  , a system of differential equations are 
obtained as following 
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then we can obtain 

1, 1 1 1, ,m mw k w+ =-  1,1 1,w k=                                                                                                              (25) 

1, 1 1 1, ,m mls s+ =  1,1 1.ls =                                                                                                                   (26) 

Taking into consideration of Eq. (16), we suppose that 
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where 13  is a constant to be determined. From Eqs. (23), (24) and (27) we obtain 
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Substituting Eqs. (23)-(28) into Eqs. (17)-(19), we can see that when 
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Eq. (20) and those behind all hold. We then write 
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and obtain one-soliton solutions of the AKNS hierarchy (1): 
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For the two-soliton solutions, we suppose that 
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and substitute them into Eqs. (14) and (15). We then obtain 
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In view of Eq. (16), we further let 

1 1 13 2 1 231 2 14 2 2 24(2) ,f e e e ee h q e h qe h q e h q+ + + ++ + + += + + +                                                                               (36) 
where 13 ,  14 ,  23  and 24  are constants to be determined later. Substituting Eq. (36) into Eq. (16) 

yields 
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Taking into consideration of Eq. (17), we select 

1 2 1 12 13 23 1 2 2 12 14 24(3) ,g e ee e h q q q e e h q q q+ + + + + + + + + += +                                                                                    (38) 
where 12 ,  13 ,  14 ,  23  and 24  are undetermined constants. We then obtain from Eqs. (17), (32) 

and (36) 
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In view of Eqs. (18) and (19), we set 
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1 2 1 2 12 13 14 23 24 34(4) ,f ee e h h q q q q q q+ + + + + + + + +=                                                                                                  (41) 
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and then obtain 

34 2
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Substituting Eqs. (40)-(42) into Eq. (20), we can see that if 
(5) (5) (6) 0.g h f= = = =                                                                                                                (43) 

then Eq. (21) and those behind all hold. In this case, we obtain two-soliton solutions of AKNS 
hierarchy (1): 
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Through the analysis of the obtained one-soliton solutions (31) and two-soliton solutions (44), we 
can construct multi-soliton solutions. If we take 
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then a uniform formula of n-soliton solutions of the AKNS hierarchy (1) are obtained as following: 
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where the summation 0,1  refers to all possible combination of each 0,1   for 1,2, , ,i n   

1( ),B m  2 ( )B m  and 3 ( )B m  denote that when we select all the possible combinations 
0,1j  ( 1,2, ,2 )j n=   the following conditions hold, respectively 
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To the best of our knowledge, the obtained one-soliton solutions (31), two-soliton solutions (44) 
and n-soliton solutions (56) are new, they have not been reported in literature. With the help of 
symbolic computation system Mathematica, both the one-soliton solutions (31) and the two-soliton 
solutions (44) have been tested by substituting them back into the AKNS hierarchy (1). The computer 
running affirms the validity of solutions (31) and (44). 
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