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Abstract. Aiming at such problems as unknown goal configuration, grasp space limitation, a large 
number of barriers in configuration space and high-dimension space redundancy during planning 
motion of humanoid robot arms grasping target, this paper proposes a generalized inverse 
rapid-exploring random tree (GIRRT) collision avoidance method. Firstly, it establishes kinematics 
and inverse kinematics models for upper arm of humanoid robot based on hierarchical 
sub-dimension space motion planning concept model. Secondly, it proposes a weighted minimal 
norm GIRRT planning algorithm. Finally, the effectiveness of the algorithm proposed in this paper 
has been verified via computer 3D simulation. 

Introduction 
Motion planning of humanoid robot arms grasping space object is about the motion planning [1-2] 

with multiple constraints in a typical high-dimension C-space. This is a challenging frontier 
research field. Aiming at the complex system of close coupling humanoid robot, the complex 
problems of high-dimension space motion planning for humanoid robot are divided into a series of 
sub-problems in low-dimension space. Constraint coordinate scheme is applied to solve the 
sub-problems with increment mode [3-5].  

At present, high-dimension space planning includes two typical methods: the methods based on 
random sampling, such as Probabilistic Road Map (PRM) [6-8] and Rapidly-exploring Random Tree 
(RRT)[9-11]. Kuffner et al succeeded in applying RRT method in biped walking robot H5 to solve 
walking, pose transformation, grasp, manipulation and motion planning[12-13]. As for joint-type 
humanoid robot structure lacking kinematics analytical solution, this paper adopts the motion 
planning method based on random sampling to provide humanoid robot motion planning with new 
solutions according to the heuristic information provided by the robot in end-effector pose status in 
work space. Bertram et al applied the distance measurement of end-effector of humanoid robot in 
work space opposite to goal configuration as the heuristic information of Configuration Space 
(C-space) motion planning and guided RRT algorithm to rapidly expand towards the goal 
configuration in C-space [14]. Weghe et al applied Jacobian matrix transposition method to directly 
transform the heuristic information in work space into joint space configuration and improve the 
performance of humanoid robot motion planning[15] . Berenson et al applied projection technology 
to propose restricted bi-direction RRT algorithm and move sampling waypoints to constraint 
manifold and realize rapid motion planning for mechanical arm grasp with 7 DoFs [16]. When the 
goal configuration of humanoid robot arms is unknown, inverse kinematics solver is needed to 
guide RRT to expand towards the goal. The method based on transposed Jacobian matrix can be 
used to generate C-space and avoid seeking inverse kinematics (IK) solution. When the analytical 
solution of robot IK cannot be obtained and only goal grasp pose is known, RRT method based on 
transposed Jacobian matrix will be very useful. Apparently, double-tree or multiple-tree RRT cannot 
be realized due to the lack of specific C-space goal pose.  

Aiming at motion planning problems of humanoid robot arms grasping objects, this paper firstly 
proposes a motion planning concept model for hierarchical sub-dimension space. Then, it further 
studies the kinematics and inverse kinematical modeling of humanoid robot arms. Based on this, it 
proposes a weighted minimal norm GIRRT planning algorithm. Finally, the effectiveness of the 
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algorithm proposed in this paper has been verified via computer 3D visualization simulation. 

Problem Description 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The arm grasp motion planning studied in this paper can be set as: keep the joints of lower limbs 

(left and right feet, left and right legs) still, and complete goal grasp and other operations by only 
depending on cooperation and collaboration of waist, left and right arms.  

Suppose kinematic chain of humanoid robot consisting of waist and left (right) arms is marked as 
},{ 10 AA , where 0A is the root of kinematic chain including 3 rotational DoF--yaw angle 0α , pitch 

angle 0β and rolling angle 0γ for waist joint motion, which is expressed 
as T],,[ 0000 γβα=q T],,[ 321 θθθ≡ . Left (right) arm 1A includes 7 DoFs such as shoulder, elbow and 
wrist, which is expressed as TTqq ],,[],,[ 104711 qq  ≡=q . The number of DoF n is 10. Its 
configuration can be expressed as TTTT ],,[],[ 10110 θθ ≡= θθθ , initial configuration 
is startθ T

startstart ],,[ 101 θθ = , and goal configuration is 6Rp ∈obj . Feasible grasp set 
is },...,{ 0 rNc gg=g , and forward kinematical equation is )(θfp =e . Then, the motion planning for 
humanoid robot arm grasping object studied in this paper can be defined as:  

Given that the initial configuration of the robot is freestart Cθ ∈ (free C-space), its object 
configuration is objp and feasible set is cg . Its goal configuration goalθ is unknown. Find continuous 
path mapping in C-space which can avoid collision, singularity and meet joint constraint conditions: 

freeC→]1,0[:τ  so as to obtain startθ=]0[t ， goalθ=]1[τ ， )(),( goalcobj θfgp → . 

Kinematical Modeling of Humanoid Robot 

Kinematic Model for Arms 
Reference coordinate system of right arm with 7DoFs of humanoid robot based on D-H, coordinate system of 

connecting rod and work space diagram is shown in Fig.2. Its D-H parameter is shown in Table 1. 
Suppose [ ]Tqq 711 ...,,=q . iqsin and iqcos are respectively marked as

iqs and
iqc , and abbreviated 

as is and ic . Then, the homogeneous matrix )(1
ii

i qT−  between coordinate systems i and i-1 can be expressed as 
Formula (1): 
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Fig.1 Motion planning concept model for 
hierarchical sub-dimension space of humanoid robot 

 

Fig.2 Diagram for right arm model of humanoid 
robot and work space 
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Table 1 D-H parameters of right arm of humanoid 
i qi (radian) α i (radian) ai(mm) di(mm) Joint constraint 
1 q1 -π/2 ls 0 [-π/2, π/2] 
2 q2-π/2 -π/2 0 0 [-π/2, π/2] 
3 q3+π/2 π/2 0 lu [-23π/18,π/2] 
4 q4 -π/2 0 0 [0,29π/36] 
5 q5 π/2 0 lf [0,35π/18] 
6 q6+π/2 -π/2 0 0 [-π/4, π/4] 
7 q7 π/2 lh 0 [-π/4, π/4] 
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Forward kinematical (FK) equation for right arm model of humanoid robot can be described by 
end-effector Σ7 pose of right arm opposite to homogeneous coordinate transformation matrix of 
reference coordinate system Σ0 as:  
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In Formula (2), the right arm of robot is of redundancy. The rotational description that the elbow 
joint center surrounds the wrist joint and Σ0 original point axis. Once the pose of elbow joint is 
determined, the analytical form for arm inverse kinematics can be deduced. According to the elbow 

circle of right arm shown in Fig.3, the pose of arm elbow pose 4
0 T can be calculated.  

 
 
 
 
 
 
 
 
 

 Fig.3 Calculation of elbow joint pose of right hand 
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Where, 444 / prpra −−= ww ， npr ⋅−= hw l , )( 444 prao −×= s / )( 44 pra −× s , 444 aon ×= . 
The pose of end-effector of right arm opposite to the right elbow joint is: 
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Thus, the inverse kinematics problems of right arm with 7DoFs can be decomposed into 
Formula (3) and Formula (4) to express sub-inverse kinematics problems of two smaller 
dimensions. According to Formula (3), multiply 1

1
0 −T on the two sides of the formula to obtain:  
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i ii
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The following formulas can be obtained from the equation consisting of the matrix (3,4) and 
other elements on the two sides of Formula (5):    

41 θ≡θ = atan2( yp4± , xp4± )                                                    (6) 

52 θ≡θ = atan2(- zp4 , xpc 41 + yps 41 - sl )                                             (7) 

Multiply the inverse matrix )( 2
1

1
2 q−T on the two sides of Formula (5) to obtain:  
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Compare the matrixes on the two sides of Formula (8) to obtain 3q and 4q : 

3q =atan2(- xos 41 + yoc 41 ,- xocs 412 - yoss 412 - zoc 42 )                                      (9) 

74 θ≡θ  atan2（ xncc 412 + ynsc 412 - zns 42 , xacc 412 + yasc 412 - zas 42 ）                        (10) 
 It can be obtained from Formula (4): 
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The following formulas can be obtained from the equation consisting of the matrix and other 
elements on the two sides of Formula (11): 

85 θ≡θ =atan2( eyo± , exo± )                                                     (12) 

96 θ≡θ = atan2(- ezo ,- exoc5 - eyos5 )                                                (13) 

107 θ≡θ =atan2(- exns5 + eync5 , exas5 - eyac5 )                                          (14) 
According to Formulas (6), (7), (9), (11), (12), (13) and (14), IK analytical equation for the right 

arm of robot can be obtained. Similarly, the forward and inverse kinematical equations for left arm 
of humanoid robot can be obtained.  

Kinematic model for waist 
The motion of the waist of humanoid robot in 3D space opposite to inertial reference 

system IΣ in lower limbs can be expressed with 4×4 homogeneous coordinate 

matrix ),,( 0000 γβαTI as ),,( 3210 θθθTI≡ , including translation constant [ ]Ttttt zyx ,,=p in 3 
directions and rotation around 3 axes which are expressed by yaw angle 0α , pitch angle 0β and 
rolling angle 0γ . Wherein, yaw angle 0α is a rotation angle around z axis, and its rotation 
matrix )( 0αzR can be expressed as:  
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0β is a rotation angle around y axis, and its rotation matrix )( 0βyR can be expressed as:  
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0γ is a rotation angle around x axis, and its rotation matrix )( 0γxR can be expressed as: 
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Rotation combination can be expressed as: 
)()()(),,( 321321 θθθθθθ xyz RRRR =                                                 (18) 

Then, 

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
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10
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tI pR
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θθθ
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According to Formula (1) and Formula (19), homogeneous transformation matrix )(7 θTI for 
end-effector coordinate system )( 7Σ≡Σe opposite to inertial coordinate system IΣ  can be obtained:  

)(),,()( 17
0

32107 qTTθT ⋅= qqqII                                                   (20) 
According to Formula (20), forward kinematics  relation for kinematic chain joint 

956



 

configuration θ and end-effector pose ep formed from the waist of humanoid robot and arm 
end-effector: 

)(θfp =e                                                                    (21) 

WLN Generalized Inverse 
Suppose the pose and velocity of end-effector of humanoid robot in Cartesian space 

are ep and 16×∈Rpe , and its angle position and velocity in joint space areθ and 110×∈Rθ . According 
to Formula (21), the forward kinematics differential equation for humanoid robot can be obtained:  

θθJp  )(=e                                                                  (22) 
Where, 106)( ×∈RθJ is Jacobian matrix for humanoid robot arms. The inverse kinematics 

solution for redundancy kinematical equation (22) is: 
ξJJIpJθ  )( ++ −+= e                                                          (23) 

Where, 1)()( −+ = TT JJJθJ is Moore-Penrose generalized inverse matrix of Jacobian matrix J . It 
can be calculated with singular value decomposition method. 1010×∈RI is unit matrix, 10Rξ∈ is 

random vector, and epJ + is particular solution for joint velocity which defined the movement of 
humanoid robot. ξJJI )( +− is homogeneous solution. There is no motion in end-effector.  

According to typical gradient projection method[17] proposed by Liegeois, use )(θHk∇  to 
replaceξ . Formula (23) can be rewritten as: 

)()( θHJJIpJθ ∇−+= ++ ke
                                                     (24) 
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real constant k is automatic amplification coefficient. Thus, Formula (24) can be obtained from the 
sum of minimum norm solution and optimization item:   
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after 4 columns are taken by J . 46×∈RJ α is the matrix after 4 columns are divided by J .  
For joint displacement ultralimit in the process of grasp operation of humanoid robot, )(θH is 

taken as:  
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According to damping Weighted Least-Norm (WLN) method, the optimal solution for joint 
velocity of humanoid robot is: 

eWLN pθJθ  ⋅= + )(                                                              (27) 
Where, 111 ][)( −−−+ ⋅= TT

WLN JWJJWθJ . Based on )(θH , W (i=1~10) can be obtained:  
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WLN GIRRT Algorithm 
Aiming at the grasp task by the arms of humanoid robot, this paper proposes a weighted 

least-norm (WLN) GIRRT planning algorithm. The pseudo code for this algorithm can be described 
as: 
Algorithm 1: WLNGenInvRRT( startθ , objp , cg ) { 

1: RRT.SetSConfig( startθ ) //set initial configuration 
2: do {//execute single-tree RRT motion planning 
3: NormalExtend = true //set random extension tab 
4: fr=rand()*1.0/(0x7fff) //generate random sampling probability between 0~1 
5: if (  fr≤  fExtend  )｛//extend to grasp goal configuration 
6:         NormalExtend = false //indicate extension to goal configuration 

7: ExtendStatus=ExtendToGrasp(RRT, objp
, cg ) 

8:if (ExtendStatus==RRT_ERROR) { 
9:  StopSearch =true}//set planning stop tab 
10:if(ExtendStatus==RRT_REACHED){//reach goal 

11: RRT.GetConfig( goalθ
)//get goal configuration 

12: RRT.GetSolutionGrasp() //get grasp goal solution 
13: FoundSolution=true//find path solution}} 
14: if ( NormalExtned ) { 

15:  RRT.RandomConfig( randθ )  

16:  nearθ =RRT.NearestNeighbor( randθ ) 

17: ExtendStatus=RRT.Connect( nearθ , randθ , newθ ) 
18:if (ExtendStatus==RRT_ERROR) 
     {StopSearch=true}} 
19:    Cycles++//search times +1 
20:  } while (!StopSearch && Cycles<MaxCycles &&!FoundSolution)  
21: return  RRT.GetSolutionPath();}  

Algorithm description: Set goal extension probability fExtend as 0.3. The maximum cyclic search 
times are set as MaxCycles ＝ 40000. According to even distribution probability, 

RandomConfig( randθ ) conducts random sampling in C-space to obtain randθ = minθ + rand() * (1/ 

0x7fff)*( maxθ - minθ ). The function of NearestNeighbor( randθ ) is to find the configuration nearθ which 

is nearest to randθ . That is, ∑=
−=−

10

1
2

,,
2 )(minmin

i irandinearrandnear θθθθ
. Connect( nearθ , randθ , newθ ) 

is to realize the extension from the step length λ to randθ  until any barrier is met. The new 

configuration nearθ is obtained. Its operating principle diagram is shown in Fig.4. 

ExtendToGrasp(RRT, objp , cg ) is the core algorithm which extends towards the goal 
configuration by applying WLN generalized inverse. Its pseudo code is described as:  
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Algorithm 2: ExtendToGrasp (RRT, objp , cg ) { 

1: graspNr=rand()%( cg ->GetNrOfEntries()) 
2: graspNo=rand()%graspNr 
3:  grasp= cg -> GetGraspConfig(graspNo) 

4: ett argT =grasp->GetObjPoseInHandFrame()->inv() 

5:  ett argT .multRight(*( objp ->GetGlobalPose())) 

6:   Matrix2PosQuat( ett argT , goalp ) 

7:   nearθ =SearchNearestNeighbor(RRT, goalp ) 
8:    do { //cyclic execution 
9:       goalp = FK( nearθ )//forward kinematics 

10:      neargoal ppp −=∆  

11:      )( nearWLN θJθ +=∆ * LimitStepSize ( p∆ ) 

12:       nearθ = nearθ + θ∆  

13:       if (IsCollision ( nearθ ) || !InJointLimits( nearθ )) 
14:           return RRT_ERROR; 
15:        RRT.AddConfig ( nearθ ); 

16:   } while ( p∆ ) > maxp∆  )  
17:   return RRT_REACHED} 

Algorithm description: Code 1-3 lines finishes the function of randomly selecting configuration 
from grasp set cg . According to grasp configuration and object configuration objp , code 4-6 lines 

calculate homogeneous transformation matrix ett argT and configuration vector goalp for end-effector of 
the arms of humanoid robot. According to forward kinematics formula (21), codes 9 lines calculate 

the end-effector configuration goalp of humanoid robot at the configuration nearθ . According to WLN 
generalized velocity increment solution formula (27), code 11 lines calculate θ∆ . 
 

 

 

 

 

 

 

 

 

Fig.4 Diagram for Connect Principle 

Computer Visualization Simulation 
Taking humanoid robot Armar III left arm avoiding multiple barriers and grasping space targets 

as an example, a lot of simulation and verification studies have been conducted for the algorithm 
proposed in this paper. Collision avoidance detecting algorithm is based on hierarchical structure 
rapid collision avoidance detection PQP package developed by OBB method and conducts the 
collision avoidance detection [18] of humanoid robot motion planning. Fig.5 is the dynamic 
simulation effect for Armar III collision avoidance grasp targets. Fig.6 is configuration change track 
in C-space for Armar III collision avoidance grasp targets. The simulation result shows that when 
the sampling based on GIRRT algorithm can only make us know the initial configuration of 
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humanoid robot but the goal configuration is unknown, the gradient project method can be applied 
to guide the single-direction RRT method and avoid the barriers and singularities of robot joints, it 
can effectively approach the goal target and plan the feasible and best path for the grasp object 
avoiding collision.  

 
 

 

 

Conclusion 
Grasp operation of humanoid robot is a key technology related to humanoid robot motion 

planning study. Aiming the grasp space limitation, redundant constrict and unknown goal 
configuration, this paper further proposes a weighted minimal norm GIRRT collision avoidance 
motion planning algorithm. On the one hand, it can fully make use of the completeness of 
rapidly-exploring random tree (RRT) method seeking paths. On the other hand, gradient projection 
method can be applied to seek the velocity optimal solution which avoids configuration singularity 
and joint constraint. Thus, the extension of humanoid root from initial configuration to goal target 
can be guided. Finally, a collision avoidance path can be found to complete the operation of arm 
grasp target. This method is of common significance in solving the grasp or manipulation of 
humanoid robot for dynamic goal or unknown goal position in a complex environment. 
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