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Abstract: It is well known that the variational inclusions are equivalent to the fixed point problems. 
A hybrid proximal point algorithm is considered for solving the general variational inclusions. And 
convergence analysis for this algorithm is explored along with some results on the resolvent 
operator corresponding to(𝐴𝐴, 𝜂𝜂)-maximal operators. 

Introduction and preliminaries 
Variational inequalities and variational inclusions are among the most interesting and important 

mathematical problems and have been studied intensively in the past years, since they have wide 
applications in the optimization and control, economics and transportation equilibrium, engineering 
science. For these reasons, many existence results and iterative algorithms for various variational 
inclusions have been studied. For details, we refer the reader to [1-10]. 

Pennanen [11] over-relaxed the Eckstein-Bertsekas proximal point algorithm [12] and has shown 
that the  sequence converges linearly to a solution to the following variational inclusion problem: 
for finding x ∈ H ,such that 0 ∈ M(u) , where H is Hilbert space,M: H → 2𝐻𝐻  is a set-valued 
mapping. On the basis of this new version of the proximal point algorithm, Pennanen [11] studied a 
localized version of the maximal monotonicity, and has shown that it ensures the local convergence 
of the over-relaxed proximal point algorithm. Furthermore, the local convergence of multiplier 
methods for a general class of problems is established. This, in a way, presents specializations as 
new convergence results for multiplier methods for nonmonotone variational inequalities and 
nonconvex nonlinear programming. 

Recently Verma [13] develop a hybrid version of the Eckstein-Bertsekas proximal point 
algorithm based on the notions of A-maximal monotonicity [4] and (𝐴𝐴, 𝜂𝜂)-maximal monotonicity 
[14] for solving the variational inclusion problem (1). These notions generalize the general class of 
maximal monotone set-valued mappings, including the notion of H-maximal monotonicity 
introduced by Fang and Huang [15] in a Hilbert space. 

Motivated and inspired by the research work going on this field, in this paper, we extend the 
hybrid proximal point algorithm to solve the general variational inclusion. 

Let H be a real Hilbert space with the norm ‖. ‖ and the inner product 〈. , . 〉 For given nonlinear 
operators 𝑇𝑇,𝑔𝑔:𝐻𝐻 → 𝐻𝐻 and an (𝐴𝐴, 𝜂𝜂)-maximal monotone mapping M: H → 2𝐻𝐻 , we consider the 
problem of finding 𝑢𝑢 ∈ 𝐻𝐻 such that 

0 ∈ 𝑇𝑇𝑢𝑢 + 𝑀𝑀(𝑔𝑔(𝑢𝑢))                                                (1) 
which is called the general variational inclusion. Variational inclusions have been studied and 

considered by many authors. 
For g=I, the identity operator, problem (2) is equivalent to finding u ∈ H such that 

0 ∈ 𝑇𝑇𝑢𝑢 + 𝑀𝑀(𝑢𝑢)                                                  (2) 
which is known as the variational inclusion problem.  
If M(. ) = ∂φ(. ), where φ(. ) is the subdifferential of a proper, convex and semi-continuous 

function φ: H → R ∪ {+∞} , then problem (2) reduces to finding 𝑢𝑢 ∈ 𝐻𝐻 such that  
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0 ∈ 𝑇𝑇(𝑢𝑢) + 𝜕𝜕𝜕𝜕�𝑔𝑔(𝑢𝑢)�                                            (3) 
or equivalently, finding 𝑢𝑢 ∈ 𝐻𝐻,𝑔𝑔(𝑢𝑢) ∈ 𝐻𝐻, such that 
〈𝑇𝑇𝑢𝑢,𝑔𝑔(𝑣𝑣) − 𝑔𝑔(𝑢𝑢)〉 + 𝜕𝜕�𝑔𝑔(𝑣𝑣)� − 𝜕𝜕�𝑔𝑔(𝑢𝑢)� ≥ 0,∀𝑔𝑔(𝑣𝑣) ∈ 𝐻𝐻                            (4) 

Definition 1.1 Let 𝑀𝑀:𝐻𝐻 → 2𝐻𝐻 be a multivalued mapping, and 𝐹𝐹:𝐻𝐻 → 𝐻𝐻 be another operator. The 
map M is said to be : 
(i)(r)-strongly monotone if there exists a positive constant r such that: ∀𝑢𝑢, 𝑣𝑣 ∈ 𝐻𝐻,𝑢𝑢∗ ∈ 𝑀𝑀(𝑢𝑢), 𝑣𝑣∗ ∈
𝑀𝑀(𝑣𝑣)                                         

〈𝑢𝑢∗ − 𝑣𝑣∗,𝑢𝑢 − 𝑣𝑣〉 ≥ 𝑟𝑟‖𝑢𝑢 − 𝑣𝑣‖2                                          (5) 
(ii)(m)-relaxed monotone if there exists a positive constant m such that:∀𝑢𝑢, 𝑣𝑣 ∈ 𝐻𝐻,𝑢𝑢∗ ∈ 𝑀𝑀(𝑢𝑢), 𝑣𝑣∗ ∈
𝑀𝑀(𝑣𝑣)                                        

〈𝑢𝑢∗ − 𝑣𝑣∗,𝑢𝑢 − 𝑣𝑣〉 ≥ (−𝑚𝑚)‖𝑢𝑢 − 𝑣𝑣‖2                                      (6) 
(iii)(r)-strongly monotone with respect to F if there exists a positive constant r such that: ∀𝑢𝑢, 𝑣𝑣 ∈
𝐻𝐻,𝑢𝑢∗ ∈ 𝑀𝑀(𝑢𝑢), 𝑣𝑣∗ ∈ 𝑀𝑀(𝑣𝑣)                                        

〈𝑢𝑢∗ − 𝑣𝑣∗,𝐹𝐹𝑢𝑢 − 𝐹𝐹𝑣𝑣〉 ≥ 𝑟𝑟‖𝑢𝑢 − 𝑣𝑣‖2                                       (7) 
Definition 1.2 Let 𝑀𝑀:𝐻𝐻 → 2𝐻𝐻 be a multivalued mapping on H, and let 𝜂𝜂:𝐻𝐻 × 𝐻𝐻 → 𝐻𝐻 be another 
mapping. The map M is said to be (𝑟𝑟, 𝜂𝜂)-strongly monotone if there exists a positive constant r such 
that ∀𝑢𝑢, 𝑣𝑣 ∈ 𝐻𝐻,𝑢𝑢∗ ∈ 𝑀𝑀(𝑢𝑢), 𝑣𝑣∗ ∈ 𝑀𝑀(𝑣𝑣)                                                

〈𝑢𝑢∗ − 𝑣𝑣∗, 𝜂𝜂(𝑢𝑢, 𝑣𝑣)〉 ≥ 𝑟𝑟‖𝑢𝑢 − 𝑣𝑣‖2                                        (8) 
Where 𝜂𝜂 is said to be (𝜏𝜏)-Lipschitz continuous if there is a positive constant 𝜏𝜏 
such that  

 𝜂𝜂‖(𝑢𝑢, 𝑣𝑣)‖ ≤ 𝜏𝜏‖𝑢𝑢 − 𝑣𝑣‖.                                               (9) 
Definition 1.3 ([4]) Let 𝐴𝐴:𝐻𝐻 → 𝐻𝐻 be (𝑟𝑟)-strongly monotone. The map 𝑀𝑀 → 2𝐻𝐻 is said to be 
A-maximal monotone if 
 (i) M is (𝑚𝑚)-relaxed monotone, 
 (ii)𝑅𝑅(𝐴𝐴 + 𝜌𝜌𝑀𝑀) = 𝐻𝐻, for 𝜌𝜌 > 0 
Definition 1.4 Let 𝐴𝐴:𝐻𝐻 → 𝐻𝐻 be (𝑟𝑟, 𝜂𝜂)-strongly monotone. The map 𝑀𝑀:𝐻𝐻 → 2𝐻𝐻 is said to be 
(𝐴𝐴, 𝜂𝜂)-maximal monotone if  
(i) M is (𝑚𝑚, 𝜂𝜂)-relaxed monotone, 
(ii) 𝑅𝑅(𝐴𝐴 + 𝜌𝜌𝑀𝑀) = 𝐻𝐻 for 𝜌𝜌 > 0 
Definition 1.5 Let 𝐴𝐴:𝐻𝐻 → 𝐻𝐻,be an (𝑟𝑟, 𝜂𝜂)-strongly monotone mapping and let  𝑀𝑀:𝐻𝐻 → 2𝐻𝐻 be an 
(𝐴𝐴, 𝜂𝜂) -maximal monotone mapping. Then the generalized resolvent operator 𝐽𝐽𝜌𝜌,𝐴𝐴

𝑀𝑀,𝜂𝜂:𝐻𝐻 → 𝐻𝐻  is 
defined by 

𝐽𝐽𝜌𝜌,𝐴𝐴
𝑀𝑀,𝜂𝜂(𝑢𝑢) = (𝐴𝐴 + 𝜌𝜌𝑀𝑀)−1(𝑢𝑢).                                           (10) 

Proposition 1.1 ([14]). Let 𝐴𝐴:𝐻𝐻 → 𝐻𝐻 be an (𝑟𝑟, 𝜂𝜂)-strongly monotone single-valued mapping and 
let 𝑀𝑀:𝐻𝐻 → 2𝐻𝐻 be an (𝐴𝐴, 𝜂𝜂)-maximal monotone mapping. Then  𝐴𝐴 + 𝜌𝜌𝑀𝑀 is maximal monotone 
for 𝜌𝜌 > 0. 
Proposition 1.2 Let 𝐴𝐴:𝐻𝐻 → 𝐻𝐻 be an (𝑟𝑟, 𝜂𝜂)-strongly monotone mapping and let 𝑀𝑀:𝐻𝐻 → 2𝐻𝐻 be 
an (𝐴𝐴, 𝜂𝜂)-monotone mapping. Then the operator (𝐴𝐴 + 𝜌𝜌𝑀𝑀)−1 is single-valued. 
Hybrid proximal point algorithms 

This section deals with a hybrid proximal point algorithm for the over-relaxed version of the 
Eckstein-Bertsekas proximal point algorithm [12] and its application to approximation solvability of 
the inclusion problem (2) based on the (𝐴𝐴, 𝜂𝜂)-maximal monotonicity. 
Lemma 2.1 ([14]) Let H be a real Hilbert space. Let 𝐴𝐴:𝐻𝐻 → 𝐻𝐻 be an (𝑟𝑟, 𝜂𝜂)-strongly monotone, 
𝑀𝑀:𝐻𝐻 → 2𝐻𝐻 be an (𝐴𝐴, 𝜂𝜂)-maximal monotone, and 𝜂𝜂:𝐻𝐻 × 𝐻𝐻 → 𝐻𝐻  be (𝜏𝜏)-Lipschitz continuous. 
Then the generalized resolvent operator associated with M and defined by 

𝐽𝐽𝜌𝜌,𝐴𝐴
𝑀𝑀,𝜂𝜂(𝑢𝑢) = (𝐴𝐴 + 𝜌𝜌𝑀𝑀)−1(𝑢𝑢),∀𝑢𝑢 ∈ 𝐻𝐻,                                         (11) 

is � 𝜏𝜏
𝑟𝑟−𝜌𝜌𝜌𝜌

�-Lipschitz continuous. Furthermore, we have 

〈𝐽𝐽𝜌𝜌,𝐴𝐴
𝑀𝑀,𝜂𝜂(𝑢𝑢) − 𝐽𝐽𝜌𝜌,𝐴𝐴

𝑀𝑀,𝜂𝜂(𝑣𝑣),𝑢𝑢 − 𝑣𝑣〉 ≤ 𝜏𝜏
𝑟𝑟−𝜌𝜌𝜌𝜌

‖𝑢𝑢 − 𝑣𝑣‖2.                                        (12) 
Theorem 2.1 Let H be a real Hilbert space. Let𝐴𝐴:𝐻𝐻 → 2𝐻𝐻 be(𝑟𝑟, 𝜂𝜂)-strongly monotone,  𝑀𝑀:𝐻𝐻 →

1061



 

2𝐻𝐻 be (𝐴𝐴, 𝜂𝜂)-maximal monotone. Then the following statements are mutually equivalent: 
(i)𝑢𝑢 ∈ 𝐻𝐻 is a solution to (2);  
(ii)𝑢𝑢 ∈ 𝐻𝐻 we have 
𝑔𝑔(𝑢𝑢) = 𝐽𝐽𝜌𝜌,𝐴𝐴

𝑀𝑀,𝜂𝜂�𝐴𝐴�𝑔𝑔(𝑢𝑢)� − 𝜌𝜌𝑇𝑇(𝑢𝑢)�,                                                  (13) 
where 𝐽𝐽𝜌𝜌,𝐴𝐴

𝑀𝑀,𝜂𝜂(𝑢𝑢) = (𝐴𝐴 + 𝜌𝜌𝑀𝑀)−1(𝑢𝑢) and 0 < 𝜌𝜌 < 𝑟𝑟
𝜌𝜌

  
In the following theorem, we apply the hybrid proximal point algorithm to approximate the 

solution of (1), and as a result, we end up showing linear convergence. 
Theorem 2.2 Let H be a real Hilbert space, let 𝜂𝜂:𝐻𝐻 × 𝐻𝐻 be a single-valued operator and a 
Lipschitz continuous operator with constant 𝜏𝜏 , 𝜂𝜂:𝐻𝐻 × 𝐻𝐻  be a strongly 𝜂𝜂-monotone, Lipschitz 
continuous operator with constants r, s respectively, 𝑔𝑔:𝐻𝐻 → 𝐻𝐻,be strongly monotone and Lipschitz 
continuous with constants γ and t respectively. Let 𝑇𝑇:𝐻𝐻 → 𝐻𝐻  be 𝑟𝑟1  strongly monotone with 
respect to 𝐴𝐴。𝑔𝑔 and 𝑠𝑠1-Lipschitz continuous. Let 𝑀𝑀:𝐻𝐻 → 2𝐻𝐻 be (𝐴𝐴, 𝜂𝜂)-maximal monotone. For 
an arbitrarily chosen initial point 𝑥𝑥0, suppose that the sequence {𝑥𝑥𝑛𝑛} is generated by the following 
iterative procedure 

𝑥𝑥𝑛𝑛+1 = (1 − 𝛼𝛼𝑛𝑛)𝑥𝑥𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑦𝑦𝑛𝑛,∀𝑛𝑛 ≥ 0,                                        (14) 
and 𝑦𝑦𝑛𝑛 satisfies 

�𝑦𝑦𝑛𝑛 − 𝑔𝑔−1𝐽𝐽𝜌𝜌𝑛𝑛,𝐴𝐴
𝑀𝑀,𝜂𝜂 (𝐴𝐴𝑔𝑔(𝑥𝑥𝑛𝑛) − 𝜌𝜌𝑛𝑛𝑇𝑇(𝑥𝑥𝑛𝑛))� ≤ 𝛿𝛿𝑛𝑛‖𝑦𝑦𝑛𝑛 − 𝑥𝑥𝑛𝑛‖,                          (15) 

where 𝐽𝐽𝜌𝜌𝑛𝑛,𝐴𝐴
𝑀𝑀,𝜂𝜂 = (𝐴𝐴 + 𝜌𝜌𝑛𝑛𝑀𝑀)−1 and {𝛿𝛿𝑛𝑛}, {𝛼𝛼𝑛𝑛}, {𝜌𝜌𝑛𝑛} ⊂ (0, +∞) are scalar sequences such that 

∑ 𝛿𝛿0 < ∞, 𝛿𝛿𝑛𝑛 → 0,𝛼𝛼 = lim𝑛𝑛→∞ 𝑠𝑠𝑢𝑢𝑠𝑠 𝛼𝛼𝑛𝑛,𝜌𝜌𝑛𝑛 ↑ 𝜌𝜌 ≤ ∞,𝛼𝛼𝑛𝑛 < 1.∞
𝑛𝑛=0                          (16) 

Then the sequence {𝑥𝑥𝑛𝑛} converges linearly to a solution of (2) with convergence rate 

�1 − 2𝛼𝛼 �1 − 1
2
𝛼𝛼 − (1 − 𝛼𝛼)𝑣𝑣𝑣𝑣 − 1

2
𝛼𝛼 1
𝛾𝛾2
𝑣𝑣2𝑣𝑣2� < 1                              (17) 

Where 𝑣𝑣 = 𝑠𝑠𝜏𝜏
𝑟𝑟−𝜌𝜌𝜌𝜌

,µ = �𝑠𝑠2𝑡𝑡2 − 2𝜌𝜌𝑟𝑟1 + 𝜌𝜌2𝑠𝑠12 
for 𝑐𝑐 = 𝑟𝑟 − 𝜌𝜌𝑚𝑚, 

c <
(1−𝛼𝛼)𝑠𝑠−��(1−𝛼𝛼)𝑠𝑠�2+(2−𝛼𝛼)𝛼𝛼 1

𝛾𝛾2
𝑠𝑠2𝜏𝜏2𝜇𝜇2

2−𝛼𝛼
                                          (18) 

(1 − 𝛼𝛼)𝑠𝑠 > ��(1 − 𝛼𝛼)𝑠𝑠�2 + (2 − 𝛼𝛼)𝛼𝛼 1
𝛾𝛾2
𝑠𝑠2𝜏𝜏2𝑣𝑣2                                     (19) 

and  

c >
(1−𝛼𝛼)𝑠𝑠−��(1−𝛼𝛼)𝑠𝑠�2+(2−𝛼𝛼)𝛼𝛼 1

𝛾𝛾2
𝑠𝑠2𝜏𝜏2𝜇𝜇2

2−𝛼𝛼
                                                (20) 

Proof: By the strong monotonicity of 𝑔𝑔 with constant γ 
‖𝑔𝑔(𝑢𝑢) − 𝑔𝑔(𝑣𝑣)‖ ‖𝑢𝑢 − 𝑢𝑢‖ ≥ 〈𝑔𝑔(𝑢𝑢) − 𝑔𝑔(𝑣𝑣),𝑢𝑢 − 𝑣𝑣〉 ≥ 𝛾𝛾‖𝑢𝑢 − 𝑣𝑣‖2                          (21) 
That is ‖𝑔𝑔(𝑢𝑢) − 𝑔𝑔(𝑣𝑣)‖ ≥ 𝛾𝛾‖𝑢𝑢 − 𝑣𝑣‖ thus, the above formula implies that  
‖𝑔𝑔−1(𝑢𝑢) − 𝑔𝑔−1(𝑣𝑣)‖ ≤ 1

𝛾𝛾
‖𝑢𝑢 − 𝑣𝑣‖                                                (22) 

𝑔𝑔−1 is single-valued operator and  
Let 𝑥𝑥∗ be a solution of the problem (2). It follows from Theorem 2.1 that 

g(𝑥𝑥∗) = 𝐽𝐽𝜌𝜌𝑛𝑛,𝐴𝐴
𝑀𝑀,𝜂𝜂 �𝐴𝐴𝑔𝑔(𝑥𝑥∗) − 𝜌𝜌𝑛𝑛𝑇𝑇(𝑥𝑥∗)�.                                             (23) 

For all 𝑛𝑛 ≥ 0, we write 
𝑧𝑧𝑛𝑛+1 = (1 − 𝛼𝛼𝑛𝑛)𝑥𝑥𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑔𝑔−1𝐽𝐽𝜌𝜌𝑛𝑛,𝐴𝐴

𝑀𝑀,𝜂𝜂 �𝐴𝐴𝑔𝑔(𝑥𝑥𝑛𝑛) − 𝜌𝜌𝑛𝑛𝑇𝑇(𝑥𝑥𝑛𝑛)�                             (24) 
We have 
‖𝑧𝑧𝑛𝑛+1 − 𝑥𝑥∗‖2 ≤ (1 − 𝛼𝛼𝑛𝑛)2‖𝑥𝑥𝑛𝑛 − 𝑥𝑥∗‖2                                                 
+2𝛼𝛼𝑛𝑛(1 − 𝛼𝛼𝑛𝑛)

𝑣𝑣𝑛𝑛
𝛾𝛾
‖𝑥𝑥𝑛𝑛 − 𝑥𝑥∗‖ × ‖𝐴𝐴𝑔𝑔(𝑥𝑥𝑛𝑛) − 𝜌𝜌𝑛𝑛𝑇𝑇(𝑥𝑥𝑛𝑛) − 𝐴𝐴𝑔𝑔(𝑥𝑥∗) + 𝜌𝜌𝑛𝑛𝑇𝑇(𝑥𝑥∗)‖ 

+ 𝑣𝑣𝑛𝑛2

𝛾𝛾2
‖𝐴𝐴𝑔𝑔(𝑥𝑥𝑛𝑛) − 𝜌𝜌𝑛𝑛𝑇𝑇(𝑥𝑥𝑛𝑛) − 𝐴𝐴𝑔𝑔(𝑥𝑥∗) + 𝜌𝜌𝑛𝑛𝑇𝑇(𝑥𝑥∗)‖2,                                       

  (25) 
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where 𝑣𝑣𝑛𝑛 = 𝑠𝑠𝜏𝜏
𝑟𝑟−𝜌𝜌𝑛𝑛𝜌𝜌

  
By the assumptions, we have 
‖𝐴𝐴𝑔𝑔(𝑥𝑥𝑛𝑛) − 𝜌𝜌𝑛𝑛𝑇𝑇(𝑥𝑥𝑛𝑛) − 𝐴𝐴𝑔𝑔(𝑥𝑥∗) + 𝜌𝜌𝑛𝑛𝑇𝑇(𝑥𝑥∗)‖2 
= ‖𝐴𝐴𝑔𝑔(𝑥𝑥𝑛𝑛) − 𝐴𝐴𝑔𝑔(𝑥𝑥∗)‖2 − 2𝜌𝜌𝑛𝑛〈𝑇𝑇(𝑥𝑥𝑛𝑛) − 𝑇𝑇(𝑥𝑥∗),𝐴𝐴𝑔𝑔(𝑥𝑥𝑛𝑛) − 𝐴𝐴𝑔𝑔(𝑥𝑥∗)〉 + 𝜌𝜌𝑛𝑛2‖𝑇𝑇𝑥𝑥𝑛𝑛 − 𝑇𝑇𝑥𝑥∗‖ 
≤ (𝑠𝑠2𝑡𝑡2 − 2𝜌𝜌𝑛𝑛𝑟𝑟1 + 𝜌𝜌𝑛𝑛2𝑠𝑠12)‖𝑥𝑥𝑛𝑛 − 𝑥𝑥∗‖2 
= 𝑣𝑣𝑛𝑛2‖𝑥𝑥𝑛𝑛 − 𝑥𝑥∗‖2                                                               (26) 
where 𝑣𝑣𝑛𝑛 = �𝑠𝑠2𝑡𝑡2 − 2𝜌𝜌𝑛𝑛𝑟𝑟1 + 𝜌𝜌𝑛𝑛2𝑠𝑠12 
It follows that： 
‖𝑧𝑧𝑛𝑛+1 − 𝑥𝑥∗‖2 
≤ �1 − 2𝛼𝛼𝑛𝑛 �1 −

𝛼𝛼𝑛𝑛
2
− (1 − 𝛼𝛼𝑛𝑛)𝑣𝑣𝑛𝑛𝑣𝑣𝑛𝑛 −

𝛼𝛼𝑛𝑛𝑣𝑣𝑛𝑛2𝜇𝜇𝑛𝑛2

2𝛾𝛾2
�� × ‖𝑥𝑥𝑛𝑛 − 𝑥𝑥∗‖2                          (27) 

= 𝜃𝜃𝑛𝑛2‖𝑥𝑥𝑛𝑛 − 𝑥𝑥∗‖2 
Where 

𝜃𝜃𝑛𝑛 = �1 − 2𝛼𝛼𝑛𝑛 �1 −
𝛼𝛼𝑛𝑛
2
− (1 − 𝛼𝛼𝑛𝑛)𝑣𝑣𝑛𝑛𝑣𝑣𝑛𝑛 −

𝛼𝛼𝑛𝑛𝑣𝑣𝑛𝑛2𝜇𝜇𝑛𝑛2

2𝛾𝛾2
�                                    (28) 

Since 𝑥𝑥𝑛𝑛+1 = (1 − 𝛼𝛼𝑛𝑛)𝑥𝑥𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑦𝑦𝑛𝑛, we have  𝑥𝑥𝑛𝑛+1 − 𝑥𝑥𝑛𝑛 = 𝛼𝛼𝑛𝑛(𝑦𝑦𝑛𝑛 − 𝑥𝑥𝑛𝑛)  
It follows that： 
‖𝑥𝑥𝑛𝑛+1 − 𝑧𝑧𝑛𝑛+1‖ = �𝛼𝛼𝑛𝑛 �𝑦𝑦𝑛𝑛 − 𝑔𝑔−1𝐽𝐽𝜌𝜌𝑛𝑛,𝐴𝐴

𝑀𝑀,𝜂𝜂 �𝐴𝐴𝑔𝑔(𝑥𝑥𝑛𝑛) − 𝜌𝜌𝑛𝑛𝑇𝑇(𝑥𝑥𝑛𝑛)��� ≤ 𝛼𝛼𝑛𝑛𝛿𝛿𝑛𝑛‖𝑦𝑦𝑛𝑛 − 𝑥𝑥𝑛𝑛‖           (29) 
Next we have： 
‖𝑥𝑥𝑛𝑛+1 − 𝑥𝑥∗‖ ≤ ‖𝑧𝑧𝑛𝑛+1 − 𝑥𝑥𝑛𝑛+1‖ + ‖𝑧𝑧𝑛𝑛+1 − 𝑥𝑥∗‖ ≤ ‖𝑧𝑧𝑛𝑛+1 − 𝑥𝑥∗‖ + 𝛼𝛼𝑛𝑛𝛿𝛿𝑛𝑛‖𝑦𝑦𝑛𝑛 − 𝑥𝑥𝑛𝑛‖ 
= ‖𝑧𝑧𝑛𝑛+1 − 𝑥𝑥∗‖ + 𝛿𝛿𝑛𝑛‖𝑥𝑥𝑛𝑛+1 − 𝑥𝑥𝑛𝑛‖ ≤ ‖𝑧𝑧𝑛𝑛+1 − 𝑥𝑥∗‖ + 𝛿𝛿𝑛𝑛‖𝑥𝑥𝑛𝑛+1 − 𝑥𝑥∗‖ + 𝛿𝛿𝑛𝑛‖𝑥𝑥𝑛𝑛 − 𝑥𝑥∗‖            

  (30) 
This implies that： 

‖𝑥𝑥𝑛𝑛+1 − 𝑥𝑥∗‖ ≤ 𝜃𝜃𝑛𝑛+𝛿𝛿𝑛𝑛
1−𝛿𝛿𝑛𝑛

‖𝑥𝑥𝑛𝑛 − 𝑥𝑥∗‖                                  (31) 
where  

lim 𝑠𝑠𝑢𝑢𝑠𝑠
𝜃𝜃𝑛𝑛 + 𝛿𝛿𝑛𝑛
1 − 𝛿𝛿𝑛𝑛

= lim 𝑠𝑠𝑢𝑢𝑠𝑠 𝜃𝜃𝑛𝑛 

= �1 − 2𝛼𝛼 �1 − 1
2
𝛼𝛼 − (1 − 𝛼𝛼)𝑣𝑣𝑣𝑣 − 1

2
𝛼𝛼 1
𝛾𝛾2
𝑣𝑣2𝑣𝑣2� < 1                                  (32) 

where 𝑣𝑣 = 𝑠𝑠𝜏𝜏
𝑟𝑟−𝜌𝜌𝜌𝜌

, 𝑣𝑣 = �𝑠𝑠2𝑡𝑡2 − 2𝜌𝜌𝑟𝑟1 + 𝜌𝜌2𝑠𝑠12 

Conclusion 
In this paper, we develop the hybrid point algorithm for solving the general variational inclusions 

and obtain the linearly convergence of the hybrid proximal point algorithm based on 
(𝐴𝐴, 𝜂𝜂)-monotonicity. Our result extends the results of J. Eckstein [12] and R. Verma [13].  
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