
Received 21 August 2014

Accepted 20 May 2015

A Weibull Generated Exponentiated Exponential Model: Properties and Bayes Interval 
Prediction  

Essam K. AL-Hussaini  

Department of Mathematics, Alexandria University, Egypt 
ekalh2014@yahoo.com 

Alaa H. Abdel-Hamid 

Department of Mathematics and Computer Science 
Beni-Suef University, Egypt 

hamid_alh@science.bsu.edu.eg 

 

 

 

Abstract 

Motivated by the fact that the so-called Weibull generated exponentiated exponential distribution (WGEED) 
accommodates for non-monotone as well as monotone hazard rate functions (HRFs), we give some properties of 
this WGEED and explore its use in life testing by obtaining Bayes prediction intervals of future observables.  The 
survival function (SF) of the WGEED is constructed by composing a Weibull cumulative distribution function 
(CDF) with –ln [exponentiated exponential] CDF. Some properties of the WGEED are given and prediction 
intervals of future observables, using the one- and two-sample schemes, are obtained. A comparison between the 
WGEE and the Weibull distributions, based on Kolmogorov-Smirnov goodness of fit test,   shows that the former 
fits better than the latter. Real life data shows the possibility of using the WGEED in analyzing lifetime data. 
Numerical examples of one- and two- sample Bayes interval prediction are given to illustrate the procedure and a 
simulation study is made to compute the coverage probabilities and the average lengths of intervals. 

Key words: Composed distributions; Weibull and exponentiated exponential distributions; one- and two-sample 
Bayes interval prediction; simulation. 
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1. Introduction 

New families of distributions that accommodate for non-monotone as well as monotone hazard rate functions 
(HRFs) can be constructed by the composition of a given cumulative distribution function (CDF), say H(.), 
with another CDF 𝐺(. ) or a function of 𝐺(. ). For example 

 ))(()( xGHxF =  (1) 

or 

 ))(ln()( xGHxF −= , (2) 
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where )(1)( xFxF −= , is the SF of F, produce new families of distributions. If )(xH  is positive on the 
unit interval, then Eq. (1) could be written as  

  ∫=
)(

0
)()(

xG
ydyhxF , (3) 

where (.)h is the probability density function (PDF) corresponding to the absolutely continuous CDF H(.). 
Eugene et al [1] chose the beta ( βα , ) density for h(y) and the normal CDF for G , so that 

  ∫ −− −=
)(

0

11 )1(
),(

1)(
xG

dyyy
B

xF βα

βα
. (4) 

Jones [9], generalized G to be an arbitrary CDF (including the normal CDF).  
For an arbitrary G, CDF (4) is known as the beta-G distribution.  
 Distributions obtained by composition of this kind, such as the beta-normal, beta-Fréchet, beta-Gumbel, 
beta-exponential, beta-exponentiated exponential, beta- Burr type XII, beta-Weibull and beta power 
distributions, were studied by the authors of references [1]-[8], respectively. 
 In composition (2), H(.) is assumed to be positive on ),0( ∞ . By choosing H(.) to be gamma with 
parameters ),( δγ and G(.) to be exponentiated exponential with parameters ),( βα , given by 

  ∫ −−

Γ
=

x y ydeyxH
0

1

)(
 )( γδ

δ

δ
γ  and  .)0,(,0,)1()( >>−= − βααβ xexG x  (5) 

The expression, given by composition (2), can be written as 

  .
)(

))1ln(())(ln()(
)1(ln

0

1∫
−−− −−−

Γ
=−−=−=

xe yx ydeyeHxGHxF
βα γδ

δ
αβ

δ
γ

 

Ristić and Balakrishnan [10] called )(1)( xFxF −= , (with 1=γ ), gamma generated exponentiated 
exponential distribution. 
 Suppose that, instead of using the gamma CDF for H(.), we use the Weibull ),( γη CDF, given by 

  )0,(,0,1)( >>−= − γη
γη xexH x . (6) 

The composition of H(.) with – ln G(.), where H and G are given by (6) and (5), respectively, leads to the SF 

  
γβαηβα })1(ln{1))1(ln())(ln()(

xex eeHxGHxF
−−−−− −=−−=−= . 

So that  

  ,)0,,(,0,]})1(ln{[exp)(1)( >>−−−=−= − βγδδ γβ xexFxF x  (7) 

where γηαδ = . 
 The CDF, given by (7), shall be called Weibull generated exponentiated exponential (WGEE) distribution 
with parameters ),,( βγδ .  
 The corresponding PDF is given by 

  ].})1(ln{[exp
1

})1(ln{)( 1 γβ
β

β
γβ δβγδ x

x

x
x e

e
eexf −

−

−
−− −−−








−

−−=  (8) 

The CDF (7) and PDF (8) can be written in the simpler forms 
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  ][exp)( γδ wxF −= , (9) 

and 

  ][exp)1()( 1 γγ δβγδ wewxf w −−= − , (10) 

where 

  )1(ln xew β−−−= . (11) 

 The rest of the paper is organized as follows: Some properties of the model are given in Section 2. One- 
and two-sample schemes are used to obtain Bayes prediction intervals in Sections 3 and 4, respectively. Real 
data and numerical examples followed by some concluding remarks are considered in Section 5.   

2. Some Properties of the WGEE Model  

2.1. Special cases and related distributions 

(i)  If 1=γ , in Eq. (7), the CDF reduces to that of the exponentiated exponential distribution. 
(ii)  If ),,(WGEE~ βγδX and )1(ln XeW β−−−= , then ).,(Weibull~ γδW   
Notice that 

  







−−−=≤−−= −− )1(ln11])1(ln[)( w

X
X

W eFwePwF
β

β . 

Using the CDF, given by (7), it follows that 0,1)( >−= − wewF w
W

γδ , which is the CDF of the Weibull
),( γδ distribution.  

(iii) If ),,(WGEE~ βγδX and γβ })1(ln{ XeW −−−= , then ).(lExponentia~ δW   

2.2. th Moment: is given, for ,...,2,1= by 

  ∫∫
∞ −∞

−−==
0

1

0
][exp)1()()( xdwewxxdxfxXE w γγ δβγδ . 

By applying the transformation )1(ln, xewwherewz βγδ −−−== , we obtain 

  ( ){ } .1ln1)(
/1/

0
zdeeXE zz −−∞









−−= ∫



 γδ

β
 (12) 

2.3. thq Quantile qx is given, from (9) and (11), by 

  


























−−−−== −

γ

δβ

/1
1 lnexp1ln1)( qqFxq . (13) 

                        


























−−−==⇒

γ

δβ

/1

2/1
2lnexp1ln1median x . (14) 
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2.4. Mode 

The mode x satisfies the equation )(0 xf ′= , provided that .0)( <′′ xf It can be shown, after some algebraic 
manipulations, that the mode x satisfies the equation 

  1)1(,1)1(ln
/1

>−






 −−
= γ

βγ

δγδγ w
w

wx . (15) 

where w is given by (11). 

2.5. HRF and PRHRF 

The hazard rate function (HRF) )(xFλ and proportional reversed hazard rate function (PRHRF) )(xF
∗λ are 

given, from (7) and (8), by 

  
1

)1(
)(1

)()(
1

−
−

=
−

=
−

γδ

γβγδλ
w

w

F e
ew

xF
xfx , (16) 

  )1(
)(
)()( 1 −== −∗ w

F ew
xF
xfx γβγδλ , (17) 

where w is given by (11). 
 AL-Hussaini and Hussein [11] showed, in general, that any CDF F can be written in terms of the HRF 

)(xFλ and PRHRF )(xF
∗λ , as follows 

  
)()(

)()(
xx

xxF
FF

F
∗+

=
λλ

λ . (18) 

Equivalently, the SF of F is given by 

  ,
)()(

)()(
xx

xxF
FF

F
∗

∗

+
=

λλ
λ

 (19) 

and the PDF f is given by 

  
)()(

)()()(
xx

xxxf
FF

FF
∗

∗

+
=

λλ
λλ

. (20) 

The HRF (16) takes several shapes for different values of the parameters. For example, the following cases 
are shown in Figs. 1-5. 

Case a: )3,7.0,2.0( === βγδ  
⇒  decreasing HRF (DHRF) 

Case b: )5.0,7.0,5( === βγδ  ⇒  increasing HRF (IHRF) 

Case c: )5.4,7.0,1( === βγδ  ⇒  decreasing –increasing HRF (DIHRF) 

Case d: )1.0,7.0,8.1( === βγδ  ⇒  bathtub HRF (BTHRF) 

Case e: )2.1,7.12,4.0( === βγδ  ⇒  upside down bathtub HRF (UBTHRF) 
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Remark: A constant HRF is achieved if, in (16) 1==δγ . 

   
 PDF DHRF 

Fig. 1. Case a: ( 𝛿 = 0.2,   𝛾 = 0.7,   𝛽 = 3) 

   
 PDF IHRF 

Fig. 2. Case b:  (𝛿 = 5.0, 𝛾 = 0.7, 𝛽 = 0.5) 

    
 PDF DIHR 

Fig. 3. Case c:  (𝛿 = 1.0, 𝛾 = 0.7, 𝛽 = 4.5) 

   
 PDF BTHRF 

Fig. 4. Case d:  (𝛿 = 1.8, 𝛾 = 0.7, 𝛽 = 0.1) 
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 PDF UBTHRF 

Fig. 5. Case e:  (𝛿 = 0.4, 𝛾 = 12.7, 𝛽 = 1.2) 

3. Bayes One-Sample Interval Prediction of Future Observables 

Statistical prediction is the problem of inferring the values of unknown observables (future observations), or 
functions of such observables, from current available (informative) observations. A predictor could be a point 
or interval predictor. Frequentist and Bayesian methods have been used to obtain predictors and study their 
properties. "The problem of prediction can be solved fully within Bayes framework" Geisser [12]. "Inference 
about parameters is thus seen to be a limiting form of predictive inference about observables" Bernardo and 
Smith [13].  

3.1. One-sample scheme and subjective prior 

In the one-sample scheme, rXX << ...1 represent the informative sample which are the first r order statistics 
in a random sample of size n drawn from a population whose CDF and PDF are )(xF and )(xf , 
respectively. The future sample is represented by the rest of order statistics nr XX <<+ ...1 . The likelihood 
function (LF) is given by 

  ,)](1[)()x,(
1

rn
r

r

i
i xFxfL −

=

∗ −







∝ ∏θ  (21) 

where ),...,(and),,( 1 rxx== xθ βγδ .  
 Suppose that the prior belief of the experimenter is measured by a PDF, given by 

),()()( 21 βγπδππ =θ , 

where δ  and ),( βγ are independent such that  

)0,(,0,)( 21
1

1
21 >>∝ −− cce cc δδδπ δ , 

( ) ).0,,(,0,,][][)()(=, 543
11

22122
5433 >>∝ −−−− cccee cccc βγβγββπβγπβγπ βγβ  

So that 

  .5...,,1  ,0,0,,,)( )(111 524331 =>>∝ +−−−+−− ice i
cccccc βγδβγδπ βγδθ  (22) 

By combining (21) and (22), the posterior PDF is then given by 

  







−∝∝ ∏

=

−
r

i
i

rn
r xfxFL

1

)(])(1[)()(),()( θθxθxθ πππ , (23) 

where )(θπ is given by (22). 
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 Let rnsXY srs −== + ,...,2,1, and denote by )θ( sr yf the PDF of the ths component to fail given 
that r components had already failed. Then 

 )()](1[)](1[)]()([)θ( )(1
s

rn
r

srn
s

s
rssr yfxFyFxFyFyf −−−−− −−−∝  

                              ∑ ∑
−

=

−−

=

−−−+− −∝
1

0 0

)(1

1 2

121

21
)()](1[)]([)]([

s

j

srn

j
s

rn
r

j
r

jjs
sjj yfxFxFyFaa , (24) 

where 

  .)1(,
1

)1(
21

2

2

1

1 






 −−
−=







 −
−=

j
srn

a
j

s
a j

j
j

j  (25) 

The predictive PDF )( xyf s
∗ of the ths future observable, given data, is defined by 

  .)()()( ∫=∗ θxθθx dyfyf srs π  (26) 

Substitution of (23) and (24) in (26), then yields 

  θθx dxfxFyfyFaAyf
r

i
i

j
rs

jjs
ss ∫ ∏∑ 








=

=

−+−∗∗∗

1

1 )()]()[()]()[()( 121π , (27) 

where A is a normalizing constant, 

  ∑ ∑∑
−

=

−−

=

∗ =
1

0 02 3

s

j

srn

j

, 
21 jj aaa =∗ ,  ∫ ∫ ∫ ∫

∞ ∞ ∞
≡

0 0 0
, .βγδ dddd ≡θ  (28) 

The predictive SF ][ xν>sYP  of sY  given data is then given by 

 ∫
∞ ∗=> νν   )(][ sss ydyfYP xx  

  θθ dydyfyFxfxFaA ss
jjs

s

r

i
i

j
r ∫∫ ∏∑

∞ −+−

=

∗∗








=

ν
π )()]([)()]([)( 1

1

211  

  [ ]{ } θθ dxfxFF
jjs

aA
r

i
i

j
r

jjs∫ ∏∑ 







−








+−

=
=

+−
∗

∗

121

)()]([)(1)( 121νπ  

  ⇒  )(][ νν SAYP s => x , rx>ν , (29) 

  )()(
21

νν I
jjs

aS 







+−

=
∗

∗∑ , (30) 

  [ ]{ } .)()]([)(1)()(
0

1

121∫ ∏
∞

=

+−








−= θθ dxfxFFI

r

i
i

j
r

jjsνπν  (31) 
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Since )(][1 rrs xSAxxYP =>= , then 
)(

1

rxS
A = . Therefore, from (29), 

  
r

r
s x

xS
SxYP >=> ννν ,

)(
)(][ , (32) 

where (.)S is given by (30) in which )(νI is given by (31). 
 Substitution of )(θπ , F(.) and f (.), given by (22), (7) and (8), in (31), yields 

 ∫ ∫ ∫
∞ ∞ ∞ +−−−+−−=

0 0 0

)(111 524331)( βγδβγδν cccccc eI  

  ( ){ }}])1(ln)({[exp1 21
γνβδ −−−+−−− ejjs ( ) })1(ln{exp 1

γβδ rxej −−−−  

  ( ) ( )











−−−









−−







−

−

=

−
−

−

∏ })1(ln{exp1(ln
11

γβγβ
β

β

δβγδ ii

i

i
x

r

i

x
x

x

ee
e

e .βγδ ddd  

  ⇒  γβγβγβν ν ddIQI ),(),()(
0 0∫ ∫
∞ ∞

= , (33) 

where 

  ( ) ,)1(ln
1

),(
1

1)(11 5433 ∏
=

−−
−

−
+−−++−+









−−







−

=
r

i

x
x

x
cccrcr i

i

i

e
e

eeQ γβ
β

β
γββγγβ  (34) 

  
}.)]([)]([{)(

][),(
)()(

1

0

)()(1

11

1

crcr
r

CxBcr

CxBcr

deeI r

+−+−

∞ −−−+

−+Γ=

−= ∫
ν

δδγβ δνδ
ν  (35) 

  ( ) ( )∑
=

−− −−+−−+=
r

i

xx
r

ir eejcxB
1

22 )1(ln)1(ln)(
γβγβ , (36) 

  γνβν })1ln(){()()( 21
−−−+−+= ejjsxBC r . (37) 

Substitution of (34) and (35) in (33) then yields 

  γβνγβν ddCxBQcrI crcr
r })]([)]([{),()()( )()(

0 01
11 +−+−∞ ∞

−+Γ= ∫ ∫ . (38) 

The lower and upper bounds L and U of 100(1 − 𝜏)% prediction intervals for the s th
 future observable

nrsYs ,...,1, += are given by the solution of the two equations 

2
1][ τ
−=> xLYP s  and 

2
][ τ
=> xUYP s . 

Equivalently, L and U are computed by the use of (32) from the two equations 

  



=−
=−−

.0)()2/()(
,0)()2/1()(

r

r
xSUS

xSLS
τ
τ

 (39) 
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4. Bayes Two-Sample Prediction of Future Obsrvables 

Two samples are considered. The informative sample is given (as in the one-sample scheme) by the first r 
order statistics rXX << ...1 of a random sample of size n drawn from a population whose CDF is given by 
(17). It is assumed that the future sample is given by another set of order statistics mYY << ...1 , of a random 
sample of size m, independent of the first sample, drawn from the same population. We wish to predict

msYs ,...,1, = . In this case, the posterior PDF is given by (23). The predictive PDF )( xsyf ∗ is given by 

(27), with )( θsr yf being replaced by the PDF )( θsyh  of the ths order statistic in a sample of size m 

[ ] )()](1[)()( 1
s

sm
s

s
ss yfyFyFyh −− −∝θ  

∑
−

=

−+∗∝
sm

j
s

js
sj yfyFa

0

1

2

2

2
)()]([ . 

LF (21) can be written as  

.)]([)()x,(
01 1

1
1∑∏

−

==

∗












∝

rn

j

j
rj

r

i
i xFaxfL θ  

So that the predictive PDF )(1 xsyf ∗ of the ths future observable, is given by 

  ,)()]([)()]([)(π)( 1

10 0
11

21

21

1 2

θθx dyfyFxfxFaaAyf s
js

s

r

i
i

j
rjj

rn

j

sm

j
s

−+

=

∗∗
−

=

−

=

∗ ∫ ∏∑ ∑ 







=  (40) 

where 1A is a normalizing constant, ( )θπ  is given by (22), ∗
1j

a and ∗
2j

a by 

  






 −
−=∗

1

1

1
)1(

j
rn

a j
j   ,    







 −
−=∗

2

2

2
)1(

j
sm

a j
j , (41)

 

∫ and θd  by (28). 

 By substituting )(θπ , 𝐹(. ) and 𝑓(. ), given by (22), (7) and (8) and simplifying, it can be shown that the 
predictive SF is given by 

  0   ,
)0(
)(]x[

1

1
1 >=> ∗

∗
∗ ννν

S
SYP s , (42) 

where 

  )()(
20 0

1
21

1 2

νν ∗
∗∗−

=

−

=

∗

+
= ∑ ∑ I

js
aa

S jj
rn

j

sm

j
, (43) 

)(ν∗I  is of the form (33) in which ),( γβ∗Q and ),( γβν
∗I are of the same form as (34) and (35), except that  

  ∑
=

−−∗ −−+−−+=
r

i

xx
r

ir eejcxB
1

12 )}1(ln{)}1(ln{)( γβγβ , (44) 

and 
  γνβν )}1ln(){()()( 2

−∗∗ −−++= ejsxBC r . (45) 
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It may be noticed that  

  )0()0(
20 0

1
21

1 2

∗
∗∗−

=

−

=

∗

+
= ∑ ∑ I

js
aa

S jj
rn

j

sm

j
, 

where )0(∗I is of the form (33), in which )(
10

1)]([)(),( cr
rxBcrI +−∗+Γ=γβ , where )( rxB∗ is given by 

(44). 
 The lower and upper bounds, L and U, of 100(1 − 𝜏)% prediction interval are computed by the use of (42) 
from the two equations 

  






=−

=−−
∗∗

∗∗

.0)0()2/()(
,0)0()2/1()(

11

11

SUS
SLS

τ

τ
 (46) 

 

5. Examples and Numerical Computations 

This section consists of two parts: real data analysis in which a comparison is made between the WGEE and 
Weibull models, to illustrate the method.  The other part is a simulation study to measure the credibility of 
results. 

5.1. Example 1: Real lifetime data: A comparison between the WGEE and Weibull models 

The following observations represent time-to-failure (in months) of 20 electronic components on test, see 
Wingo [14], 

0.1,   0.1,   0.2,   0.3,   0.4,   0.5,   0.5,   0.6,   0.7,   0.8, 

0.9,   0.9,   1.2,   1.6,   1.8,   2.3,   2.5,   2.6,   2.9,   3.1. 

The WGEE and W( ), ba , whose CDFs are given by (7) and )(exp1)( bxaxF −−= are fitted to the set of 
data. In Table 1, the MLEs of the parameters, Kolmogorov Smirnov test statistics and p-values are computed, 
using the above data, when the underlying distribution is Weibull as compared with the WGEE.   

 

Table 1. MLEs, K-S Statistics and p-Values for W and WGEE 

 MLEs K-S p-Value 

W 19626.1ˆ,74789.0ˆ == MLML ba  0.11719 0.94407 

WGEE 80804.0ˆ,14412.1ˆ,09568.1ˆ === MLMLML βγδ  0.09405 0.96277 

 

Fig. 6 shows the graphs of PDF and HRF of the WGEE distribution, when the parameters are replaced by 
their MLEs: 1.09568ˆ =δ 1.14412ˆ =γ and 0.80804ˆ =β .                     
 Notice that this shape of HRF is not accommodated by the Weibull distribution. 
 Based  on  Kolmogorov-Smirnov  (K-S)  statistics  and  p-values,  the  WGEE  distribution  fits  better  
than  the  Weibull  distribution.  This  is  also  shown  by  plotting  the  empirical  CDF  versus  the  CDFs  of 
WGEE( )ˆ,ˆ,ˆ

MLMLML βγδ  and W( )ˆ,ˆ MLML ba , see Fig. 7. 
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 PDF HRF 

Fig. 6. The PDF and HRF 

 

 
Fig. 7. Empirical CDF versus CDFs of  W and WGEE 

 
Table 2.   95% Prediction Intervals of Future Observables sY  From

)80804.0ˆ,14412.1ˆ,09568.1ˆ(WGEE === βγδ , Based on One-Sample Scheme 𝑛 = 20, 𝑟 = 15 
.35.1,1.1,93.0,97.0,07.1 54321 ===== ccccc  

sY  Prediction Interval Interval Length 

𝑠 = 1 (1.80805, 3.12377) 1.31572 

𝑠 = 2 (1.72430, 4.26280) 2.53850 

𝑠 = 3 (2.05588, 5.63120) 3.57532 

𝑠 = 4 (2.33040, 7.74559) 5.41519 

𝑠 = 5 (2.82306, 12.4550) 9.62198 
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Table 2 displays the lower and upper bounds L and U of the 95% prediction intervals of the future 
observables 20,15,5...,1, ==== + nrsXY srs , from WGEE, in the one-sample case. The hyper-
parameters are assigned the values:  

.35.1,1.1,93.0,97.0,07.1 54321 ===== ccccc  

Eqs. (39) are solved for L and U. 
 To study the effect of the future sample size, in the two-sample case, Table 3 displays the lower and upper 
bounds L and U of the 95% two- sample prediction intervals of the future observables ,sY for different values 

of s, ,20=n 15=r 20,15,10=m , from WGEE )80804.0ˆ,14412.1ˆ,09568.1ˆ( === MLMLML βγδ . The 
hyper-parameters are assigned the values: 

.35.1,1.1,93.0,97.0,07.1 54321 ===== ccccc  

Equations (46) are solved for L and U. 
 
 

Table 3.  95% Two-sample Prediction Intervals of Future Observables ,sY From

)80804.0ˆ,14412.01ˆ,09568.1ˆ(WGEE === βγδ  
𝑛 = 20, 𝑟 = 15, 𝑚 = 10,15,20 and  

.35.1,1.1,93.0,97.0,07.1 54321 ===== ccccc
 

𝑚 𝑠 Prediction interval Length 

10 1 (6.228× 10−6, 0.68548) 0.68548 

 5 (0.16594, 3.23172) 3.06578 

 10 (1.31927, 6.19979) 4.88052 

15 1 (1.543× 10−6, 0.41983) 0.41983 

 8 (0.28342, 4.06005) 3.77663 

 15 (1.66002, 5.69787) 4.03785 

20 1 (5.434× 10−7, 0.29582) 0.29582 

 10 (0.37476, 4.25630) 3.88154 

 20 (1.90577, 6.08348) 4.17771 

 

 

5.2. Simulation 

5.2.1. Example 2: (One-sample scheme) 

The following steps are followed to compute the lower and upper bounds of the prediction intervals of future 
observables. 
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(1) For given ( ),, βγδ , generate n observations from WGEE( ),, βγδ , given by (7), according to 





























−−−−=

γ

δβ

/1lnexp1ln1 UX  , 

where U is uniform on the interval (0,1). 

(2) Order data and censor at r. 

(3) Compute L and U, such that, for given 050.=τ , they satisfy (39), where )(νS is given by (30).  

A random sample of size 𝑛 = 20 is generated according to step 1, when )50705( .β,.γ,δ === and 
then ordered, with 𝑟 = 15, is given by 

1.88714, 3.13577, 3.26199, 3.46851, 3.57868, 3.65395, 3.67780, 4.26213, 4.41463, 4.46442, 4.63356, 
4.74583, 4.86271, 5.07773, 6.63053, 7.21648, 7.55987, 7.70941, 10.76840, 14.075. 

The first  𝑟 = 15 ordered observations represent the informative sample. The lower and upper bounds are 
computed by solving Eqs. (39). 
 Table 4 shows the 95% prediction intervals for the future observables srs XY +≡ , 15 ,5,...,1 == rs , in 
the one-sample case. The hyper-parameters are assigned the values: 

.8.2,4.1,35.0,6.0,0.3 54321 ===== ccccc
  

Table 4.   95% One-Sample Prediction Intervals of Future Observables sY  From
)50705(WGEE .β,.γ,δ === , 15,20 == rn  

sY  
Prediction Interval Interval Length 

𝑠 = 1 (6.65449, 9.95246) 3.29798 
𝑠 = 2 (6.88167, 12.1342) 5.25248 
𝑠 = 3 (7.34655, 14.7770) 7.43045 
𝑠 = 4 (8.08966, 18.7283) 10.6386 
𝑠 = 5 (9.36474, 27.4809) 18.1162 

 

5.2.2. Simulation results (One-sample case)    

The above Example 1 is based on one sample. The computations are repeated for 500 samples. The coverage 
probabilities (COVP) and average interval lengths (AIL) of the 95% prediction intervals of 5,...,1, =+ sx sr

over 500 samples, each of size 𝑛 = 20, censored at 𝑟 = 15, from )50705(WGEE .β,.γ,δ ===  are 
reported in Table 5. 

Table 5. COVP and AIL for 500 Samples. 

 s = 1 s = 2 s = 3 s = 4 s = 5 

COVP 95.1 95.0 96.8 97.0 96.3 

AIL 3.6153 5.9037 8.7260 12.0844 22.1819 
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5.2.3. Example 3: Simulation results (Two-sample case) 

In this example, two independent samples of sizes n  and m  are assumed to be drawn from WGEE 
)5.0,7.0,5( === βγδ  distribution. The informative sample and hyper-parameters are chosen to be the 

same as in the one-sample case, given in Example 1. Table 6 shows Bayes prediction intervals of future 
observables sY , using the two-sample scheme, where 𝑚 = 10, 15, 20, 𝑛 = 20, 𝑟 = 15. 

 
Table 6.   95% Prediction Intervals of Future Observables sY  From )50705( .β,.γ,δWGEE === , 

Based on Two-Sample Scheme, 𝑛 = 20, 𝑟 =  15, 𝑚 = 10, 15, 20, 
.8.2,4.1,35.0,6.0,0.3 54321 ===== ccccc  

𝑚 𝑠 Prediction Interval Length COVP 

10 1 (0.53355,4.15904) 3.62549 95.594 

 5 (2.79011,8.45758) 5.66747 98.336 

 10 (6.95511,18.2622) 11.30709 90.748 

15 1 (0.43981,3.58604) 3.14623 96.348 

 8 (3.37532,8.49993) 5.12461 98.760 

 15 (8.50800,19.8057) 11.2977 90.554 

20 1 (0.38123,3.25463) 2.87340 96.804 

 10 (3.27221,7.89192) 4.61971 99.086 

 20 (9.21162,20.4685) 11.25688 90.722 
 

 
Concluding remarks 

We have considered in this paper the WGEED a new model which arises as a composition of Weibull and 
exponentiated exponential distribution. The new model has several shapes of the HRF. Prediction intervals for 
future observables are obtained using one- and two-sample schemes. The following remarks may be 
observed: 

• The CDF (7) of the WGEE is obtained in closed form that simplifies its use. 

• Generation of cumulative distribution functions by composition with other cumulative distributions or 
functions of such distributions can add at least an extra parameter to a distribution. The 3-parameter 
WGEE model gives a better fit than the 2-parameter Weibull model. This extra parameter makes it 
more flexible to fitting data. Notice the five different shapes of the HRFs of the WGEE model. 

• In either one- or two-sample cases, the lengths of intervals increase by increasing the index s of the 
future observable sy  (Table 5 and Table 6). 

• In the one-sample case, the confidence interval of the first future observable 1Y is the best (shortest 
length) among all future observables (Table 5). 
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• In the two-sample case, the lengths of intervals decrease by increasing the future sample size m 
(Table 6). 

• It may be noticed that the coverage probabilities approach the nominal confidence level of 95% in 
both sample schemes.  

• It should be pointed out that if the hyper-parameters are unknown, we may use the empirical Bayes 
method to estimate them using past samples, see Maritz and Lwin [14]. Alternatively, one could use 
the hierarchical Bayes method in which a suitable prior for the hyper-parameters is used [13].    

• It is recommended to use the method when the variability in data is not too large. It has been found, 
using several samples, that large variability in data could lead to wide intervals.   
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