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Abstract: Based on the properties of Gaussian curvature connection and the theory of differential
geometry, a sufficient condition for Gaussian curvature connection between two adjacent Bézier
surfacesis obtained. Next, a new method called Gaussian curvature connection is put forward by using
the condition. The connection result is better than the connection with continuity of tangent plane, but
the condition of connection is weaker than that of curvature connection.

Introduction

Smooth connection of surfacesisimportant contentsin the computer aided design and computer aided
manufacturing. Generally speaking, surfacesinreal life are not analytic ones, they are usually made by
piecing several surface patches together, and thus the problems arise on how to make the surfaces
smooth. Now three methods of smooth connection of surface patches are often used, which are
connection, connection with continuity of tangent plane (G'continuity) and connection with curvature
continuity (Gcontiniuty). Some authors have studied these problems, Kahmann [1] presented the
condition for G* continuity connection of two Bézier surfaces along their common boundary
r(1,0) =r(u)(T =u) asfollows

Db, =aD"a’ , +b—D‘0 ‘ +g D a,,i=12L,m
' n
Where
r(u,v)=éabllBlm(u)B ), r—(U,\—/)zaaa,J B (1B, (V).
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Du and Schmitt [2] put forward the method of G' connection of Bézier surfaces patches around a
common vertex. Meng [3] once discussed curvature connection of triangular Bézier patches with a
common vertex, Zhang [4] studied G* connection of polynomial surfaces around a corner. Li and Liu
[5] presented amethod in search of curvature continuous conditions. Jones [6] gave the corresponding
method. Shi has introduced and studied some approaches to constructing actual surfaces with Bézier
surfaces. In this paper a new method called Gaussian curvature connection is presented, the stitching
result is better than that of G'continuity, but the condition of connection is weaker than that of
curvature connection. The method is of some value to the computer aided geometric design.

The condition for Gaussian curvature connection of Bézier surfaces

For the Bézier surfaces r(u,v) = a b B, (B, (v), we know that
i=0 j=0
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Let

U@, v)=a a a'B,@B,,(), r'uv)=4 a a',B ,WB,,v).

i=0 j=0 i=0 j=0

Where a*,and a* (i =1,2,L,n) are control points of r*(u,v) and r*“*(u, V) respectively.

If r*(@,0)=r*(ul), 0£TU=u£1, weknow that r**(@,v)and r*(u,v) are connected along their
common boundary curve, therefore, we have at* =a’,, i =01,L,n.

If the two surfaces connected with G'continuity along common boundary r“**(@,0) =r*(u,1) , we
have the follwing conditiong 7]

r't(u,0) =rWy, rf*u,0)=ar)(ul) +[b@- u)+qulrf(ul) =ark(u]) +gur (). Q)

Conditionsin (1) can be written as follows
a“l=a*  Dak?=aDa*, +b ' Da* +glD®a, ,i=01L,n.
, , , , n , N :
The definition of Gaussian curvature is

LN- M?
= 2
EG- F? @
Let
E=rktst F=rfl o G =rf n ) T=nxt M =nx" N =nxk!
_ u u B . u . v _ . Vk V_ [ . UU_ [ . U_ [ . A\
E=rfx,F=r % ,G=r'%L=nx,,M=nx,,N=nx,
From (1), we get
E=E, G=[arf(ul+g(urf(u)]* =a’G+2agF +g°E,F =aF +¢E.
Then we have
EG - F2=a’EG+2agFE + g°E? - (@aF + gE)? =a *(EG- F?). (3)

Since rX*(u,0) =rk (ul), we have r&*(u,0) =arf (u,l) + g&u)r (u,2) + g(u)rk (u,1) , and we konw that
L=L,M=aM +g(u)L.
We get

LN-M?=LN-[aM +g(u)L]?=LN - a*M?- 2agML - g*L°. (4)

From (2),(3) and (4), if the two surfaces are connected with Gaussian curvature continuity along
their common boundary r “**(u,0) =r* (u,1), we have the following equation

LN-M?=a?({LN- M?). (5)
From (4) and (5), we find L[N - (a®N +2agM + g®L)] = 0, then we have

N- @?N+2agM +g?L)=0,0r L=0.

If N- (@N+2agM +g?L) =0, we obtain

N{re(u0) - @2 (ud +2agrk (ud + g*rk uD)] =0,

w
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thismeansthat r%"(u,0)- (@% % (u)+2agrk(ul) +g°rk(ul),rf(uandrk(ul) areon the same plane,
We have

rtw,0) =@°%rk (Ul +2agrk(ul + g’k (ul)+brkul) +crrud).
Thisindicates that the surfaces are connected with curvature continuity.

If L=0,wefind n><r£”(u 0) =0, it means that vectors r ™ (u,0),rk (u,)) andr/) (u,1) are on the same
plane, we can write

(@,(1- u)* +a,u- u)+a u’)r* w0 =a,r Ul +@,@1- u)+aurs(ul). (6)

Accroding to the definition of Bernstein polynormials, we get

@-w'e,0 =" e W), 0 o, )= % B0 (1),
8,0 = DB W), 0 B, ()= T8, W), U, () =T B W =120 (7

By using formulasin(7) , equation (6) becomes
rl7_’2[8' (n-i)(n-1-1) D?°a" +a, i(n-1i) %8k +a '(' l)Dzo k+1O]B|n(u)

1 ,
i=0 n n

én‘[a D*af,., +a TD“’ak +a, —D10 ‘B, (u), i=12,L,n.

Therefore, the equation (6) can also be written as
a, (n' |)(n' 1- |) Dz'oaikgl |(n |) D>° Ik+11o ( l) D>° Ik+21o
n ' n n

— 14k —
=a,D"af,, ta, L 1=12,L,n.

n-i Daf, +a, D10 k
N ,
Then the coditions for Gausian curvature connction can bewrltten in the form
i u0)=r @l
[ (u,0) = g(u)rk (u) + huyrk ud)

' f (u)r “1(4,0) = s(u)r,f (u1) + I (u)rk (u,1)

Where h(u)=a,g(u)=b(1- u) +qu, f (u)=a,(1- u)® +a,u(l- u) +a,u? s(u)=a,l(u)=a,@- u)+a.u
and a,b,g,a, (=12 L 6)areadl constant and a >0.

Acoording to the difference formulas, the conditions for Gausian curvature connctions can be
written as follows
(a<=a‘, 1=012,L,n.

in?

(i) D't =aDaf, , +b % D°a, +gln D’ ,,, 1=012,L,n.

n-i(n-1-i " i(n-i " || 1 "
(i)a, @020 progen g 10D oy g 102D proge,
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i-1,n?

=a D" .'fn_1+a5%[)"°ai'fn +a6|—nD"o <., 1=012,L,n.

From (ii), relation between the points of two adjacent surfaces can be written as follows

k+1

n-i n-i i i .
a'l = bTaﬁm +(1+a - Tb +;g)ak,n - Egak.l,n -aal,,, i=012L,n. (8)

Where a*(i =0,1, L, n) are the second row pointsof r***(u,v), From (iii), the pointsof r*(u,v) satisfy
the follow equations

k (i'l)i k

a,q,,=-a; aﬁ-2n+['a2@+2a3(i-—nl)i'aeiﬁ] 'k-ln
, n ,
INGEE SR GEN) RPN (GEE) ra, (-9, +a5Li_ ael]aikn
n n n -
- ['23-2 (n-Dn-1-17) +ta, (n-1) - ag - i]aik+1n +a1waik+zna (9)
n n n ' n '

i=12,K,n.
If i >n, we consider thata, =0.

The method of Gaussian curvature connection of surfaces

Step 1 input the control points along the common boundary according to the practical problems.
Step 2 determine the coefficientsa, (i =1,2,L_,6) ) of equations (9) according to actual requirements.
Step 3 find control points &', , based on the equations (9).

Step 4 determine the coefficients a, b and g of equations (8).

Step 5 find control pointsa’;* based on the equations (8).

Step 6 give the rest control points of two surfaces according to the actual requirements.
Then the surfaces are connected with Gaussian curvature continuity along their common boundary.

Conclusion

In this paper we present a new method of connection of Bézier surface, the connection result is better
than that with G'continuity, but the conditions are wesaker than that of curvature connection. The
method is of some value to the computer aided geometric design.
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