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Abstract. Aiming at humanoid robot’s dual-arm collision avoidance motion planning, this paper firstly 
establishes kinematics model for humanoid robot and mathematic model for Workspace Target Areas 
(WTAs). Secondly, it has deduced inverse kinematics formula based on DLS-SVD method and 
proposed a bi-directional rapidly-exploring random tree collision avoidance motion planning algorithm. 
Finally, the effectiveness of the algorithm proposed in this paper has been verified via computer 3D 
simulation.  

Introduction 
Humanoid robot is a hotspot [1-2] in current robot technical research field, and its dual-arm control 

collision avoidance planning is a key technology [3-4] in humanoid robot path planning research. With 
the help of virtual humanoid robot with virtual reality technology, visualization online simulation 
research on key technical problems relating to humanoid robot path planning can be conducted. It is 
widely applied in virtual assembly, computer animation, virtual prototype and anthropomorphic robot 
simulation, etc.  

Humanoid robot (HR) dual-arm collision control planning can be described as the following: to 
meet the constraint conditions of control object target pose, dual-arm kinematics and dynamic 
mechanism, environment and obstacle, a collision-free smooth path connecting original structure and 
target structure is searched in HR structure space. This is a problem about typical high DoFs and 
nonlinear redundancy constraint path planning. As DoFs increases, its calculated amount will increase 
exponentially, and programming solver efficiency will reduce significantly. To solve this problem, there 
are two typical random motion planning methods based on sampling: Probabilistic Road Map (PRM) 
[4-5] and Rapidly-exploring Random Tree (RRT) [6-12]. 

Based on further research on humanoid robot dual-arm direct and inverse kinematics modeling, this 
paper has proposed a dual-arm collision avoidance control algorithm based on bi-directional 
rapidly-exploring random tree through introducing the concept model of WTAs. Then, the 
effectiveness of the algorithm proposed in this paper has been verified via computer 3D simulation.  

HR Dual-Arm Kinematics Modeling 

HR Dual-Arm Structure 
The dual-arm motion mechanism of humanoid robot (HR) is similar to upper limbs and dual-arm 
structure of human being. It is composed of torso and left (right) arm. The torso has 3 DoFs. Define 
joint motion Ttttt ],,[ ψθϕ=θ  by referring to euler angle RPY (the upper right mark t is for torso). 
They are Roll (rotate left and right side sways around R, abbreviated as RR), itch (bending rotate back 
and forth around axis P, abbreviated as Rp) and Yaw (rotate leftwards and rightwards around axis Y, 
abbreviated as RY). Left (right) arms have 7 DoFs respectively: Tkkkk ],,,[ 721 θθθ L=θ (the upper right 
mark k=l, r is for left arm and right arm. That is, lθ and rθ are for left and right arm structures. The 
following text is similar.). They are 3 rotations (Rp, RR, RY) of shoulder joint, 1 rotation (Rp) for pivot 
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joint to rotate around axis P and 3 rotations of wrist joint (Rp, RR, RY). 3 joints in wrist are intersected 
at one point. The vector has totally 17 dimensions, describing the pose structures at the end of HR 
dual arms. It can be defined as [ ]TTrTlTt ][,][,][ θθθΘ = . Describing the pose structures at the end 

of HR left (right) arms, the vector can be defined as [ ]TTkTtk ][,][ θθΘ = . The original point wo of the 
world coordinate system (world) w∑ is located at the center of two feet, the original point of torso 
coordinate system (torso) t∑ is located at the center of two buttocks, and the original point of two 
shoulders center coordinate system CoA∑ is located at the center of two shoulders. The distance 
between the two shoulders is 2D, the torso height is tH , and the height of lower limb is fH . Each 

coordinate system of left (right) arms is defined as k
i∑ ( k

i
k
i

k
i

k
i zyxo ,,, ) (i=0,1,…,7). 

 
HR Dual-Arm Direct Kinematics 

The research focus of HR kinematics is on determining the relation between the pose of HR 
dual-arm end-effector and joint structure and providing means and methods for dual-arm collision 
avoidance control. HR dual-arm direct kinematics (DK): given geometric parameters of HR’s 
connecting rods and structure variables which connect connecting rods, solve the pose of HR dual-arm 
end-effector relative to specific coordinate system.  

Denavit-Hartenberg (D-H) method is adopted in this paper to confirm the pose of HR dual arms. A 
kinematic diagram is established, as shown in Fig.1, and then a family tree structure diagram from HR 
dual arms is formed. D-H parameter is ( iθ , iα , ia , id ). D-H method is adopted to establish 4×4 
homogeneous transformation matrix i

i T1− for the coordinate system i∑  for connecting rod at every joint, 
describing its spatial relation relative to the previous coordinate system 1−∑i  for connecting rod. The 
structure principle of D-H method is as follows:  

(1) The original point io of i∑  is at the axis intersection of connecting rod length ia and the joint 1+ij ; 
(2) 1+iz axis coincides with the joint 1+ij axis, pointing at any direction;  
(3) ix  axis coincides with ia , and ij axis points at 1+ij  axis along ia ;  
(4) iy is confirmed according to the right-hand rule.  

All joints of HR dual arms are rotational joints (3 rotational joints in torso and 7 rotational joints 
in left or right arm), so the general formula for i

i T1− is:   
 ⋅⋅= −−

− ),(),( 11
1

iitransiiroti
i dzz TRT θ ⋅),( iitrans axT ),( iirot x αR                     (1)  

In Formula (1), ),( ••rotR and ),( ••transT are rotation and translation transformation matrix. 
≡ic cos iθ , ≡is sin iθ , ≡icα cos iα , ≡isα sin iα , and other marks are similar.  
According to classical chained multiplying principle in HR kinematics (combining family tree 

structure and homogeneous coordinate transformation), the kinematics equation for direct 
homogeneous coordinate transformation of HR dual arms from w∑ to the end of left (right) 
arms l

7∑ ( r
7∑ ):                                  )()()( 7

0
07

kkkCoAt
CoA

t
t

wkkw θTTθTTΘT ⋅⋅⋅=                                       (2)  

In Formula (2), 







=

×

×

031

33

0
p1

T t
w

t
w is reversible homogeneous transformation matrix for t∑ relative 

to w∑ , 33×1 is rotation matrix for unit opposite angles, 31×0 is null matrix, and [ ]Tft
w H00=p is 

position vector. )( t
CoA

t θT is reversible torso transformation matrix for CoA∑  relative to t∑ :  

 







=

× 0
)(

)(
310

pθR
θT CoA

tt
CoA

t
t

CoA
t                                                      (3) 
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In Formula (3), position translation vector CoA
t p is determined by tH (constant). Rotation 

matrix )( t
CoA

t θR is obtained by multiplying the three rotation matrixes, namely torso roll, pitch and 
yaw Ttttt ],,[ ψθϕ=θ :                           =)( t

CoA
t θR )()()( t

x
t

y
t

z ψθϕ RRR                                                (4) 

In Formula (2), kCoA
0T refers to reversible homogeneous transformation from basic coordinate 

system for left and right arms to dual-arm center coordinate system CoA∑ :  









=

×

×

131

033
0 0

p1
T

kCoA
kCoA                                                                                 (5) 

In Formula (5), the position vector for left arm is TDlCoA ],0,0[ 20 −=p , and the position vector for 
right arm is TDrCoA ],0,0[ 20 =p .In Formula (2), )(7

0 kk θT is transformation matrix for coordinate 
system k

7∑  for left (right) arms end-effector relative to coordinate system k
0∑  for left (right) shoulders:  









=

×

×

131

033
0 0

p1
T

kCoA
kCoA                                                                                (6) 

In Formula (6), )(1 k
i

k
i

i θT− is homogeneous transformation matrix for left (right) arms 
from k

i 1−∑ to k
i∑ (i=1,2,…,7,k=l, r are for left and right arms). It can be obtained by substituting D-H 

four parameters ( k
iθ , k

iα , k
ia , k

id ) for 7 connecting rods of left and right arms into Formula (1):  

In Formula (2), 







=

× 1
)(

31

77
7 0

pR
ΘT

kwkw
kkw is DK ( kΘ ) equation for HR dual-arm coordinate 

transformation. After expansion, it can be expressed as a vector DK( kΘ ) equation: 
)( kkk

e Θfx =                                                                                  (7) 
In Formula (7), k

ex is an expression for pose vector Tk
e

k
e

k
e

k
e

k
e

k
e zyx ],,,,,[ ψθφ of pose 

matrix 








× 131

77

0
pR kwkw

at the end of HR dual arms. [ ]TTkTtk ][,][ θθΘ = indicates that 6D k
ex vector for 

the pose at the end of HR left (right) arms is the function or mapping relation of torso 3D 
structure tθ and left (right) arm 7 D structure lθ ( rθ ). 

 
HR Dual-Arm Inverse Kinematics 

HR dual-arm inverse kinematics (IK) is described as follows: knowing geometric parameters for the 
connecting rods of HR dual arms and torso and the pose of dual-arm end-effector relative to specific 
reference coordinate system, judge whether HR dual-arm end-effector reaches the pose, and solve the 
corners of joint structures while reaching the expected pose.  

Take the derivative of the time t by Formula (7) to obtain the differential relation between HR dual 
arm configuration kΘ and the pose k

ex :                                             kk
k

k
e ΘΘJx && )(=                                                       

(8) 
In Formula (8), k

ex& is generalized velocity for HR dual-arm ends in work space, kΘ& is joint 
velocity, )( k

k ΘJ is partial derivative matrix of 6x10 which is jacobian matrix for HR dual arms. Its 
No. i row and No. j column are (k=l, r for left and right arms):  

k
j

kk
ikk

ij
fJ

Θ∂
∂

=
)()( ΘΘ (i=1,…,6, j=1, …,10)                 (9) 

Apparently, there is redundancy in HR dual-arm kinematics. While solving IK, singularity problem 
will be met. If the generalized inverse of )( k

k ΘJ exists, IK’s differential form for HR dual arms can be 
obtained from Formula (8):                                    k

e
k

k
k xΘJΘ && )(+=                                                     (10) 
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To facilitate numerical calculation, the increment form of Formula (10) is:  

k
e

k
k

k xΘJΘ ∆=∆ + )(                                                        (11) 
To this end, this paper has researched the following solution method for IK of HR dual arms based 

on DLS-SVD. 
 
DLS-SVD Method 

To improve operability and stability of HR dual-arm control, this paper proposes DLS-SVD method 
combining Damped Leased Square (DLS) and Singular Value Decomposition (SVD) to solve IK 
numerical solution of HR dual arms. By using DLS method, seeking the solution kΘ∆ of IK which 
meets kk

k
k
e ΘΘJx ∆=∆ )( can be transformed to seek the minimum kΘ∆ in the following formula:    

k
k

k
e

kk
k ΘxΘΘJ ∆+∆−∆ 2)( λ                                                                 (12) 

In Formula (12), Rk ∈λ is a non-zero damping coefficient, and it is equivalent to the following 

matrix form:                                     






∆
−∆









0
xΘ

I
ΘJ k

ek

k

k
k

λ
)(

                                                                  (13) 

The regular equation of Formula (14) can be written as:  

          






∆








=∆
















0
x

I
J

Θ
I

J
I

J k
e

T

k

kk

k

k
T

k

k

λλλ
                                                     (14) 

Formula (14) is equivalent to the following formula:    ( ) =∆+ k
kk

T
k ΘJJ 2λ T

kJ k
ex∆                        (15) 

According to Formula (12), the solution for DLS of IK of HR dual arms is:  
kΘ∆ ＝ T

kJ ( ) 12 −
+ IJJ kk

T
k λ k

ex∆                                                    (16) 
SVD decomposition for IJJ 2

k
kT

k λ+ is conducted, and it can be expressed as:  
))((2 T

k
T
kk

T
kkkk

T
kk UDVVDUIJJ =+ λ + I2

kλ T
kk

T
kkk UIDDU )( 2λ+=                       (17) 

In Formula (17), IDD 2
k

T
kk λ+ is diagonal matrix, and its diagonal element is 22

, kik λσ + , then:  

=+ −12 )( IJJJ k
T
kk

T
k λ kV T

kD 122 )( −+ IDD k
T
kk λ T

kU = kV kE T
kU                         (18) 

Where, kE is the diagonal matrix of 10x6m and its diagonal element is: 

22
,

,
,

kik

ikk
iie

λσ
σ

+
=                                                                    (19) 

Therefore, the solution for DLS in Formula (16) can be expressed as:  

 kΘ∆ ＝ T
ikik

r

i kik

ik
,,

1
22

,

, uv∑
= + λσ

σ k
ex∆                                                     (20) 

Where, kλ is damping coefficient for left (right) arms, which is directly related to operability and 
stability of HR dual arm control: When left (right) arms are close to singularity configuration, the 
selected kλ is smaller than )det( T

kk JJ ; when left (right) arms are far away from singularity 

configuration, the selected kλ is greater than )det( T
kJJ k . 

WTAs 's Physical Modeling 
In this paper, the concept of Workspace Target Areas (WTAs) is introduced. When HR carries out 

the tasks which are similar to human being, set the continuous area of end-effector in 6D work space as 
the target pose of dual-arm control planning tool. In this paper, the pose for dual arms is set 
as Tk

e
k
e

k
e

k
e

k
e

k
e zyx ],,,,,[ ψθϕ .  
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Mathematic Model of WTAs  
Mathematic model of WTAs is described in three aspects:  
(1) k

WTA
w T : Reference homogeneous transformation matrix of WTA of left and right arms in relative 

world coordinate system w∑ .  
(2) k

e
WTA T : The specific deviated homogeneous transformation matrix of end-effector of left and 

right arms in WTA coordinate system WTA∑ . WTA∑ is defined in the object center.  
(3) k

e
WTA B : Set 6×2 bordered matrix of WTA in WTA∑ (L and U in the lower right table are for 

minimum lower bound and upper bound):     k
e

WTA B =
T

k
U

k
U

k
U

k
U

k
U

k
U

k
L

k
L

k
L

k
L

k
L

k
L

zyx
zyx










ψθϕ
ψθϕ

                        (21)  

The front three rows of k
e

WTA B are for the allowable displacement along axis x, y and z described 
in WTA∑ . The next three rows are for the allowable displacement of Roll-Pitch-Yaw (RPY) described 
in WTA∑ . 

Distance Measure of WTA 
To use WTAs in random planning for HR dual-arm control collision avoidance, the distance the 

structure [ ]TTk
s

Tk
s

k
s ][,][ θθΘ = given by left (right) arms to WTA must be calculated.  

As for the given k
sΘ , the homogeneous transformation matrix for the pose of end-effector in this 

structure an be obtained by Formula (2) direct kinematics:   1))(()( −= k
e

WTAk
s

k
e

wk
s

k
WTA

w TΘTΘT        (22) 
In w∑ , the pose of the object grabbed by end-effector is:   

       1)]([)( −⋅= k
s

k
WTA

wk
WTA

wk
s

k
g

w ΘTTΘT                                (23) 
The following formula can be obtained by transforming the object pose from w∑ to WTA∑ :  

        )()()( 1 k
s

k
g

wk
WTA

wk
s

k
g

WTA ΘTTΘT ⋅= −                                      (24) 

In the formula, 







=

10
)(

)(
k
g

WTAk
s

k
g

WTA
k
s

k
g

WTA pΘR
ΘT . 

Now, transform this pose matrix into 6D pose vector described in WTA∑ , including 3 translations (x, 
y, z) and 3 RPY rotations ( ψθϕ ,, ). It is consistent with what is defined by k

e
WTA B :  





















−
=

),(2tan
)arcsin(

),(2tan

]1,1[]1,2[

]1,3[

]3,3[]2,3[

k
g

WTAk
g

WTA

k
g

WTA

k
g

WTAk
g

WTA

k
g

WTA

k
g

WTA

a

a

RR
R

RR
p

x                                  (25) 

Considering the boundary constraint k
e

WTA B , 6D displacement vector k
g

WTAx∆ of WTA can be 
obtained:  

=∆ k
ig

WTA
,x

other

k
ie

WTAk
ig

WTA

k
ie

WTAk
ig

WTA

k
ie

WTAk
ig

WTA

k
ie

WTAk
ig

WTA

,

x,

x,

0

x

x

]2,[,

]1,[,

]2,[,

]1,[,

B

B

B

B

>
<









−
−

                                 (26) 

Where, i is the subscript for traversing k
e

WTA B and k
g

WTA x . k
g

WTAx∆ is the distance measure from the 

structure k
sΘ given by HR left (right) arms to WTA area. 
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Sampling Strategy of WTAs 
To use WTAs in random planning for HR dual-arm control collision avoidance, the random 

sampling needs to be conducted for WTAs so that they can be applied IK method for HR. The sampling 
strategy for single WTA is to use uniform probability to obtain the pose vector k

rand
WTA x  which is 

randomly sampled from the object controlled by left and right arms within the boundary defined 
by k

e
WTA B  and then transform it into the pose matrix k

rand
WTA T : 

k
rand

WTA x = k
Le

WTA
,B + rand(0,1)( k

Ue
WTA

,B - k
Le

WTA
,B )                                     (27) 









=

× 10 31

k
rand

WTAk
rand

WTA
k
rand

WTA pR
T                                                 (28) 

The expression of the object which is randomly sampled from the object in w∑ can be obtained by 
applying the transformation matrix of end-effector of HR left (right) arms: 

 k
e

WTAk
rand

WTAk
WTA

wk
grand

w TTTT =,                                        (29) 

The random structure k
randΘ of HR dual arms can be obtained by the above DLS-SVD method 

solving IK of HR dual arms.  
Similarly, set sk

e
WTA B = },,{ 1 mk

e
WTAk

e
WTA BB L , sample multiple WTAs and adopt the method based on 

weight.                                                                       ∑
=

=
m

i

k
rand

WTAk
i

k
rand

WTA ii

1
xx ζ                                               (30) 

Where, the weight factor ik
iζ (∑ =

=
m

i
k
i

i

1
1ζ ) is:    ∑

=

−=
6

1
],[],[ )(

j

k
Lje

WTAk
Uje

WTAk
i

iii BBζ                                   

(31) 
According to Formula (31), k

rand
WTA x is obtained. By using the above similar method, the random 

structure k
randΘ of HR dual arms can be obtained. 

Dual-Arm Collision Avoidance Motion Planning Algorithm  
By combining the solution algorithm for DK and IK of HR dual arms and classical bi-directional 

RRT (BiRRTs) algorithm [1-11], this paper proposes a dual-arm collision avoidance control algorithm 
with complete probability whose core algorithm is MCIKRRT( k

sΘ ， sk
e

WTA B ). This algorithm starts 
from initial structure k

sΘ of HR left (right) arms and takes the target pose area sk
e

WTA B as a heuristic 
search target structure k

bg ,Θ to bi-directionally generate random trees k
aT and k

bT . In every iterative 
process, MCIKRRT selects one of the following two search modes:  

(1) Expand the structure space of HR dual arms by classical BiRRTs.  
(2) Sample from the target area sk

e
WTA B by WTAs sampling strategy, obtain k

rand
WTA x according to 

Formula (27) or (30) and conduct expansion search by taking it as the heuristic information for target 
pose.  
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The selection probability of every model is controlled by the parameter rf . The pseudo-code of 

MCIKRRT core algorithm is described as follows: 
 

Algorithm :MCIKRRT（ k
sΘ ， sk

e
WTA B ）{ 

01     k
aT .Init( k

sΘ ); k
bT .Init(NULL); 

02    do { 
03             if( k

bT .size()=0||rand(0,1)< rf  ) {  k
bT .HR_IK ( k

bgoal,Θ , sk
e

WTA B );} 

04           else {    k
arand ,Θ = k

aT .RandomConfig();                     k
anear ,Θ = k

aT .NearNeighbor( k
arand ,Θ ); 

05                        k
areach,Θ = k

aT .Connect( k
anear,Θ , k

arand ,Θ );       k
bnear ,Θ = k

bT .NearNeighbor( k
areach,Θ ); 

06                          k
breach,Θ = k

bT . Connect ( k
bnear ,Θ , k

areach,Θ ); 

07                         if( kk
areach

k
breach min,, ΘΘΘ δ≤−  ) {    kS = BuildSolu( k

aT , k
areach,Θ , k

bT , k
breach,Θ ); 

08                                         return SmoothSolution ( kS ); } 
09                         else { Swap( k

aT , k
bT ); }} 

10         }while(!TimeOut()); 
11   return NULL;} 

Computer 3D Simulation 
In the computer whose CPU is I7-3770 (CORE I7 3.4G 8M cache) and memory is 8G DDRIII1600, 

HR models are established by Open Inventor. Virtual prototype and environment model[13-14] can be 
constructed through VC++ programming to verify mechanism modeling method and control algorithm 
for HR dual arms proposed in this paper. Set the initial pose [ ]Tl

e 3.2,2.0,4.2,1036,269,464 −−−−=x of 

HR left arm and the pose at the end of right arm [ ]Tr
e 5.0,2.1,9.0,1290,134,531 −=x . The pose of water 

cup is: 

























−−

−

=

104.0102.0
309.0308.0

625.0575.0
05.111795.1116
15.50685.505

15.015.0

k
e

WTA B . 

In MCIKRRT algorithm, the planning result for solving IK by DLS-SVD method is shown in Fig.1. 
The joint configuration track of HR dual arms is shown in Fig.2. The average planning time is 4,210.88 
ms.  
 
 
 
 
 
 
 

Fig.1 Result of collision avoidance planning when HR dual arms grab the bowl 
 
 
 

(a) Initial state (b) Intermediate state (c) Grabbing state (d) Complete dynamic process 
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Fig.2 Joint configuration track when HR dual arms grab the water cup 

Summary 
WTAs algorithm for HR dual arm collision avoidance control proposed in this paper can set the 

target pose area (WTAs) of the object in work space visually and effectively. Thus, it can effectively 
cover the whole target pose set covered by machine vision and easily measure the distance from the 
end-effector. Direct kinematics model of HR dual arms established based on homogeneous 
transformational matrix and chained multiplying rule can easily realize fast recursion numerical 
calculation via computer. IK solution for HR dual arms based on DLS-SVD method is of universality. 
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