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Abstract. In this paper, a nonlinear control method used to make two different chaotic systems achieve 
synchronization within finite time is designed based on the sliding mode variable structure control 
theory and the driving response control method. In this method, the reaching law of the sliding mode 
variable structure may be adjusted to make the sliding mode become stable at a given moment, and 
make the state error on the sliding mode surface converge to zero globally and rapidly in the form of 
terminal sliding mode, so as to achieve speedy and accurate synchronization of the different-structure 
chaotic system. The theoretical analysis and the simulation result verify the availability of the method 
together. 

 Introduction 
As a nonlinear control mode [1], in the sliding mode variable structure control, the discontinuous 

sliding control is used to make state variables of the system slide to the desired points along the 
specified phase locus. Synchronization of two different chaotic systems must be achieved within finite 
time. Therefore, synchronous control research of the different-structure chaotic system has important 
practical significance and appliance value in many fields such as physics [2], communication, 
information science, medical science, biological and technical science, social sciences [3]. Because 
control parameters of the phase locus in the chaotic system are independent of external disturbance, the 
different-structure reaching law on the sliding-mode surface makes deviation between two systems 
converge to zero in a shorter time, and its invariance is superior to robustness. 

Synchronization Model 
Suppose the driving system of the chaotic system is[4,5]:  

)(xfx =&                                                                                                                          (1) 
Where x=[x1, x2 ,…, xn]T∈Rn; f(x)=[f1(x), f2(x),…, fn(x)]T∈Rn; x and f(x) are the state variable 

and the smooth nonlinear vector field of Equation (1). 
Its response system is combined with the control law, which is expressed as follows: 

uygy += )(&                                                                                                                                 (2) 
Where y= [y1, y2,…,yn]T∈Rn; g(y)=[g1(y),g2(y),…, gn(y)]T ∈Rn; y and g(y) are the state 

variable and the smooth nonlinear vector field of Equation (2). u=[u1, u2, …, un]T∈Rn is the 
controller designed for synchronization of Equation (1) and Equation (2).Suppose the error between 
Equation (1) and Equation (2) is e=y-x, the error vector is e=[e1, e2, … , en]T, if Equation (1) is 
subtracted from Equation (2), the state equation of the error system can be derived: 

uxfexge +−+= )()(&                                                                                                                           (3) 
Where T

neee ],,,[ 21 &L&&& =e . 
Synchronous control objective: Two random different-structure chaotic systems are selected, and 

f(x) ≠g(y) is true in Equation (1) and Equation (2); the applicable control strategy u is designed to make 
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the following expression be true for random original state x(0) and y(0): ||e(t)|| =||y(t)-x(t)||=0 (t≥ts). 
That is, the state error is decreased to zero at the accurate moment, so as to make two 
different-structure chaotic systems achieve precise synchronization [6].  
Design of synchronous controller of different-structure chaotic system based on sliding mode 
variable structure control method 

Suppose the switching function is: 
),,( pqeβMαees ++= &                                                                                                                 (4) 

Where α=diag[α1, α2,…, αn]; β=diag[β1, β2,…, βn] (αi, βi>0); 1 1/
1( , , ) [ ,q pe q p e=M 2 2 //

2 ,..., ]n nq pq p T
ne e , 

qi and pi (qi<pi) are positive odd numbers, i=1,2, …,n. 
When s is equal to zero, 0=s&  is true, derivation of Equation (4) is performed to get the 

expression Mβeαes &&&&& ++= , and the following expression can be derived in combination with 
Equation (3): 
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N , Equation (1) 

and Equation (3) are substituted into Equation (5), so Equation (6) is derived: 

( )( ) ( ) ( )( ) ( ) ( )∂ + ∂ ∂ +   = − + + + + − + +   ∂ ∂ ∂   
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Suppose the reaching law of the sliding mode variable structure is [7] : 

)(
2
1

η,ωLsεs s−⋅−=&                                                                                                                     (7) 

Where s=[s1,s2,…,sn]T，ε=diag[ε1,ε2, …,εn], εi>0；ω=diag[ω1,ω2, …,ωn], ωi>0； 
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TT
n n n ns L s L s L s s s sη ηη η η ηη η η η − −− − − − = =  L ，

0<ηi<1；1≤i≤n。 
Theorem In synchronization of two different-structure chaotic systems, the sliding mode variable 

structure control method is used, and the reaching law of the sliding mode is selected as per Equation 
(7) so as to make the state error reach the sliding mode surface s within finite time, while the sate error 
reaching law on the sliding mode surface is selected as Equation (4) may make the error converge to 
zero within finite time. 

Proof： Suppose Lyapunov function is 2
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Because of εi>0，ωi>0，ηi>0， 0
2
1 2 >= ii sV  and 0
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can be derived, it is can be seen from the above expression that the sliding mode surface si is stable at 
the reaching law in Equation (7).  

On the basis of Equation (8), i
iiiii VV V ηωε −−=

•

 can be derived, namely 0=++ i
iiiii VV V ηωε& , and 

it can be transformed as follows: 

iii
i

i
ii V

dt
dVV ωε ηη −=+ −− 1                                                                                                                  (9) 

Suppose i
ii VR η−= 1 , 

dt
dVV

dt
dR i

ii
i iηη −−= )1(  can be derived, and it is substituted into Equation (9) 

and simplified: 

iiiii
i R

dt
dR

ωηεη )1()1( −−=−+                                                                                                     (10) 

The first-order differential equation is solved to get the following:  
t

i
t

i

i

i

i
i

iiii eRetR εηεη

ε
ω

ε
ω )1()1( )0()( −−−− ++−=                                                                         (11) 

When si=0, Vi=0 and Ri=0 are true, the moment t=tsi is supposed, the following can be derived based 
on Equation (3) to Equation (11): 
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Where Vi (0) is the original state of Equation (8). It can be known from Equation (12) that, at the 
moment tsi (si=0), the adjustable parameters ηi, ωi and εi are used to determine the moment si when the 

sliding mode surface is reached; when si=0 is true, the expression 0/ =++=
•

ii pq
iiiiii eees βα  can be 

derived from Equation (4); on the sliding mode surface of the terminal, the adjustable parameters αi, βi, 
qi and pi can be used to determine the time in which the state error converges to zero, and the 
differential equation is solved to get the moment when ei converges to zero: 
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The control law u can be derived based on Equation (6) and Equation (7):  
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In addition, the filter of the control law u can be obtained from Equation (14):  
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Simulation analysis 
In this section, Chen system and Liu system as examples are studied for the synchronization problem 

of two different-structure chaotic systems, and then the above theory are proven[8,9]. 
Suppose Chen system is the driving system: 
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When ρ=35, δ=3 and μ=28, Chen system lies in the chaotic state. The phase diagram at the chaotic 
state is illustrated as follows: 
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Fig. 1 Phase Diagram of Chen System’s Variable x11     Fig. 2 Phase Diagram of Chen System’s Variables x1y1z1 
Suppose Liu system is the response system, the following expression is derived: 
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In Liu system, the system lies in the chaotic state in the case of a=10, b=40 and c=2.5. The phase 
diagram at the chaotic state is illustrated in Fig.3 and Fig.4: 
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Fig. 3 Phase Diagram of Chen System’s Variables x2z2 Fig. 4 Phase Diagram of Chen System’s Variables x2y2z2 
In the response system, u=[u1, u2, u3]T is the control law of the sliding mode variable structure 

selected, the following can be derived from Equation (17) and Equation (18): 
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Namely 
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f(x) and g(x+e) in Equation (19), A(x,e) in Equation (20), B(x,e) in Equation (21) and s in Equation 
(7) are substituted into the control law equation (5), and in Equation (4), [α1, α2, α3]=[4, 3, 3], [β1, β2, 
β3]=[20, 330/7, 42], [q1, q2,q3]=[3, 7, 5], [p1, p2，p3]=[5,11,7]; in Equation (7), [ε1, ε2, ε3]=[20, 10, 15], 
[ω1, ω2, ωn] =[6, 3, 7], [η1, η2, η3]=[7/11,3/5,5/7]. The original values of Equation (17) and Equation 
(18) are [x1(0), x2(0), x3(0)]=[0.01, 0.02, 0.01] and [y1(0), y2(0), y3(0)]=[12, 13, 30], respectively. The 
above parameters are substituted into Equation (4) to get s(0) and the time tei; and s(0) is substituted 
into Vi=0.5si

2, to get Vi(0); Vi(0) and parameters ω, ε and η are substituted into Equation (12) to get tsi. 
Simulation result: the convergence curves of synchronization state errors e1, e2 and e3 in two chaotic 

systems are shown in Fig. 5; it can be seen from Fig. 5 that, the moment when three states achieve 
synchronization is equal to the theoretical calculation result; Fig. 6 shows the relationship curve of the 
nonlinear control law u1, u2 and u3 varying with time; Fig. 7 is the synchronization phase diagrams of 
Liu system and Chen system, and the state variables are x1, x3 and y1, y3. It can be known from the 
figure that Liu system tends to be synchronous with Chen system, therefore, the control strategy 
proposed in this paper can achieve synchronization of two different-structure chaotic systems. 
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Fig. 5 State Error Convergence Curves of Two Chaotic Systems Fig. 6 Relationship Curve of Control Law u in term of Time 
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Fig. 7 Synchronization Phase Diagram of Two Systems 

Summary 
Experimental result shows that, on the basis of the sliding mode variable structure control method, 

the nonlinear control strategy proposed in this section is used to achieve synchronization of two 
different-structure chaotic systems effectively. The time when the sliding mode surface is reached is 
determined by adjusting parameters ωi, εi and ηi. the time when the state error converges to zero is 
determined adjusting parameters αi, βi, qi and pi. This method has rapid dynamic response and strong 
robustness, insensitive to parameters and external disturbance. 
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