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Abstract. Inthispaper, anonlinear control method used to make two different chaotic systems achieve
synchronization within finite time is designed based on the dliding mode variable structure control
theory and the driving response control method. In this method, the reaching law of the sliding mode
variable structure may be adjusted to make the diding mode become stable at a given moment, and
make the state error on the dliding mode surface converge to zero globally and rapidly in the form of
terminal dliding mode, so as to achieve speedy and accurate synchronization of the different-structure
chaotic system. The theoretical analysis and the simulation result verify the availability of the method
together.

Introduction

As a nonlinear control mode ', in the dliding mode variable structure control, the discontinuous
diding control is used to make state variables of the system dide to the desired points aong the
specified phase locus. Synchronization of two different chaotic systems must be achieved within finite
time. Therefore, synchronous control research of the different-structure chaotic system has important
practical significance and appliance value in many fields such as physics ¥, communication,
information science, medical science, biological and technical science, social sciences . Because
control parameters of the phase locusin the chaotic system are independent of external disturbance, the
different-structure reaching law on the diding-mode surface makes deviation between two systems
converge to zero in a shorter time, and its invariance is superior to robustness.

Synchronization M odel

Suppose the driving system of the chaotic system is**:

%= f(x) (1)

Wherex=[x1, x2,..., xn] T € Rn; f(x)=[f1(x), f2(x),..., fn(X)] T € Rn; x and f(x) are the state variable
and the smooth nonlinear vector field of Equation (1).

Its response system is combined with the control law, which is expressed as follows:

y=9g(y) +u )
Where y= [y1, y2,...,yn]T € Rn; g(y)=[g1(y),92(y),..., gn(y)]T €Rn; y and g(y) are the state
variable and the smooth nonlinear vector field of Equation (2). u=[ul, u2, ..., un]T €Rn is the

controller designed for synchronization of Equation (1) and Equation (2).Suppose the error between
Equation (1) and Equation (2) is e=y-X, the error vector is e=[€l, €2, ... , en|T, if Equation (1) is
subtracted from Equation (2), the state equation of the error system can be derived:

é=g(x+te)- f(x)+u ©)

Where é=[&,é, L& .

Synchronous control objective: Two random different-structure chaotic systems are selected, and
f(x) #g(y) istruein Equation (1) and Equation (2); the applicable control strategy u isdesigned to make
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the following expression be true for random origina state x(0) and y(0): |le(V)]] =|ly(t)-x(t)]|=0 (t>ty).
That is, the state error is decreased to zero at the accurate moment, so as to make two
different-structure chaotic systems achieve precise synchronization'®,

Design of synchronous controller of different-structure chaotic system based on diding mode
variable structure control method

Suppose the switching functionis:

s=é+ae+pM(eq,p) (4)

Wherea=diag[as, az,..., on]; f=diag[p1, far..., Bn] (ai, 5i>0); M (e,q, p) =[€*'™, &%'* ..., ¥'™]T,
g and pi (gi<p;) are positive odd numbers, i=1,2, ...,n.

When s is equal to zero, §=0 is true, derivation of Equation (4) is performed to get the
expression § = &+aé+ pM , and the following expression can be derived in combination with
Equation (3):

a=Jox+e),  To(x+e), T (), 4

x fe x

So:

g=19x*€)  Tox+&) g M) 4, 4+ae+pwWieq p) (5)
x fe x

Where W(e, q, p) = M = Né and N =diag giel%/m-l,&ez%/%l _____ ie qn/pn'lg, Equation (1)

dt &P P, P
and Equation (3) are substituted into Equation (5), so Equation (6) is derived:

g=ZO0te) TUO0r (4 OO L (s pn Yg(xre) - (0 +u) + ©
T ™ o & e o

Suppose the reaching law of the sliding mode variable structure is'” :

&:-%8XS- olL(sh) (7

Where s=[s1,%,...,s]" e=diag[erez, ....en], 6>0; w=diag[wy,wo, ...,0n], ©i>0;

T

L(S!h) = [Ll(slihl)! LZ(SZ!hZ)i---a Ln(Snihn)]T = gz-hlslzhl-li2-h2822h2-11---12-hn SZhn.lH 4

O<yi<1; 1<i<n,

Theorem In synchronization of two different-structure chaotic systems, the diding mode variable
structure control method is used, and the reaching law of the dliding mode is selected as per Equation
(7) so asto make the state error reach the diding mode surface s within finite time, while the sate error
reaching law on the diding mode surface is selected as Equation (4) may make the error converge to
zero within finite time.

Proof: Suppose Lyapunov functionisV, = %sf , Which is derived in combination with Equation
(7):
I/814 = Slﬁl
= Si(- leisi = W12 h th 1) = - lels - W12 h Sl?hj
2 2
e (8)
:-_els -WZthhj :-el_sliz-wia_sfg
2 2 52 e
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h;
Because of >0, >0, 7>0, V, —%s >0 and V" _83—1520 >0, =-eV,-wV" <0

a
can be derived, it is can be seen from the above expression that the diding mode surface s is stable at
the reaching law in Equation (7).

Onthebasisof Equation (8), V. =-eV, - w\V, canbederived, namely \f +eV, +w\V," =0, and
it can be transformed as follows:

v d;i' +e V" =-w, ©)

SupposeR =V, ddR (L-h)v™ dd\? can be derived, and it is substituted into Equation (9)

and smplified:
%+(1-hi)eiRi =-(-h)w, (10)
The first-order differential equation is solved to get the following:
R(t) = - L+ D grahoet 4 R (e e (11)

When s=0, V;=0 and R=0 are true, the moment t=ty is supposed, the following can be derived based
on Equation (3) to Equation (11):
_ 1 w+eV(0)

ty = In
1-h) W,

Where V, (0) isthe original state of Equation (8). It can be known from Equation (12) that, at the
moment ts (5=0), the adjustable parameters #;, w; and &; are used to determine the moment s when the

(12)

diding mode surface is reached; when s=0 is true, the expression s, = eI +a,e +b.e''” =0 canbe

derived from Equation (4); on the diding mode surface of the terminal, the adjustable parameters a;, £,
g and pi can be used to determine the time in which the state error converges to zero, and the
differential equation is solved to get the moment when g converges to zero:

/P
= p| In b+a (P -G P(O) (13)
ai(p| - Q) bi
The control law u can be derived based on Equation (6) and Equation (7):
€ X o & Te 1
- f(X)+u)- %fﬁ@- wlL(sh)
In addition, the filter of the control law u can be obtained from Equation (14):
6+ B(x,e)u=-A(x,e)f(x)- B(x,e)(g(x+e)- f(x))- %g x5- wlL(sh) (15)
Ax,e) = 19X *8) W) gy o= T0X*E) )4 pN (16)
x x Te

Simulation analysis

Inthis section, Chen systemand Liu system as examples are studied for the synchronization problem
of two different-structure chaotic systems, and then the above theory are proven®?.
Suppose Chen system is the driving system:
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_}_ =1 (X - %)

(% = (M- )X - XX + MK, (17)

{&3 =%, - A%

When p=35, 6=3 and x=28, Chen system lies in the chaotic state. The phase diagram at the chaotic
state isillustrated as follows:
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Fig. 1 Phase Diagram of Chen System’s Variable x11 Fig. 2 Phase Diagram of Chen System’s Variables x1y121

Suppose Liu system is the response system, the following expression is derived:

_i_ Yo=aly,- y)+y

i ¥, =by, - y1y; +U, (18)

%&3 = Y; - oy, +U,

In Liu system, the system lies in the chaotic state in the case of a=10, b=40 and c=2.5. The phase
diagram at the chaotic state is illustrated in Fig.3 and Fig.4:
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Fig. 3 Phase Diagram of Chen System’s Variables XyZ» Fig. 4 Phase Diagram of Chen System’s Variables XoY»2Zo
In the response system, u=[us, Uy, Us]" is the control law of the diding mode variable structure
selected, the following can be derived from Equation (17) and Equation (18):

@ (Xz - X1) l;' éa((xz +ez) - (Xl +e1)) l\;l
f(x) = gm- 1)x - X% +me4r g(x+€) = B(x, +&) - (X +6)(X &)y (19)
B, - o : & +e)-chxre)
é -r r ou ¢ -a a 0 u
Namely M:gm_ fox m Xlﬂ ﬂg(%(;e) _ ﬂg(%(e+e) =20- (x+e) 0 -(X1+61)H’
"o x % -dg g22x+g) 0O -c §
According to A(x,e) = ﬂg(;{; €. ﬂfﬂ(xx) in Equation (16), B(x,e) :%+a+ﬂN can be

derived:
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g -a+tr a-r Og
A(x,e):go- m+r-e -m -g 3 (20)
g 2(x+e) -x d-cj

g’il— a+b1ielql/pl_l a 0 3

é P i

: : u 21
B(x,e)=¢ Db-(x;+e) a2+b2i92qz/p21 (x +€) o (21)

é p2 l:l

e 1]

é 2(X1+el) 0 a,- C+b3&ega/93'1u

€ Ps a

f(x) and g(x+e) in Equation (19), A(x,e) in Equation (20), B(x,€) in Equation (21) and sin Equation
(7) are substituted into the control law equation (5), and in Equation (4), [a1, a2, a3]=[4, 3, 3], [f1, f2.
Ps1=[20, 330/7, 42], [0h, 02,05]=[3, 7, 5], [P1, P2»  P3]=[5,11,7]; in Equation (7), [&1, &2, €3] =[20, 10, 15],
[w1, w2, wn] =[6, 3, 7], [71, 12, n3]=[7/11,3/5,5/7]. The original values of Equation (17) and Equation
(18) are[x1(0), x2(0), x3(0)]=[0.01, 0.02, 0.01] and [y1(0), y»(0), ys(0)]=[12, 13, 30], respectively. The
above parameters are substituted into Equation (4) to get (0) and the time ts; and S(0) is substituted
into Vi=0.5s2, to get V;(0); Vi(0) and parameters w, £ and 5 are substituted into Equation (12) to get ts.

Simulation result: the convergence curves of synchronization state errors ey, € and e;in two chaotic
systems are shown in Fig. 5; it can be seen from Fig. 5 that, the moment when three states achieve
synchronization is equal to the theoretical calculation result; Fig. 6 shows the relationship curve of the
nonlinear control law u;, U, and uz varying with time; Fig. 7 is the synchronization phase diagrams of
Liu system and Chen system, and the state variables are x;, X3 and yi, ys. It can be known from the
figure that Liu system tends to be synchronous with Chen system, therefore, the control strategy
proposed in this paper can achieve synchronization of two different-structure chaotic systems.
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Fig. 5 State Error Convergence Curves of Two Chaotic Systems Fig. 6 Relationship Curve of Control Law u in term of Time
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Fig. 7 Synchronization Phase Diagram of Two Systems

Summary

Experimental result showsthat, on the basis of the diding mode variable structure control method,
the nonlinear control strategy proposed in this section is used to achieve synchronization of two
different-structure chaotic systems effectively. The time when the diding mode surface is reached is
determined by adjusting parameters wi, ¢ and #;. the time when the state error converges to zero is
determined adjusting parameters a;, £, g and pi. This method has rapid dynamic response and strong
robustness, insensitive to parameters and external disturbance.
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