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Abstract. The floating-type double-hinged wave energy converter (WEC) is developed to realize the conversion of wave energy. Based on the 
linear wave theory and wave-body coupled interaction, the nonlinear coupled equations of the heaving-pitching motions for the buoys are 
established. Under the condition of entirely linear PTO (power take-off system), the analytical solutions of pitching angles are deduced. Then 
the amplitude-frequency response characteristics of pitching motion and transfer power are discussed. When the collision chocks are installed 
in the hydraulic PTO, the time-domain changing laws of pitching angles and angular velocity are calculated by using numerical methods.  The 
results show that the coupling effects are significant for the heaving-pitching motion. With the realistic hydraulic PTO, the average transfer 
power is about 11.5% lower than that of entirely linear PTO, and pitching motions of buoys show the complex periodic characteristics with 
wave period. 

1 Introduction 

Ocean wave energy is regarded as one of the most 
promising renewable energy sources for its advantages of 
substantial deposits and high energy quality, particularly 
in some oceanic countries such as Ireland, Denmark, 
Portugal, the United Kingdom, and the United States [1, 
2]. In China, wave energy provides an important source 
of renewable energy in the white paper on China’s energy 
policy (2012). The renewable energies account for the 
overall target of a 15% share of total energy by 2020 [3]. 
A large variety of wave energy converters (WECs) have 
been proposed to harvest wave energy over the years [4, 
5] with a few commercialized and market agreement, 
such as the raft-type WEC “Pelamis” developed by the 
Scottish company Pelamis Wave Power (PWP) [6] in UK 
and the offshore floating type WEC “Mighty whale” [7] 
designed by Japan marine science and technology centre 
(JAMSTEC). The maximum power efficiency of “mighty 
whale” reached 12%. 

In this respect, research team of Professor H. T. Gao, 
Dalian Maritime University in China, has developed a 
new kind of floating multi-section WEC [8] which is 
taken as the research object of this paper. Figure 1 is the 
configuration diagram of this WEC. The device is 
constituted of multiple section cylindrical buoys that are 
hinged together by several hydraulic energy conversion 
units. Wave energy is gathered by buoys in term of 
resonance phenomenon, Hydraulic cylinder pistons are 
driven to do reciprocating motion with the change of the 
angles caused by the non-synchronous six degree of 
freedom (6-DOF) motions of buoys. Several sea tests 
with small-sized devices have been carried out in Dalian 
sea area in 2012 and 2013. The maximum output power 
achieved 100W in the sea tests of 2013 when the buoy 
length is 4.0 m and the radius is 0.5 m in the wave height 
of about 0.5 m. The results confirmed that the WEC has 
good practicability and application prospect. 

 
Figure 1. Configuration diagram of the WEC 

At present, the research on this type of WEC is 
concentrated in the numerical simulation and model test. 
“Pelamis” have been conducted on several sea tests in 
2004 [6]. W. C. Chen and Y. L. Zhang presumed that the 
pitching motions of the rafts are axisymmetric in research 
of the conversion efficiency of raft-type WEC [9]. F. 
Hedberg and M. Saccullo discussed the optimal design 
for a raft-type double-hinged floating WEC by numerical 
simulations considering linear regular waves with an 
incident angle of zero [10, 11].  

In this paper, a valid and practical method for 
theoretical calculation in the form of differential 
equations with the help of analytical and numerical 
technique is presented to construct the motion model of 
the WEC and discuss the motion characteristics and 
power responses. 

2 Coupled equations of heaving-pitching 
motion 

The incidence angle of wave usually approaches 0 under 
the action of waves, wind and mooring system. So the 6-
DOF motion of buoys is simplified into 3-DOF motion 
(heaving, surging and pitching). The surging motion can 
be ignored for the small motion amplitude and 
unconspicuous coupling effect. Therefore, the heaving-
pitching motion is the focus of our research. The key to 
the research is the wave-body interaction.  

As shown in Figure 1, the Buoy (1) and Buoy (2) are 
equal of length (L) and weight (m) that evenly distributed. 
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Based on rigid body kinematics, the motions are 
represented in a set of equations by the Newton-Euler 
method. 

Heaving motions: 
                 n n n n n n n n

z f h s c zM A z G F F F F e             (1) 

Pitching motions: 
        1 2
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yy ayy p yI I N s F F e         
                (2) 

Where n=1 and n=2 represent the physical variables 
of the Buoy (1) and Buoy (2) respectively. M is the mass of 
buoy, Az is the added mass components, G is the gravity, 
Fh is the hydrodynamic forces. Fs is hydrostatic restoring 
force, Ff is buoyancy of buoys, Fc is the damping force of 
power take-off system (PTO). ey and ez are the unit 
vectors of Y-axis and Z-axis. 

Iyy and Iayy are the moment of inertia and added 

moment of inertia to Y-axis.   is the pitching angular 
acceleration of buoys. F1 and F2 are the forces of the 
hydraulic cylinder piston rods. s is the vector distance 
between rotation axis and geometric center of piston rod. 
Np represent the total moment of the fluid pressure and 
the gravity on the center of gravity of buoy. The 
following expression can be denoted by force analysis. 
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Where fhz
(n) and fhx

(n) represent the infinitesimals of 
the vertical and horizontal components of the 
hydrodynamic force Ff. ff

(n) and fs
(n) represent the 

infinitesimals of the buoyancy Ff and hydrostatic 
restoring force Fs. 

The hydrostatic restoring force is denoted as: 

s wpF g ds gS z       [12]                                  (4) 

Here Swp is the mean wetted surface area of buoys in 
still water. 

The vertical component of PTO force is: 

   
   1 2

1 2 sin
2

n
c zF e F F

 
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The formulas (1), (2) are the coupled equations of 
heaving-pitching motion. 

3 Calculation results and analysis 

The PTO is modeled both by a simplified system of an 
entirely linear damper and also by a more realistic system 
of a hydraulic piston with a certain retractable length. In 
the simplified linear model of the PTO, the coupled 
equations of heaving-pitching motion are expected to be 
solved using analytical solution method. Then the motion 
characteristics and power responses are analyzed. For a 
realistic system, numerical solution method would almost 
the best way to conduct its time-domain analysis and 
power distribution.  

To simplify the calculating process, the linear 
potential theory is selected and the wave attenuation is 
neglected. 

The main parameters of WEC and sea condition are 
shown in Table 1 and Table 2. 

Table 1. Main parameters of WEC 
Structure Parameter Value 
Shape of buoy cylinder 
Length of buoy/L 8.0 m 
Radius of buoy/ B 1.0 m 
Draft t of buoy/d 1.0 m 
Damping coefficient /C 50000 Ns/m 

Table 2. Conditions of China Yellow Sea and Bohai Sea [13] 
Parameter Value 
Wave type linear wave 
Wave direction 0 ° 
Wave height/H 1.2 m 
Wave period/T  2.5 s-5.0 s 
Wave circular frequency/ω 1.26 rad/s-2.51 rad/s
Depth/d 40 m 
Sea-water density/ρ 1025 kg/ m3 

3.1 Entirely linear PTO 

According to the decomposition of forces and moments, 
the pitching motions of buoys is deduced as:  
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(6) 
It is inferred that the pitching motions of buoys are 

considered as simple harmonic motions. The angular 
displacements are denoted in complex number: 

     Re expn n
m i t                                                 (7) 

Where θm
(n) is the amplitudes of pitching angle in the 

form of complex number. Re[] indicates the real part of 
complex number. 

The hydrodynamic force is described as follow [14]. 

 0Re exphF F i t                                                     (8) 

In which F0 is the amplitude of hydrodynamic force 
that is unrelated to time term. 

Plug formula (7) and (8) into equations (6), then 
eliminate time term. The analytic solutions of pitching 
angle amplitudes are obtained: 
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(11)  
Here z0

(1) and  z0
(2) are the displacement amplitudes of 

heaving motions of Buoy(1) and Buoy(2). 
The wave energy transfer power of PTO is expressed 

by the following formula. 
     2 2
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Where CP  is average wave energy transfer power, 

θm
(rel)  is the amplitude of relative pitching angle (θ(rel)), 
     1 2rel    .  

Figure 2 shows the amplitude-frequency responses of 
pitching motion and transfer power. The amplitude of 
pitching angle attains the peak at the frequency of about 
2.3 rad/s, and then decline rapidly. The reason for this is 
that, there are strong coupling effects between the 
pitching motion and heaving motion. And the main factor 
which affects the heaving motion response is the 
proximity of the natural frequency of buoys to the wave 
period. The resonance can be thought to occur at this 
frequency. 

 
Figure 2. Amplitude-frequency responses of pitching motion 

and transfer power 

For the average transfer power, the peak power is 
discovered at the frequency of 2.6 rad/s. When the 
frequency exceeds 2.6 rad/s, the power overall showes a 
downward trend quickly but with multiple fluctuations. 

3.2 Hydraulic PTO 

As stated before, for a realistic system of a hydraulic 
piston, collision chocks are usually installed to prevent 
damages of buoys and PTOs in bad sea condition. Under 
this condition, the maximum relative pitching angle is 
fixed that the hydraulic pistons are limited in a certain 
length. The collision process of buoys satisfies the 
angular momentum theorem.  
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Where ∆t is time step, ∆L(∆t) is the increments of 
primary moment in ∆t  time. 

Figure 3 shows the time-domain curves of pitching 
motion with hydraulic PTO. The pitching motions of 
buoys exhibit the complex periodic characteristics with 
evident sloping platforms at the larger angles. This 
characteristic is the reason that the contact impact occurs 
when the relative pitching angle exceeds the threshold. 
Their periodicities are still of the same with wave period. 
Figure 4 is the curve of corresponding angular velocity. 

 
Figure 3. Time-domain curves of pitching motions of buoys 

with hydraulic PTO 

 
Figure 4. Time-domain curve of angular velocity of pitching 

motion with hydraulic PTO 

3.3 Transfer power analysis 

Figure 5 and figure 6 show the changes of transfer power 
with entirely linear PTO and hydraulic PTO. For the two 
type of  PTOs, both the curves take on periodic behaviors 
with half of wave period. But with entirely linear PTO, 
the change of curve shows more orderly than the curve 
with hydraulic PTO. And there are platforms at the larger 
power. The numerical results show that the average 
transfer power is 20.8 kW with entirely linear PTO and 
the power is 18.4 kW with hydraulic PTO. The loss rate 
of power is about 11.5%. 

 
Figure 5. Time-domain curve of transfer power with entirely 

linear PTO  
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Figure 6. Time-domain curve of transfer power with hydraulic 

PTO 

4 Conclusions 

This paper takes the floating-type double-hinged WEC as 
research object. The coupled equations of heaving- 
pitching motion of wave capture buoys are established to 
analyze the motion characteristics and power responses 
The main conclusions are as follows: 

(1) The coupling effects between the pitching motion 
and heaving motion are strong. The natural frequency of 
buoys is a main factor that affects the coupling motions 
and power responses.  

(2) For a realistic system of a hydraulic piston 
installed collision chocks, the pitching motions of buoys 
exhibit the complex periodic characteristics with wave 
period. There are always evident sloping platforms in the 
curves. 

(3) The transfer power with the realistic hydraulic 
PTO will decrease compared with the entirely linear PTO. 
The loss rate of power is about 11.5% for this WEC. 
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