International Conference on Applied Social Science Research (ICASSR 2015)

Error Bound of the Stochastic Linear Complementarity”

Shenghua Jiao*, Qingjun Ren?
Y School of Logistics, ? School of Science, LinYi University, Linyi, Shandong Province, China

Abstract - In this paper, the error bound estimation for linear
complementarity problem are extended to the stochastic linear
complement problem (SLCP). Some of its new reformulations are
given firstly, and then we establish its error bound estimation and its
solution structure.

Index Terms -SLCP, new reformulations, error bound, solution
structure.

1. Introduction
Let Flx, w) = Mw)x + plw), Gx, @) = Mw)x + glw)

Where M(w), N(w) € R™" are stochastic matrices; p(®) ,

g(w) € R" are random variables. If #(w), N(w) are only

numerical value, then we get the Linear Complementarity
Problem(LCP). The SLCP is an extension case of the LCP
which has received much attention, some efficient solution
methods are given for it [1-3], begin to play significant role in
economics, operation research, and stochastic analysis, etc.

If R”is finite dimension, then the SLCP is equivalent to
Fx) = Mw)x + plw), Gx, ) = Nw)x + q(w) [4],
where wr = w(e) = . p M), P = pla) = 3. p,al@).

i=1 i=1
Our goal is to find a vector x* e R” such that
F(xX*) e K,6x") e K° F(Y 6(x") =0 (L1)

Where K is a polyhedral cone in R”, and A°is its dual

cone. There exist matrices A, B € R™", such that

K=1{veR |Av >0, By = 0}

K ={uekr

AA +B 4,4 =044 R

We denote its solution set by X, which is assumed to be
nonempty throughout this paper. Obviously, the SLCP is an
extension of the LCP, and this motivates us to consider its
error bound estimation. So we will establish a new error bound
estimation based on some new reformulations of the problem
and also discuss its solution structure. Compared with the error
bound given before, the error bound given here is more easily.

2. Equivalent reformulation

In this section, we will establish an equivalent
reformulation of the SLCP. First, we need the follow

assumptions.

Assumption: For matrices 4, 5, #, # involved in (1.1), it
holds that

(1) The matrix #” n; is positive semi-definite;

(2) The matrix (47, £7) has full-column rank.

For the LCP, referring the reader to the argument in [5],
and it is easy to deduce the following conclusion in the SLCP.

A point x* < g7 is a solution of the stochastic linear
complement if and only if there exist A A, € R, such that

AMx* + p) > 0
BUMx* + p) = 0
A >0 (1.2)

1
Mx" + pY (Nx™ + g) = 0
Nx* +q = A +Ba,

Denote @ = [;j , then @ has full-row rank, and thus the

2n-order matrix @@” is non-singular. So we have the following
conclusion.
Theorem 2.1 Suppose Assumption (2) holds. For

any x e R", the following statements are equivalent.
1. Thereexist4, € R°, 4, € R*,such that

Nx+q=AL+B2,

5 0,0 @@")'@N(x + g) = 0
[07(007)"'0 — 11 (Wx + g) = 0

Proof SetX, 2 {x € R" W x + g = A4 + B 4,)

(1,0, ) (@0 )Y'9Wx + q) > 0,

X, 2{x erR -
(0700 - 11 Wx +q) =0

2

Foranyx € X, thereexists 4, € R’, A, € R, such that

- - A
Nx+q=0 [J . 2.1)
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Therefore (gp"y"o(Nx + q) = (}“1] (2.2)
/12
We have
[0 (@@ -1 1(Nx +4q) =0 (2.3)

A
Byus,om)[ !
A

2

j > - combining this with (2.1), one has

(1.,0,.,) @)OWx + g) > 0
Along with (2.3), yields that x € X .
On the other hand, forany x € X, let

A =(,0 ) @) aNx + ),
A =0, 1) @0 aWx + )

Then A € RZ, A, € R By(2.3)%
Nx+q=Q"[(@07) @(Nx+q)]
/ _ _
=(AT,B’)[5 fj(aof)"owxw):Mwuz.

t

In fact, Theorem 2.1 transforms the third inequality and
the last equality in (1.2) into a new system of inequalities in
which neither parameter 4, or 4, is not involved. In this sense,

the SLCP can be reformulated as the following system.
A(ix + ;) >0
Blx + p) = 0
Ax + DY (1,0, ) @'Y'0Wx + ) =0 (24)

t

(1,0.) @0 oNx + ¢) > 0

@ @00~ 1) Wx+q) =0
By (5),Question (1) From (2.4), problem (1.1) can be

equivalently reformulated as the following constrained
optimization problem.

min Hx) = Mx + p) Wx +q) s t.x € X (25)
where

s’ Tsxs

A+ ) = 0.0,0,) @) 0Wx + ) = 0
Blx +p) = 0,07(@0")" - 1) (Nx +q) =0

X={xeR

In the sense, that X™is a solution of (1.1) if and only if it
is a global optimal solution of (2.5).

From Assumption (1), the Hessian-matrix Mr/V + /VTM
of H(x)is positive semi-definite, so #(x) is a convex function,
the feasible set is a polyhedral. Thus, by the related optimal
theory, we know that the stationary set of (2.5) coincides with
its solution set which also coincides with x € X*,such that

x=-xXY M +q) >0Vx e X (2.6)
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Wherewt = M N+« N Mg = W a + N p. From (2.6),
we can detect the structure of the solution set.

Theorem 2.2 Suppose that Assumption (1) and (2)
holds and x, is a solution of (1.1), then

X" = {x € /\"M(x—xo) = 0,g(x — x,) = 0} (2.7)
Proof Sety = (4 ,\/‘M (x — x,) = 0,g(x — x,) = O}

Vx e X', since x, x, € X, from (2.6), one has

(x = x,) (Mx, + g) > O; (2.8)

(x, — xY(Mx + q) = 0. (2.9

Adding these two inequalities yields
(x = x,YM(x - x,) <0,
Since M is symmetric and positive semi-definite by (1), so
M(x — x,) = 0. (2.10)
From (2.7), one has
(x - XO)T(M X+ q = (x - XO)TM(XO_ X) + (Xo_ ) Mx +q >0C
ombining this with (2.8) yields
(x = x,Y Mx, + @) = 0,

Using (2.10), we have
(2.11)

qr(x - x,) = (x, - X)’MXO =0

By (2.10) and (2.12), we getx < # .
On the other hand, forany w € # and x € X, since

Mo - x) = 0. (@- x) =0,
We have
(x — ) Mo + q)
=[x = x) + (x, - @ T [Mw - x,) + Mx, + q)]

=[x = x,) + (x, — @) T (Mx, + @)
=(x — XO)T(MXO +q) > 0.
Where the inequality follows from that x, is a solution

of the SLCP, thusw € X™.
From Theorem 2.2, it is easy to get the following
conclusion.

Coraollary2.1 Suppose (1) and (2) hold, and x, is a
solution of (1.1). Then
X ={xe XMx - xo) =0, (Mxo +q) (x - XO) <0} (2.12)

In the following, we would give the definition which
plays a crucial role in discussing the structure of the solution
set for the SLCP which is developed based on
complementarity conditions in (2.4).

Definition 2.1 A solution x of (1) is said to be non-
degenerate if it satisfies



AMx + p) + (1,0, ) (@ )'9Wx +q) > 0. (2.13)

Theorem 2.3 Suppose that (1) and 2) holds, and the
SLCP has a non-degenerate solution. Then for any solution x,
of (1.1), it holds that

X' ={xe X‘(&x + ;)r(ﬁxo +q) Wx + 5)%%{0 +p)

Proof Foranyx e X, by the second equality in*, we have
(x - XO)T(FN + Fﬁ) (x - x,)
=[x+ p) - Mx, + DT [Wx + q) - (Wx, + )] (2.14)
L Wx + ) = Wx, + D TLWx + p) - (Mx, + p)]
= 2Mx + p) (Wx + @) = 2Mx + p) (Wx, + q) = 2Mx, + p) (Wx + @)

To prove the assertion, we need that the solution set X"

and w are equivalent > where
W= lx e X|Mx+p) (Ux, + )+ (Wx + @ (x, + 2) = 0}

Foranyx e X*, by Theorem 2.2, one has

Wx+ oY Wx+) =0, N+ N M (x-x)=0

Combining this with (2.14) ,we have

Mx + ;)’(ﬁxo Q)+ (F){0 + o) Wx +q) =0.

This implies thatx* < w.

On the other hand, if x isa non-degenerate solution of
the SLCP. From the theory just proved, we have

Mx, + pY (Wx + q) + Wx, + @) Wx + p) =0 (2.15)

Now for any X e W, by Theorem2.2 the second equality
in (2.4) and (2.15)
0= (x=x, ) N+ N (x-x)
= (Mx + p) Wx + @) + Wx + g) Wx + p)
=Whx + pY (Nx, + q) + (Wx + q) (Mx, + p).
We have
Mx + pY WNx + @) + Wx +q) Mx + p) =0,
Mx + pY Wx + g + (Nx + g) (Mx + p) = 0.
However, by the third equality in (2.4), one has
(Mx+ p)(Nx+q) = (Mx+ p)T[6" (667)*O(Nx+q)
= (Mxx+ p)" (Nx+q) +(Nx+q)" (Mx+ p)]

A — — (I, 0
:[(BJ(MHp)] (0 |

= (AMx+ ) [(1,.,0,.)(00")* O(Nx+ )],

(Nx+q)(Mx+ p) =[6" (66")*0(Nx+a)" (Mx+p)]
=[(00")* O(Nx+ QI [0(Mx+ p)]

| 0 — - _ =
=[(5 oo | s o

=[(15,0,,)(66" ) O(Nx + )T TAM x+ p)],

](e@T Y*O(Nx+q)

[AMx + )T/, 0,,) @) '9WNx + q)] = 0.

sxt
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Combining this with (2.11), we can get

LAMx + p)TL(.,0,.,) (667 '6Nx + @)1 = 0.

sxt

And from (2.4), one has
Mx + p) Wx +q) + Wx +q) Mx + p) =0
Mx + p) (Nx +¢q) =0,
Sowe havex € X *,
From Theorem 2.3 and (2.4), it is easy to prove the
following conclusion.
Corollary 2.2 If the conditions of Theorem 2.3 hold.

Then the structure of solution set for the stochastic linear
complement has the following representation.

X' = lx € X|(Mx + ) (Wx, + q) + Wx + q) (i, + p) < 0} (2.16)

3. Theerror bound for the stochastic linear complement

In this section, we present the global error bound for the
SLCP based on the structure of solution set obtained in
previous section under Assumption (1) and (2). Now, we
mainly state our main results and firstly give the needed
lemma.

Lemma 3.1 Suppose Bx + b, = 0,0x +d, = 0,]1]

RGN A AR A
Proof ByBx + b = 0,forany/, we can easily get
(Bx), > [(-b) T, this means"B,x" > ||(-b,)+|| =0,

17+
Combining with D,x + d, = 0, we obtain the desired result.

In this following, we mainly quote some known results
from [6] on the error bound for a polyhedral cone which will
be used in the sequel.

Lemma 3.2 Given polyhedral cone

P={xeR|Dx =4d,Bx < b}

3.1)

Where 0, € R”",B, € R™",d, € R',b, € R". Forany

x € R”, then there exists a constant ¢, > 0
Such that
dist(x, P) < 01[”03,\’ - a’3|| + "max {0,B,x — b3|| :

From Corollary 2.2 and Lemma 3.1-3.2, we have the
global error bound for the SLCP.
Theorem 3.1 Suppose that Assumption (1) and (2) holds. Then

there exists a constanty > 0, for any x € R”, we can find a

vector x* e R” such that
”x - x*|| < /Am(x) + m(x)"?}

- x| 17| < oAmx) +m(x)*?3

(3.2)

3.3)

where



m(x) = [AMx+ p) |+|01,0)(087) "0(Nx + 0) |+ |B(Mx + )|

+“@(Nx + a)” +[(Mx+p) (Nx+q)].,
AM

_AB
(1,067 )00, (1,0)(667)*ON

p=A"2,and 6=06"(06")'0-1_

r'= #0,A=

Proof From (2.8) and Lemma 3.2, for any x € R”, there
has a constant 5, > 0 such that

- x| < sAlAMx -+ )1 |+ (1, 0)(66" ) o(Nx + Q)] |
+||B(Mx+_p)" +) +“(MT N+N' M)(X - xo)“

IV, + @) G- 1,

where x, € X*. ByH(x) = (Mx + pY (Nx + q) is convex

(3.4)

and H(x,) = 0, we have
H(x)-H(x,)>(Mx,+q) (x-x,) ie,
[(Mx, +q) (x - x)1, < [Ux, + ) W) + @)1, (3.5)
Forany x e R"there exists a constant o, , such that

2

“(7»7 W - x| < S0-x YU N+ 0 W (x - xy)

= 25,{(Mx + P (Nx + q) = (Mx, + PY (Nx, + q)
LN+ N x, + M g+
< 25,{[(Mx + PY (Wx + @),

"

NPT (x - x)l
—T— —T= —T —r—

LN+ NMx, + Mg+ NPT (x - x)]L

< 25,[Wx + pY (Wx + @)1,

1266, (A + 21| + [10.0) @0y owx + @)1 |

+ “MX + 5)“ + ”5(% + ;7)”), 3.6)

Where the first inequality is by Assumption (1), the
equality is by the Taylor expansion equation of #(x) atx,,
the  second inequality  follows from the fact

a+b<a +b,Vab the last inequality is by (2.2),

and x, € X*. From (3.4)-(3.6), we have that (3.2) holds.

Combining (3.2) with Lemma 4.1, we deduce that (3.3) holds.
This bound is an extension of Theorem 2.7 in [7]. Similar
to the derivation of Theorem 3.1, we can also obtain an error
bound for (1.1) under the condition of Theorem 2.3.
Theorem 3.2 Suppose that the condition of Theorem 2.3

holds. Then there exists a constant o, >0, for anyx € R", we
can find a vector x* € X, such that

| - x| < pm(x); (3.7)
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”X —X*” / ”X*” < p,m(x). (3.8)
Where m()(),g;aojb are defined in Theorem 3.1

1p2 = ﬂeli '
Proof Foranyx e R”, there exists a constantd, > 0,
such that

< a

Ax + p) | + 0.0 @07y "ox + 1 |

+ “B(ﬁx + /_J)

+ “5(/T/x + 5)”
+ ”[ Mx + pY (Nx, + @) + (Wx + ) (Mx, + p) ]+“}

< 1

Ay + p) | + (1. 0) @07y "ox + 1 |

+ ”B(/i_lx + /_J)

+ “E(WX + c_7)”
st + e + o1,

Where x, € X*, the first inequality is by (2.16) and

Lemma 3.2, and the second inequality is by (2.16) and
Assumption (1). Combining (3.7) with Lemma 3.1, we obtain
(3.8).
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