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Abstract. A novel algorithm aligning the time-delay of each signal received by a uniform antenna 
array is presented. In order to solve the problem that time-delay alignment performance is poor at the 
low signal-to-noise ratio (SNR) value, the proposed algorithm makes use of iterative estimation. Then 
we analyze and compare the performance between the proposed method and the time-delay alignment 
algorithm based on quasi synthesis reference (TAQSR), indicating that the new algorithm has better 
performance. Simulation results show that the new algorithm not only improves the time-delay 
alignment performance in the multi-antenna signal synthesis system, especially in low SNR, but is 
also free from the actual value of the time-delay difference, compared with TAQSR. 

Introduction 
TDOA estimation has always been an important problem in the multi-antenna signal synthesis 

system. The multi-antenna signal synthesis technology[1] is the use of multiple antennas to receive the 
same signal, by weighting every antenna signal to acquire a synthesized signal, a quality improved 
synthesized signal can be achieved. Because there may be many differences between the antenna 
signals, multi-antenna synthesis system must estimate and compensate the differences of parameters. 
In the multi-antenna signal synthesis system, TDOA estimation is actually a time-delay alignment 
problem between each received signal and the reference signal. The approaches for TDOA between 
two signals include the basic cross-correlation method, the generalized cross-correlation method[2], 
the higher-order cumulant method[3], adaptive time-delay estimation algorithm[4] and so on. The 
TDOA estimation performance mainly depends on SNR of received signal, observation time and 
signal bandwidth. In general case, the TDOA estimation performance between the two signals can’t 
meet the need of time-delay alignment in the multi-antenna synthesis system. The research[5] shows 
that using the same information of the received signals can reduce the effect of noise on estimation 
performance and improve TDOA estimation performance in low SNR of the received signal in 
multi-antenna signal synthesis system. 

In multi-antenna signal model, the ways to solve TDOA estimation become multi-channel 
cross-correlation method[5], eigenvalue decomposition method[6], redundant fusion algorithm[7], the 
time-delay alignment algorithm based on quasi synthesis reference (TAQSR)[8] and so on. The 
multi-channel cross-correlation method and eigenvalue decomposition method are restricted by the 
antenna formations. The redundant fusion algorithm makes full use of the correlations of the 
estimated redundant time differences to improve estimation performance; however it is not easy to 
calculate the weight yet. For each signal, TAQSR regards synthesized signal of the other antennas as 
the reference signal, to increase the SNR of the reference signal and improve estimation performance. 
However, this method is limited to the value of the time-delay difference between the received signals. 
When the time-delay difference is large, the SNR of the reference synthesized signal is too low to 
provide correct estimation results, leading to its performance deterioration. 

In this paper, we first put forward a time-delay alignment algorithm based on iterative estimation 
to improve the time-delay alignment performance in low SNR. Then the method is compared with 
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TAQSR. Theoretical analyses show that the estimation performance of the proposed method is better 
than the composite reference one. Moreover, the proposed method avoids the problem that the 
time-delay difference between the received signals is low.  

This paper is organized as follows. In Section 2, we describe the signal model and put forward the 
new algorithm of time-delay alignment based on iterative estimation. The theoretical analyses of the 
method and the comparison one which is based on quasi composite reference are presented in Section 
3 and numerical experiments are described in Section 4. Finally, some concluding remarks are drawn 
out in Section 5. 

2 New alignment method 

2.1 Signal model 

Suppose that we have a uniform antenna array that consists of ( )3N N ≥ receiving antennas. 
Because of the arrival time-delay difference, the received signal ( )ix t  ( 1, 2,...,i N= ) in the Gaussian 
channel can be expressed as 

( ) ( ) ( )i i ix t s t n tt= − +        (1) 

Where ( )s t  is the stationary base-band signal, iτ  represents arrival time-delay. Furthermore, the 

additive noise ( )in t  is modelled by zero-mean Gaussian random variables with independent real and 
imaginary parts. The noise of each antenna is independent and is not related with the signal. 
The basic correlation method is based on the theory that ( )s t , ( )in t and ( )jn t are not correlative. 
Therefore, the cross-correlation function of the received signal is: 

( ) ( ( ))
i jx x ss i jR Rττττ   = − −                    (2) 

On account of the autocorrelation function ( ( )) (0)ss i j ssR Rτττ  − − ≤ , we can get that time-delay 
estimation as 

*ˆ arg max{ [ ( ) ( )]}ij i jE x t x t
t

t t= +                                        (3) 

In practice, the uncorrelated hypothesis between signal and noise, noise and noise is not 
completely satisfied under some conditions. On the other hand, correlation function is a mathematical 
sense strict statistical average. However, we can only use the limited time average instead of 
statistical average and this will seriously affect the estimation performance. So, time-delay estimation 
value can be expressed as 

îj ij ijnττ = +                    (4) 

Where ijτ  is real time-delay difference and ijn  is estimation error caused by the noise, ijn  follows the 
gauss distribution[8], namely 2~ (0, )ij ijn N σ . 

Any two signals of the N signals are used to estimate time-delay difference by the basic 
cross-correlation method and we can obtain ( 1) / 2N N − time-delay difference estimates. The vector 
of estimates are expressed as 

( )12 13 1 23 1ˆ ˆ ˆ ˆ ˆ, , , , , ,N N Nτττττ     −
 
             (5) 

Making use of the correlation between the time estimates, the reduced influence of noise and 
improved time-delay estimation performance can be achieved. 
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2.2 Proposed method 
In the multi-antenna signal synthesis system, time-delay estimation aims at time-delay alignment 

of all signals. We generally select a signal as the reference signal and then estimate the time-delay 
difference between the other signals and the reference one. the proposed algorithm doesn't choose the 
reference signal as the traditional methods do, however through the iterative estimation, each 
time-delay of all signals converges to weighted sum of the initial time-delay of all the signals. 

Assume that time-delay compensation value of each signal is 
1

1 12 13 1 1

1
1 2 1

...

...

N

N N N NN N

n

n

τ ατ ατ ατ

τ ατ ατ ατ −

∆ = + + + +

∆ = + + + +

                                                                                                 (6) 

where ij i jτττ  = − ，the following time-delay of each signal results in the first compensation for 
time-delay is： 

1 0 1
1 1 12 13 1 1

1 0 1
1 2 1

( ... )

( ... )

N

N N N N NN N

n

n

ττ  ατ ατ ατ

ττ  ατ ατ ατ −

= − + + + +

= − + + + +

                                                                                         (7) 

Taking ij i jτττ  = −  on the upper formula , we can obtain： 
1 0 0 0 0 1
1 1 2 3 1

1 0 0 0 1
1 2 1

(1 ( 1) ) ...

... (1 ( 1) )

N

N N N N

N n

N n

τ α τ ατ ατ ατ

τ ατ ατ ατ α τ−

= − − + + + + +

= + + + + − − +

                                                                          (8) 

The model can be written in matrix form as 1 1 1 0 0 0
1 2 1 2 1 2[ , ,..., ] [ , ,..., ] [ , ,..., ]T

N N NA n n nττττττ     = + ，where 
1 ( 1) ...

1 ( 1) ...

1 ( 1)

N
N

A

N

α α α
α α α

α α

− − 
 − − =
 
 − − 

   

 

                                                                           (9) 

After n times iterations, the following time-delay of each signal can be expressed as 
0 0 0

1 2 1 2 1 2[ , ,..., ] [ , ,..., ] [ , ,..., ]n n n n n n n
N N NA n n nττττττ     = +                                                                            (10) 

By analyzing Matrix A , we can find 1A B B−= Λ ，where {1,1 ,...,1 }diag N Naa Λ = − − ， 
1 1 1
1 1 0

1 0 1

B

 
 − =
 
 − 





  B 



                                                                                                                        (11) 

Therefore, we can achieve 1n nA B B−= Λ  and nΛ  can be given by  
{1, (1 ) ,..., (1 ) }n n ndiag N Naa Λ = − −                                                                                               (12) 

When 0 2 / Nα< < and n is sufficiently large integers，we can obtain 

1

1 1 1
1 1 11

1 1 1

n nA B B
N

−

 
 
 = Λ =
 
 
 





  B 



                                                                                               (13) 

Taking the above formula on formula, n
iτ  can be given by 

0

1

1 N
n n
i j i

j
n

N
ττ

=

= +∑                                                                                                                                (14) 

Therefore it can be seen that after n iterations the time-delay n
iτ of each signal can be expressed as 
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0

1

1 N

j
jN
τ

=
∑  and we implement the delay-time alignment between multiple signals. By the equation, the 

smaller 1 Nα− is, quicker the convergence can be achieved. Namely when 0 1/ Nα< ≤  the smaller 
isα , more slowly the convergence can be achieved and when 1/ 2 /N Nα< < the smaller α  is, 
quicker the convergence can be achieved. Therefore, when 1/ Nα =  , the delay-time of each signal 
converges most quickly through iterations. Meanwhile we can find that the time-delay center in this 
paper fits the time-delay center of TAQSR. The following section performs analyses and 
comparisons of the two algorithms. 

3 Performance analysis  

3.1 The proposed algorithm 

To facilitate the performance comparison of the two methods, both methods choose the fastest 
convergence coefficient. The method in this paper select 1/ Nα = , namely the delay-time of each 
signal converges through first iteration. Therefore, the time-delay difference between the time-delay 
of the first signal and the reference time-delay can be expressed as 

1 1 1 1 1 1
2 2 2

1 1ˆ ˆ ( )
N N N

c i i i c c
i i i

n n
N N

ττττ  
= = =

= = + = +∑ ∑ ∑                                                                             (15) 

Where 1 1
2

1 N

c i
i

n n
N =

= ∑ ，So the estimated mean square error (MSE) of the time-delay difference can be 

expressed as 

1 1 1 1 12
2 2 2,

2
1 1[( ) 1ˆ ( ( , ) (] , ))

N N N

c i i i j
i i j

c
j i

conv n n conv n nMSE
N

E ττ
= = = ≠

+= − = ∑ ∑ ∑                                (16) 

The literature [7] shows that the covariance for deviation of the time-delay estimate can be defined 
as 

( )
( ) ( ) ( )

( ) ( ) ( ) ( )

2 22

2 22 2

;2, B

B B

ij kl m

ij kl

ij kl

F F G ij kl d
conv n n

T F S d F S d
ω

ω ω

ω ω ω ωπ

ω ω ω ω ω ω ω ω
= ⋅

⋅

∫
∫ ∫

                                    (17) 

Where 
( ) ( )( )

( )( )
; ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

m i ik j jl

i il j jk

G ij kl S N S N

S N S N

ω ω δ ω ω δ

ω ω δ ω ω δ

= + +

− + +
                                                                        (18) 

T is signal observation time and Bω  is signal bandwidth. ( )ijF ω is the weighted function of  
the time-delay estimation and if we adopt the basic cross-correlation method, we can 

acquire 1ijF = . ( )S ω is the average power of the source signal and ( )iN ω  is the average power of the 
noise. If we adopt the basic cross-correlation method, we can obtain 1ijF = . 

On account of that the SNR of each signal is the same, the covariance can be expressed as  
2
12

1 1 2
12

,

,
2 1

( , )i j

i j
Sconv n NR j
NR

n
i

S

σ

σ

 =

≠
+

= 


                                                                                          (19) 

Taking the above formula on formula，we can obtain 
2
221 1

1 1
2 1

N N SNR
N SNR

MSE σ− +
=

+
                                                                                                             (20) 

3.2 The time-delay alignment algorithm based on quasi composite reference 
Similarly, we also choose the estimation performance of time-delay difference between the first 
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signal and the reference time-delay as statistics. The synthesis of the other signals except the first 
signal can be expressed as 

2 2
( ) ( ) ( )

N N

c i i
i i

x t s t n tt
= =

= − +∑ ∑                                                                                                             (21) 

Assume that the synthesis is ideal，so ( )cx t  and cSNR  can be given by ( ) ( ) ( )c c cx t s t n tt= − + ，

( 1)cSNR N SNR= −  ，where
2

1( ) ( )
1

N

c i
i

n t n t
N =

=
− ∑ ，

2

1
1

N

c i
iN

ττ
=

=
− ∑ 。 

We calculate the correlation between the first signal and the synthesis of the other signals and 
regard the maximum of the correlation function as time-delay estimation 

' *
1 1ˆ arg max{ [ ( ) ( )]}c cE x t x t

t
t t= +                                                                                                     (22) 

We can get to know ' '
1 1 1ˆ c c cnττ = + ，where '

1̂cτ  is the actual time-delay difference between the first 
signal and the synthesis of the other signals and 1cn is the estimation error with the distribution  of 

2
1 1~ (0, )c cn N σ . Because the delay-time of each signal converges to 0

1

1 N

j
jN
τ

=
∑  through first iteration 

when 1N
N

α −
= , the time-delay difference between the time-delay of the first signal and the reference 

time-delay is '
1 1

1
c c

N
N

ττ −
= . The method of time delay on the mean square error (MSE) can be 

expressed as： 
2 ' ' 2 2

2 1 1 1 1 11
1 1ˆ ˆ[( ) ] {[ ( )] ) )} ,( (c c c c cc

N NMSE E E conv n n
N N

ττττ   − −
= − = − =                                   (23) 

Combining formula，we can obtain： 
1 1

12 12

( , ) 1 1
( , ) 1 2 1

c cconv n n N SNR
conv n n N SNR

+
=

− +
                                                                                                  (24) 

Therefore, the mean square error (MSE) can be expressed as 

2
2
22 1

1 1
2 1

N N SNR
N SNR

MSE σ− +
=

+
                                                                                                         (25) 

From the above, it can be concluded that when the synthesis of the synthesis reference signal is 
ideal, the equation holds as 1 2MSE MSE= . However, we can’t realize the complete alignment 
between the signals in practice, as it is impossible to achieve the ideal synthesis. So the time-delay 
alignment performance in this paper is superior to TAQSR. Moreover, when the time-delay 
difference between the receiving signals is large in TAQSR, the SNR of the synthesis reference signal 
is inferior to the receiving signal and the algorithm may not be of convergence, deteriorating 
estimation performance. However the proposed algorithm is not limited to the value of the time-delay 
difference. 

4 Simulation results 
A series of Monte-Carlo simulations using MATLAB were conducted to study the characteristics 

of the proposed algorithm, where time-delay estimator adopts the basic cross-correlation method and 
lagrange interpolation method. The simulation conditions are as follows: the signal is BPSK, 
adopting the ascending cosine molding in which the roll-off factor is 0.3, where sampling frequency 
is 200Hz, chip-rate is 50 Baud , carrier frequency is 0 and the number of code element is 1000, 
temporarily not considering the frequency difference and phase difference between multiple signals. 
The normalized SNR of the receiving signal is 0/ 5 ~ 5bE N dB dB= − . Monte Carl methods are 
simulated, the number of which is 10000. The horizontal axis is the normalized signal-to-noise ratio 
and the vertical axis is the normalized mean square error (MSE) in the graph, where the unit is dB . 
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Experiment 1: The MSE curves of time-delay estimate error for different N are presented in Fig. 1. 
It shows the results of using 2, 4 and 8 sensors respectively. Considering that the time-delay centers 
under different antenna number are different, we select the performance of the time-delay difference 
between the first signal and the second signal as a statistical estimate, namely 1 2ττ ∆ −∆ .As clearly 
shown in Fig.1, with the increase of the number of antenna, the normalized mean square error (MSE) 
reduced gradually, the performance of time estimates is better, especially in lower SNR. 
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          Fig.1 Estimation performance of different antenna number 

Experiment 2: The algorithm is compared with TAQSR. We select the performance of the 
time-delay difference between the first signal and the reference time-delay. In Fig.2 the time-delay 
differences of multiple signals are randomly generated from ( )~T T−  and in Fig.3 the time-delay 
differences of multiple signals are randomly generated from ( )2 ~ 2T T− . It can be seen from the Fig.2 
and Fig.3, the algorithm  is superior to the delay alignment algorithm based on synthetic reference , 
but in low SNR the inprovement  is not obvious in Fig.2 and the inprovement  is much obvious in 
Fig.3. Because the SNR of the reference signal in TAQSR is improved when the time-delay 
differences is little and the SNR of the reference signal is deteriorated when the time-delay 
differences is large. 
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Fig.2  Comparison with TAQSR 

-5 -4 -3 -2 -1 0 1 2 3 4 5
-44

-42

-40

-38

-36

-34

-32

-30

-28

-26

-24

E
b
/N

0
 (dB)

N
om

al
iz

ed
 M

SE
 (d

B)

 

 
TAQSR
The new algorithm

 
Fig.3 Comparison with TAQSR 

Conclusions 
This paper aims at the TDOA in the multi-antenna signal synthesis system and we put forward a 

new algorithm of time-delay alignment based on iterative estimation. The proposed method improves 
the time-delay estimation performance in low SNR. Moreover, we analyze and compare the 
performance between the new algorithm  and TAQSR in theory, and the new algorithm extends the 
application as the application scope of T is limited to small value of time-delay . The result shows that 
the new algorithm improves the time-delay estimation performance in the multi-antenna signal 
synthesis system  especially in low (SNR), and the performance in the new algorithm is superior to 
TAQSR, also the new algorithm in this paper is not limited to the size of the time-delay difference. 
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