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Abstract. An improved Allan variance method (IAVM) is proposed for the characteristics analysis 
of the band-pass mixed noise to distinguish the different types of the noise in the band-pass mixed 
noise and give the corresponding intensity coefficients of the power spectral density (PSD) of the 
noise. This proposed method is derived from the theory of the traditional Allan variance method 
(TAVM) and a priori information of the mixed noise. The simulation result of the band-pass mixed 
noise with the IAVM is compared with the autoregressive (AR) model. And the results show that 
the IAVM could distinguish the white noise and the 1/f noise in the band-pass mixed noise clearly.  

Introduction 
TAVM provides a way of characterizing measurement processes in the time domain and it also 

has an internal relationship with the PSD of the signal. TAVM can also be used to provide a 
measure of the behavior of the variability of a quantity as it is averaged over different sampling 
time periods, which results in a better convergence and the possibility to distinguish the types of 
noise directly. In general, the TAVM is used to distinguish the components of the system noises and 
analyze the intensities of the different types of noise in zener-diode [1], digital and analog DC 
voltmeters [2] and magnetic sensors [3], and it is also used to evaluate the system performance of 
the instruments such as DC nanvoltmeters [4], GNSS_INS systems [5] and inertial sensor [6, 7]. 
But the TAVM hasn’t been used to analyze the noise properties and the performance of the 
direct-sampling digital radiometer [8] and the direct-sampling microwave radiometer [9]. The 
reason is that the TAVM can only be used for the low-pass noise characteristics analysis, while the 
noise included in the measurements of the direct-sampling radiometers are band-pass noise. To the 
band-pass noises, the TAVM cannot obtain the correct results, and very few literatures have 
investigated this problem.  

So, this paper has proposed an IAVM to solve the above problem. This IAVM is based on the 
theory of the TAVM and a priori information of the band-pass mixed noise and finally it is studied 
and deduced through numerical simulation. This IAVM can be used to analyze the noise properties 
of the front end of the direct digitization receivers and then guide the procedure of design and 
implementation of them [10, 11]. Based on the band-pass mixed noise generation model which is 
established through the SIMULINK in MATLAB [12], this paper utilizes this IAVM and the TAVM 
to analyze the characteristics of the band-pass mixed noise which consists of the band-pass 
Gaussian white noise and the band-pass 1/f noise, these noises are the main noise in the microwave 
radiometers [13, 14]. Meanwhile, the AR model [15, 16] has been used to calculate the PSD of the 
single band-pass Gaussian white noise and the single band-pass 1/f noise. The results show that this 
IAVM get the similar results with the AR model, which confirms the validity of the IAVM in the 
application of the band-pass mixed noise characteristics analysis. In addition, compared with the 
AR model the IAVM  can easily operate and distinguish the weak noises from the system noise. 
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The Improved Allan Variance Method 
To an infinite time series of the quantity y(t), if we divide it into many adjacent segments of 

duration τ  and ky  represents the average value of y(t) in the kth interval, then the TAVM is 
defined as [4]: 

  ( )22
1

1
2 k ky yσ += −                                                       (1) 

where the angular bracket denotes an infinite time average. In practice, a finite number N of the 
measurements is carried out with a minimum interval 0τ . If the adjacent intervals 0τ , 02τ , 03τ , …, 
are constructed and then the traditional Allan variance of it can be estimated from: 
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where M is the number of pairs, [ ] 1N n − , of y . [ ]N n  denotes the number of the adjacent 
segments of the sample sequence, the bracket denotes the round down operation, n represents the 
number of the samples in each interval, and 0nτ τ=  denotes the lasting time of each interval. 

The reason why the TAVM can be used to distinguish the types of noise directly is that it has an 
internal relation with the PSD of the noise by the integral as below: 
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where S(f) represents the PSD of the noise which can be a single noise or a mixed noise. And 
this paper does focus the attention on the mixed noise characteristics analysis. 

To a mixed noise consisted of an ideal Gaussian white noise and an ideal 1/f noise, the PSD of it 
is defined as ( ) 0 1

0 1S f h f h f −
−= + , where 0h and 1h−  are the intensity coefficients for the Gaussian 

white noise and the 1/f noise, respectively. Based on the equation (3), the traditional Allan variance 
of the mixed noise is : 

 ( )2
0 12 2 ln 2m h hσ τ τ −= +                                                      (4) 

where the subscript m represents the mixed noise and the first item in the right side of the 
equation (4) represents the relationship between the traditional Allan variance and the PSD for the 
ideal Gaussian white noise, and the second item in the right side represents the relationship between 
the traditional Allan variance and the PSD for the ideal 1/f noise. 

It is worth noting that the result in the equation (4) based on the precondition that the PSD of the 
noise is spread all over the frequency domain or it has an enough wide low-pass bandwidth [17]. 
When S(f) denotes the band-pass mixed noise which consists of Gaussian white noise and 1/f noise, 
then the equation (3) should be rewritten as below and the conclusion in equation (4) is no longer 
valid: 
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where sf , cf   denote the upper and lower frequency limits of the PSD of the band-pass mixed 
noise, respectively. 

In order to resolve the above problem, this paper has proposed an IAVM and the definition of it 
is defined as below: 
 ( ) ( ) ( )2 2ˆ 1σ τ σ τ α= −                                                        (6) 

where α  denotes the error modifying factor and it is different with the different types of noise. 
This improved method can also make the conclusion in equation (4) still valid to the band-pass 
mixed noise. The difference is that the ( )2

mσ τ  in equation (4) should be rewritten as ( )2ˆmσ τ  in 
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equation (7): 
( )2

0 1ˆ 2 2 ln 2m h hσ τ τ −= +                                                      (7) 
Based on a priori information of the mixed noise, the equation (7) can also be written as 

  ( ) ( ) ( )2 2 2ˆ ˆ ˆm w fσ τ σ τ σ τ= +                                                      (8) 

and，  
( ) ( ) ( )2 2

1ˆ 1w wσ τ σ τ α= −                                                       (9) 

( ) ( ) ( )2 2
2ˆ 1f fσ τ σ τ α= −                                                          (10) 

( ) ( ) ( )2 2 2     m w fσ τ σ τ σ τ= +                                                  (11) 

where ( )2ˆmσ τ , ( )2ˆwσ τ  and ( )2ˆ fσ τ  represent the improved Allan variances of the band-pass 

mixed noise, band-pass Gaussian white noise and the band-pass 1/f noise, respectively. ( )2
mσ τ , 

( )2
wσ τ  and ( )2

fσ τ  represent the traditional Allan variances of them, respectively. 1α  and 2α  
represent the error modifying factors of the traditional Allan variance for the band-pass white noise 
and 1/f noise, respectively. The expressions of 1α  and 2α  are deduced and calculated from the 
incomplete integral of the equation (5), and the definitions of them are defined as below: 
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where 1 2 sx fπ τ=  , 2 2 cx fπ τ=  and 
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It is clear that the error modifying factors 1α  and 2α  are the function of the upper and lower 
frequency limits cf  , sf  and the sampling time τ .After a further analysis we can get that 

( )1 1 0wy x′ ≥ , ( )2 2 0wy x′ ≤ , ( )1 1 0fy x′ ≥ , ( )2 2 0fy x′ ≤  when 1x , 2x  belong to the range [ ]0,∞ , 
and the equalities hold only when 1 2x kπ= , 2 2x kπ=  and 0,1,2,k =  , which means in the 
range [ ]0,∞ , ( )1 1wy x  , ( )1 1fy x  are monotone increasing functions and ( )2 2wy x , ( )2 2fy x  
are monotone decreasing functions, which means that the sampling time τ  and the modifying 
factors 1α , 2α  are one-to-one corresponding relations. This ensures the feasibility of the IAVM in 
the application of the band-pass noise characteristics analysis. 

The model of the band-pass mixed noise generator 
In order to validate the feasibility of the IAVM in the application of the band-pass noise 

characteristics analysis, this paper firstly establishes the band-pass mixed noise generation model 
based on the SIMULINK [18]. This mixed noise is composed of Gaussian white noise and 1/f noise 
and the generation model is shown in Fig. 1. Secondly, the output data of the generation model is 
analyzed by using the traditional and IAVM, as well as the AR model in the time domain and the 
frequency domain, respectively. Finally, the results of the IAVM are compared with that of the 
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TAVM, and the AR model also is used to validate the feasibility of the IAVM in the application of 
the band-pass noise characteristics analysis. The next paragraph is a simple introduction of the main 
modules in the band-pass mixed noise generation model.  

 
Fig. 1  The generation model of the band-pass mixed noise 

In Fig. 1, the Gaussian Noise Generator is used to generate Gaussian white noise, with a mean to 
0 and a variance of 0.005. The 1/f Noise Generator is used to generate 1/f noise, with a mean to 0 
and a variance of 0.0025, the maximum frequency of them is 500MHz. The pass band of the 
Intermediate Frequency Filter is from 10 to 110MHz. The last module is used to transfer the output 
data to the workspace of MATLAB, and in each simulation process the sample data is 65.0 10× . 

Result analysis 
In order to analyze the simulation results simply, this paper takes the following principles when 

use the TAVM in equation (2) and the IAVM in equation (6) to tackle the output data from the 
model in Fig. 1. 

1. The selection of the sampling time τ  follows 02qτ τ= , 0,1, 2,q =  ; 
2. Impose the logarithm operation with base 2 to the equation (2) and (6). 
In this way, the improved Allan variances of the band-pass Gaussian white noise and the 

band-pass 1/f noise are two straight lines with a slope of 1k = −  and 0k = , respectively, which 
similar to the traditional Allan variances of the ideal Gaussian white noise and the 1/f noise. 

On the premise of the above processing analysis, this paper has analyzed the output data of the 
generation model through the TAVM and the IAVM, respectively. And the results are shown in Fig. 
2, in which the Improved AV (Allan variance) represents the improved Allan variance ( )2ˆmσ τ  of 

the band-pass mixed noise, and the traditional AV represents the traditional Allan variance ( )2
mσ τ  

of the band-pass mixed noise. It is clear that the curve of the improved Allan variance of the 
band-pass mixed noise is composed of two straight lines with a slope of 1k = −  and 0k = . 
According to the conclusion in equation (7), the two lines reflect the characteristics of the Gaussian 
white noise and the 1/f noise, respectively, which in turn verify the noise components of the 
band-pass mixed noise. By contrast, the curve of the Traditional Allan variance of the band-pass 
mixed noise cannot fit the conclusion in equation (4). So, the Fig. 2 tentatively shows the feasibility 
of the IAVM in the application of the band-pass noise characteristics analysis. 
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Fig. 2 The improved and traditional Allan 
variance (AV) of the band-pass mixed noise 

Fig. 3 The improved Allan variances of 
band-pass noise with different types 

In order to further analyze the feasibility of the IAVM in the application of the power spectrum 
estimation of the different types of noise in the band-pass mixed noise, this paper also calculates the 
improved Allan variances of the band-pass Gaussian white noise and the band-pass 1/f noise 
through the equation (8), and the results are shown in Fig. 3, in which we also draw the improved 
Allan variance of the band-pass mixed noise again. It is clear that the improved Allan variances of 
the band-pass Gaussian white noise and the band-pass 1/f noise are approximate to a straight line 
with a slope of 1k = −  and 0k = . This property is just like what shown in the equation (7).  
According to the improved Allan variance of the band-pass 1/f noise and the band-pass Gaussian 
white noise in Fig. 3 and the conclusion in equation (7), we can get the intensity coefficient of the 
1/f noise and with noise is 1 0.0040 h W− =  and 9

0 0.4716 10  h W−= × , respectively.  
In order to confirm the validity of the results referred to above of the IAVM, this paper also uses 

the AR model to analyze the power spectral density of the band-pass Gaussian white noise and the 
band-pass 1/f noise, they are generated with the model in Fig. 1, separately. The results are shown in 
Fig. 4, in which the imaginary line represents the PSD of the band-pass Gaussian white noise and 
the solid line represents the PSD of the band-pass 1/f noise. 
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Fig. 4  The PSD of the band-pass white noise and the 1/f noise 

In Fig. 4, we can get the PSD of the band-pass Gaussian white noise is -9
0 0.5 10h = ×  W/Hz in the 

pass-band range, and the intensity coefficient of the band-pass 1/f noise 1 0.0038 h W− = .  
According to the above computation and analysis, the results show that the absolute error of the 

PSD of the band-pass Gaussian white noise between the IAVM and the AR model algorithm is just 
5.67 percent, and the absolute error of the intensity of the band-pass 1/f noise between the IAVM 
and the AR model algorithm is just 5.26 percent. So, the IAVM can be used better in the application 
of the band-pass noise characteristics analysis. 

Conclusion 
In this paper, we proposed an IAVM to distinguish the different types of the noise in the 

band-pass mixed noise accurately. The simulation was conducted to compare the IAVM with the 
TAVM, and the results shown that the IAVM can distinguish the white noise and the 1/f noise in the 
band-pass mixed noise clearly. At the same time, the AR model was introduced to compare the 
results of the noise intensities with the IAVM, and the results demonstrated that this IAVM could 
also accurately give out the intensities of the different types of the noise in the band-pass mixed 
noise.  
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