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Abstract. The mean-field theory is used to study polarization behaviors in a ferroelectric thin film 
described by the transverse Ising model. The dependence of average polarization and layer 
polarizations of the transverse Ising film with two surface layers on the Curie temperature or 
transverse field is discussed in detail. The numerical calculations are also compared with those of the 
effective-field theory with correlations.  

1. Introduction 
Ferroelectric thin films have been receiving considerable attention in experiment and theory for 

their potential applications in masses of scientific research fields [1]. Theoretically, the transverse 
Ising model is considered as an excellent candidate to study phase transitions in the ferroelectric thin 
film with multi-surface layers [2-10]. Within the framework of the mean-field theory, Wang et al. 
[2,3] and Sy [4] investigated the dependence of Curie temperature on the surface layer number and 
total layer number as well as interaction parameters. Qu et al. [5] studied the average polarization as 
the function of temperature for a thin film with two surface layers. Wang et al. [6] discussed the 
multi-surface modification on the Curie temperature. Yang et al. [7] calculated the phase diagrams 
and the crossover features of the interaction parameters from the ferroelectric-dominant phase 
diagram to the paraelectric-dominant phase diagram for a ferroelectric thin film with two surface 
layers. Soon afterwards, within the framework of the effective-field theory with correlations, 
Arhchoui et al. [8] studied the phase diagrams of the ferroelectric thin film with two surface layers 
and paid a special attention to the effect of surface transverse field on phase transitions. Furthermore, 
Lu et al. [9] derived a general equation for the diagram of an N-layer ferroelectric thin film with two 
surface layers and analyzed the dependence of the phase diagrams on the exchange interactions and 
transverse fields as well as the number of layers N. At the same time, the crossover features for 
various interaction parameters of the N-layer ferroelectric thin film are also obtained. In most of 
above mention, however, only the rare works have been carried out on the polarization behaviors of a 
transverse Ising film. 

In the present paper, the mean-field theory [2-7] is used to investigate the polarization behaviors in 
the transverse Ising film with two surface layers. The average polarization and layer polarizations of 
the thin film are calculated numerically as the functions of the Curie temperature and transverse field. 
Meanwhile, the comparison with the corresponding results of the effective-field theory with 
correlations is also made.  

2. Model and formulas 
The transverse Ising film with two surface layers is supposed to be consisted of a simple cubic 

lattice structure. The schematic diagram is shown in Fig. 1. The numbers 1, 2, 3, …, N labeled on the 
right side of Fig. 1 are the layer indices. The Hamiltonian of the transverse Ising system is [2-10] 

,
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x z z
i i ij i j

i i j
H S J S S= − Ω −∑ ∑  ,                                                                                                      (1) 

where Si
x (or Si

z) is the x (or z) component of the spin-1/2 at site i, Ωi is the transverse field in the i-th 
layer. Ωi=Ωs (or Ωi=Ωb) when the i-th layer is the surface (or bulk) layer. Jij=Js (or Jij=Jb) when the 
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spins are on the surface (or bulk) layers. In the following, only the nearest-neighbor two-spin 
interaction is considered.  

Under the mean-field theory, the polarization value of pseudo-spin in the i-th layer [2-7] is 

( ) ( )2 tanh 2z z
i i i i BS H H H k T=  ,                                                                                           (2) 

where 

, 1 1 , 1 14z z z z
i i i i ii i i i iH J S J S J S− − + += + +  ,                                                                                     (3) 

( ) ( )22 z
i i iH H= Ω +  .                                                                                                                (4) 

 
Fig. 1 Schematic diagram of a transverse Ising film with two surface layers. 

3. Numerical results 
The average polarization and layer polarizations of the transverse Ising film as the functions of the 

Curie temperature or transverse field can be calculated by solving Eqs. 2-4. Similar to Ref. [10], the 
value of Ωs=Ωb=Ω is also adopted for simplicity. Due to the layer symmetry of the transverse Ising 
film, only N/2 layer polarizations as functions of Curie temperature or transverse field are exhibited 
in the following figures. All the parameters are assumed to be reduced by J. 
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Fig. 2 Average polarization vs. the Curie temperature for (a) Ω=0.0 and (b) Ω=1.0; dash 
lines: Js=0.5, solid lines: Js=2.0; N denotes the layer number of the transverse Ising film. 

 
Fig. 2 shows the average polarizationP vs. the Curie temperature Tc for two transverse fields 

Ω=0.0 and Ω=1.0 when the layer numbers are selected as N=4, 6, 8, 10. It can be found that the 
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average polarizationP decreases monotonously as the Curie temperature Tc increases. For Ω=0.0 
and Tc=0.0 in Fig. 2(a), the average polarizationsP for the transverse Ising films with different 
layers of N=4, 6, 8 and 10 are 0.5 (i.e., the saturation polarization P0). However, for Ω=1.0 and 
Tc=0.0 in Fig. 2(b), the average polarizationsP are less than 0.5. Meanwhile, the dependence of the 
average polarizationP on the surface exchange interaction Js is also shown in Fig. 2. For a certain 
layer N, the larger the surface exchange interaction Js, the larger the average polarizationsP.  
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Fig. 3 The layer polarizations vs. the Curie temperature for N=10. (a) Ω=0.0, Js=0.5; (b) Ω=0.0, 
Js=2.0; (c) Ω=1.0, Js=0.5; (d) Ω=1.0, Js=2.0. Pi denotes the polarization of the i-th layer, and i 
is the layer index. Due to the layer symmetry of the transverse Ising film, i=1, 2 ,3, 4 and 5. 
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Fig. 4 The layer polarizations vs. the transverse field for N=10. (a) Tc=0.0, Js=0.5; (b) Tc=0.0, 

Js=2.0; (c) Tc=1.0, Js=0.5; (d) Tc=1.0, Js=2.0. i is the layer index.  
 

Fig. 3 shows the layer polarizations Pi vs. the Curie temperature Tc for two transverse fields Ω=0.0 
and Ω=1.0 when the layer number is selected as N=10. It indicates that the layer polarizations depend 
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sensitively on the Curie temperature. With the increase of Curie temperature, the layer polarizations 
also decrease monotonously. The layer polarizations reduce to zero at the same time. From Figs. 3(a) 
and 3(b), for Ω=0.0 and Tc=0.0, it can also be found that the layer polarizations Pi (i=1-5) are 0.5. 
Meanwhile, for a different Ω=1.0 in Figs. 3(c) and 3(d) are different from Figs. 3(a) and 3(b). The 
distinctions among these layer polarizations are obvious.  

Fig. 4 shows the layer polarizations Pi vs. the transverse field Ω for two Curie temperature Tc=0.0 
and Tc=1.0 when the layer number is also selected as N=10. It is obvious that the features are similar 
to the layer polarizations Pi vs. the Curie temperature Tc in Fig. 3. These features are similar to the 
corresponding results of the effective-field theory with correlations in Ref. [10]. 

4. Summary 
In this work, the polarization behaviors of the transverse Ising film with two surface layers are 

studied in detail by the mean-field theory. The dependence of the average polarization and layer 
polarizations on the Curie temperature or the transverse field is calculated numerically, respectively. 
Meanwhile, our results are also made a simple comparison with the effective-field theory with 
correlations. 
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