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Abstract. Dynamic analysis method is used in this paper to analyze the dynamic response of 
planetary gear train with two degrees of freedom under the conditions of the start-up and load step 
change during operation. The results show that the angular velocity relationship between the 
components under steady-state and non steady-state conditions follows the rules of characteristic 
parameters, k. The torque follows the rules related to the k only under the steady-state, but not 
consistent under the non-steady state conditions. The results also show that the power distribution 
ratio of differential gear train is not a fixed parameters value, but relevant to the operation status. 
The research further improved the basic gear train’s translation theory. 

Introduction 

Gear transmission has been extensively used in machines and equipments, because of its high 
efficiency, compact structure, reliable operation, long service life and the advantages of flexible 
modes of transmission. Gear transmission is divided into ordinary gear train and planetary gear 
train(PGT). Compared with ordinary gear train, PGT has many advantages such as smaller volume, 
larger carrying capacity, larger transmission ratio. 

After study of published papers, PGT has been investigated in two different aspects by 
researchers. The first aspect is the static characteristic that has been comprehensively studied and 
verified by experiments [1-3]. The second aspect is the dynamic characteristic. LUO [4] proposed a 
dynamic model based on bound graph theory and carried out a free torsional vibration analysis as an 
illustration of the model’s application in modal analysis. QIN [5] used vibration superposition 
method to analyze the critical components’ vibration displacements of a wind turbine. LIN [6,7] 
analyzed PGT’s free vibration and the parameter instability caused by mesh stiffness changing. 
BAHK et al. [8,9] established a tooth profile modification model to study on nonlinear dynamic of 
PGT. The amount of tooth profile modification was changed to analyze its effect on vibration. SUN 
et al. [10] analyzed the nonlinear vibration of a 2K-H PGT excited by a static transmission error in 
addition to an external torque. In LIU’s paper [11], he specialized in the influence of parameters 
which included time-varying mesh stiffness, gear backlashes and synthetic mesh errors to vibration 
characteristics. ZHU et al. [12] studied the vibration response caused by time-varying mesh 
stiffness, synthetic mesh errors and sliding friction. GUO et al. [13, 14] established a PDT model 
including gravity, fluctuating mesh stiffness, bearing clearance, and nonlinear tooth contact to 
obtain the vibration response of the system. These papers focused on the vibration response of the 
PGT and the sources of vibration.  

MANGIALARDI [15] used static behavior instead of dynamic behavior in each operating 
condition when he was analyzing infinitely variable transmission’s torque ratio and efficiency 
performance. But in practical applications, dynamic behavior is different from static behavior, it is 
improper to replace dynamic process with static solution. This paper uses dynamic analysis method 
to examine PGT’s different operation of different conditions. 
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Dynamic Analysis of PGT 

          
(a) Schematic of PGT     (b) simplified diagram of PGT 

Fig.1 Schematic and simplified diagram of PGT 
Fig. 1(a) shows the schematic of PGT, while (b) is the simplified diagram. PGT has three basic 

components, which are represented by letters of a, b and c, and performed as input and output 
function. Planetary gear is represented by g, and PGT is represented by X. 

Kinetic energy of PGT. PGT has two degrees of freedom, according to Lagrange method, hence, 
we need two generalized coordinates for description. We select angular displacements of 
components, a and b, as the generalized coordinates, i.e. q1=φa, q2=φb. Corresponding to which 
generalized angular velocities are  
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Define the characteristic parameter K as transmission ratio of PGT: 
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And the angular velocity of component c is: 
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Components a, b & c rotate around their axis respectively, thus their kinetic energy is generated 
by rotation only. Planetary gear g’s velocity contains two aspects, i.e. rotation velocity and 
revolution velocity, thus the kinetic energy also has two parts. The revolution velocity equals to 
component c, the rotation velocity can be calculated as: 
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Thus PGT’s kinetic energy becomes: 
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Equivalent moments of inertia J11, J12, J22 are calculated by: 
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Ja, Jb, Jc, and Jg represent components a, b, c and planetary gear g’s moment of inertia 
respectively. J0=n·mg·(Ra

2)/4 has no relation with speed but is determined by structure parameters, 
so it is represented by J0. 

Generalized force of PGT. The power of PGT can be expressed as 
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So the generalized force are: 

1

2

a
a c

a b

b
b c

a b

R
F T T

R R

R
F T T

R R

   

  
 

                                                            (8) 

Ta, Tb, Tc are external torques acting on components a, b, and c; Ra, Rb, Rc are radius of 
components a, b, and c. 

Motion differential equations of PGT. The Lagrange equation of the two degrees of freedom 
system [16] is 
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In the formula: Ek denotes the kinetic energy of the system; Ep denotes the potential of the 
system; qi are generalized coordinates. Solve Eq. (9) by Eqs. (2)-(8), then we can sort out the 
motion differential equations of PGT: 
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Calculation and Analysis of Results 

A PGT with K=0.73 is selected as the object to analyze the performance in the conditions of boot 
and load mutation during stable operation. We get the following results. 

 
(a) angular velocity of a    (b) angular velocity of b   (c) angular velocity of c 

Fig.2 angular velocity of PGT’s components 

 
(a) torque of a           (b) torque of b              (c) torque of c   

Fig.3 torque of PGT’s components 
Tab.1 angular velocities of 4 periods 

 t1  t2 t3 t4 

ωa(r/s) -56.635 -80 -92.55 -96 

ωb(r/s) -158.8 -168.29 -195.1 -191.5 
ωc(r/s) 221 161.535 188 162.61 

Ki 0.73 0.73 0.73 0.73 
Tab. 1 extracts the angular velocities at random moments of each period (t1, t2, t3, t4). Ki 

denotes the corresponding transmission ratio. The calculation results show that every Ki equals to 
characteristic parameter K. It proves that the ratio of angular velocities in dynamic process 
consistent with the ratio of static analysis result.  
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Tab. 2 extracts the torques at random moments of each period. According to static analysis, we 
have the relation: Ta+Tb+Tc=0. Referring to the data in Tab.2, this equality holds at t2 and t4, but 
does not at t1 and t3. Comparing the |Tb/Ta| values of these moments, the t2 |Tb/Ta| and t4 |Tb/Ta| 
equal to K, but t1 |Tb/Ta| and t3 |Tb/Ta| have no relation with K. It is sure that ratio of torques is not 
consistent with the ratio of static analysis result, unless the system entered into stable period. 

Tab.2 torques of 4 periods 
 t1 t2 t3 t4 

Ta(N·m) 50.0 50.0 200.0 200.0 
Tb(N·m) -9 -36.65 -168.5 -146.4 
Tc(N·m) -350 -13.35 -125.59 -53.6 
|Tb/Ta| 0.18 0.73 0.84 0.73 

 
(a) power of a               (b) power of b               (c) power of c    

Fig.4 power of PGT’s components 
Figure 4 shows the power curve of each component of the PGT. The power curve shows, 

components a and c are loads, and component b is motor. The angular velocity diagram shown in 
Figure 2, angular velocity in the opposite direction of components a and c, a and b have the same 
angular velocity direction. Torque diagram as shown in Figure 3, torque in the opposite direction of 
components a and c, b and c have the same torque direction. It cannot only be a simple analysis of 
the angular velocity or torque direction as the input or output port to PGT, but also the both of these 
two direction parameters. That is, the power of positive and negative as a basis for judging which 
component is input or output port. This method of judgment is also used to judge the power 
direction of power split and confluence. 

Tab.3 power and power distribution of stable periods 
 Pa(w) Pb(w) Pc(w) |Pa/Pb| (%) |Pc/Pb| (%) 

First stable period -4.0×103 6.16×103 -2.16×103 64.94 35.06 
Second stable period -1.88×104 2.804×104 -9.25×103 67.04 32.98 

As the first and third periods of the system are in an unstable state, power becomes unstable too. 
Table 3 extracts the power of each component in the two stable periods to analyze power 
distribution after the stable period. Because the b component corresponding to the b port is power 
input port, |Pa/Pb|, |Pc/Pb| expressed as power percentages which distributed by a and c port. From 
table 3, we know that, even within the same stabilization period, in conditions of speed and torque 
changing, power distribution has changed. 

Summary 

Based on the dynamic analysis method for analysis of the PGT dynamic response under two 
conditions which contain the boot and load status, the results can prove that the behavior of 
dynamic and static analysis are not exactly the same. In the dynamic process, the ratio of angular 
velocities is always consistent with the parameter k; the ratio of torque is consistent with the 
parameter k only during the stabilizing period, but it will change greatly during the non-stabilizing 
period which is influenced by interference or load mutation. 

So, in planetary gear train research, results of static analysis are not always completely accurate 
in all cases. When the research object is applied to changed frequently conditions or in precision 
mechanism, corresponding torque change should be considered. Power is associated with torque 
and rotational speed at the same time, so, if you want to get the right power distribution result in 
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gear train during operation, speed and torque must be considered in real time status simultaneously. 
This thesis gets the conclusions through dynamic analysis method for dynamic response analysis 

of the planetary gear train, these conclusions will provide reference for further compound gear train 
research. 
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