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Abstract. A three-dimensional cone is established by adopting the critical soil mechanics and the 
membership function to the bounding surface model to express the dynamic characteristics of the 
rock-soil materials under loading-unloading; The new axis of the cone expresses the plastic 
membership function of stress, in which the loading surface corresponds with the membership function; 
The fuzzy hardening modulus of the loading surface is obtained from that of the boundary surface , the 
plastic flow criteria are fixed by the membership function; The model can well express the accumulated 
plastic strain; The model parameters are obtained from dynamic triaxial experiment, and the numerical 
results obtained from finite element method correspond with the experimental results, proving the 
model is valuable. 

Introduction 
The strain-stress curve of soil is complex under cycled loading; How to express the accumulated 

plastic strain and the stress-strain hysteresis is a focus problem. 
Two methods are used to solve this problem : With first method, the stress-strain hysteresis curves are 
studied based on the classical elastic-plastic theory; this method can obtain stress-strain relationship 
one-to-one for each cycle. With the other method, the maximum plastic strain is studied to search its 
laws with cycles, from which the empirical model can be deduced. The first method has a certain degree 
of theoretical foundation. 

The plastic hardening modulus field theory was proposed by Mroz in 1967. The model includes 
the border consolidation surface, the initial yield surface and the nested yield surface which express the 
plastic modulus of the current stress state. Since the plastic modulus changes with stress, it is difficult 
to obtain numerical results from the model. The nested yield surface is simplified to deduce and obtain 
the bounding surface model, the model include the bounding surface and the loading surface model, 
which includes the bounding surface and the loading surface representing a movement yield surface. 
The plastic modulus of the loading surface is identified by the distance of the stress points between the 
loading surface and the bounding surface. The keys of the model are the relationship of the stress point 
and the relationship of the modulus both between the loading surface and the bounding surface. 

The membership function 
An elliptic equation is adopted to express the bounding function based on the critical soil 

mechanics(Figure 1): 
                                                                                                                              (1) 

where ——generalized shear stress; ——average stress; ——node between ellipse and p 
axis; ——  slope of the critical state line. 
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Fig.1 the bounding surface model 

The initial loading surface FO is a point because the plastic strain is generated once the soil is 
loaded, as shown by point O in Fig.2.The bounding surface FC is the ellipse which passes points O and 
PC, point OC is the center of the ellipse, and TcM is the critical state line corresponding to the bounding 
surface. Other loading surfaces are expressed by the ellipses that pass point O and ellipse FC; For 
example, ellipse FB which passes points O and PB expresses a loading surface, point OC is the center of 
the ellipse, and TBN is the critical state line corresponding to the loading surface and is called a fuzzy 
critical state line. 

Axis OCTc is rotated 90°outward base center OC, with which the critical state line and the fuzzy 
critical state lines are rotated outward 90°. The new three-dimensional cone is established by vertex Tc 
and underside is the bounding surface and the new axis OCTC(Fig.2). 

 
Fig.2 the cone of membership function 

Both OC and OB are the same in the Figures 1 and 2. Nodes TC and TB are obtained when points OC 
and OB are projected to the new cone, the projection of point O still is O; Point TB moves between point 
O and point TC which express the evolution of the loading surface. Point TB is moving  along OTC to TC , 
the loading surface is changed from FB to the bounding surface FC; As point TB is moving  along TCO to 
O, the loading surface is changed from FB to the initial loading surface FO. The coordinates of TB 
corresponding to the loading surface are adopted to study the evolution of the loading surface (Fig.2). 

Axis OCTC expresses the soil plastic membership function, which aims to express the evolution of 
the loading surface and the difference elastic-plastic degree. Point TC indicates that the loading surface 
is the bounding surface FC and the membership is equal to 1. Point O indicate that the loading surface 
is the initial loading surface FO and the membership is equal to 0. 

 is adopted to express the coordinate of TB  which is projected to OCTC, and then 
.The loading surface change from the initial loading surface FO to the bounding surface 

FC with  changing from 0 to 1. Coordinate of TB which is projected to OCTC are expressed by the node 
between axis p and the loading surface, and thus  is defined as follows: 

                                                                                                                                             (2) 
The definition is reasonable and ingenious.  and TB moves to point O and the loading surface 

is the initial loading surface when  PC =0;  and TB moves to point TC and the loading surface is the 
bounding surface when PB =PC. The loading surface changes from the initial loading surface to the 
bounding surface when PB changes from O to PC. 
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Fuzzy elastic-plastic model 
The loading surface changes from the initial surface to the bounding surface with the membership 

changing from 0 to 1. The membership is adopted to fuzzy the loading surface based on Eq.(1), and 
node  between ellipse and axis p is defined as a fuzzy parameter. 

                                                                                                                       (3) 

where ——equation of fuzzy loading surface; ——node coordinates between fuzzy loading 
surface and axis p. 
    The directions of the stress points on the loading surface and are consistent with those of the 
conjugated stress points on the bounding surface. We suppose obedience to the orthogonal flow rule: 

                                                                          (4) 

 where ——the membership of memory stress. 
Equation (4) indicates that  is decomposed into a pastic volumetric strain increment  and a 

plastic shear strain increment , 

                                                                            (5) 

                                                                          (6) 

where ——fuzzy hardening modulus,which is a function of membership  and hardening 
modulus  of the bounding surface,and .  is taken as： 

                                                                                                                                                    (7) 
According to consistency condition, satisfies: 

                                                                                                                  (8) 
Supposing  is a function of the plastic strain increment : 

                                                                                                                                                 (9) 
Taking the total differential of : 

                                                                                                                                       (10) 
According to the associated flow rule, the plastic strain increment is expressed as follows: 

                                                                                                                        (11) 
Eq (15) is substituted into Eq (14): 

                                                                                                                                         (12) 

Hardening modulus  of the fuzzy loading surface is determined by  and . 
                                                                                                       (13) 

 is determined based on Eq.(11) as follows: 
                                                         (14) 

Incremental fuzzy elastic-plastic constitutive equation,Equation (12) is substituted into Eq.(4): 

                                                                                                   (15) 

Equation (19) is incremental constitutive equation of the bounding surface, which is obtained by 
replacing  with . 

588



 

                                                                                                    (16) 

The equation (16) is constitutive equation of the fuzzy bounding surface model.  is determined 
by equation (2). 

Conclusions 
A new three-dimensional cone is established based on the critical soil mechanics model, and its 

new axis expresses the plastic membership function of stress; The fuzzy bounding surface model 
expressing strain accumulation and stress-strain hysteresis of soil is obtained by adopting memory 
parameter and damage parameter and the membership is used to fix the plastic flow criteria. The 
parameter of model is obtained from dynamic triaxial test. The numerical results are obtained by further 
development technology of the finite element method. The numerical results coincide with 
experimental results, proving that the model is valuable to express strain accumulation and stress-strain 
hysteresis of soil. 
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