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Abstract. The notion of two-direction vector-valued wavelet packets which is the generalization of
biorthogonal vector-valued wavelet packetsisintroduced. A method for constructing biorthogonal
two-direction vector-valued wavelet packetsis obtained and their properties are discussed by means
of time- frequency analysis method. Biorthogonality formulas concerning these two-direction
vector-valued wavel et packets are established.

I ntroduction

Wavelet packets, due to their good properties, have attracted considerable attention. They can be
widely applied in science and engineering[1]. Z.Shen [2] generalized the concept of orthogonal
wavel et packets to the case of non-orthogonal wavelet packets so that wavel et packets can be used in
the case of the spline wavel ets. M ultivariate nonseparable wavel ets have attracted the interest of many
mathematicians [3-5]. Although separable wavel et bases have alot of advantages, they have anumber
of drawbacks. One way to avoid thisis through the construction of nonseparable wavelets. Li[6]
generalized the two-scal e refinable equation, established the orthogonality criteriafor two-

direction refinable function and two-direction wavelet packets.Vector-valued waveletsand multi-
wavelets are different in the following sense. For example, prefiltering is usually required for discrete
multiwavel et transforms but not necessary for discrete valued transforms, especially video images.
Therefore, studying two-direction vector-valued wavelets is useful in multiwavel et theory and
representions of signals.The objective of this paper isto generalize the concept of biorthogonal
vector-valued wavelet packets to biorthogonal two-direction wavelet packets.

Preliminary

We begin with some notions and notations to be used in this paper. Denote by R and C the set of
al real and complex numbers, respectively. Denote by Z and Z, all integers and nonnegative
integers, respectively. Let she aconstant ,s® 2,sl Z . Denote | _and O stand for the s” s identity
matrix and the zero matrix, respectively.

The space L*(R,C®) isdefined to be the set of al vector-valued functionsP(t),

L*(R.C) =P = (p,(3 p,(%: L, p. (3, L, 0. (3)
where p (¥ denotes the pixel on the r th row at the point t . ||p||;:(§b |p, (t) P dt)*?,
1=1

POYdx:= (O (D), and Fourier transform is  {j w).= P exp{- it whdt. wheretw stands for the

inner product vectorst and w. For two vector-valued functionsP,Q1 L?(R,C®), their symbol
inner product is defined to begp .- PHQXT dx, where T means the transpose and the complex

R

conjugate.
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Two-direction vector-valued multiresolution analysis
The multiresolution analysis method is an important approach to obtain two-direction

vector-vaued wavelets . Let{V } ; , be asequence of the closed subspaces L*(R,C®) satisfying
(MLl v,1 v,1 Vv, L;
(ii)CIost(R’cs)(UjTZVj) =L*(R,C ;
(i) 1, VvV, =0;
(iv) T3 V, U f@yl Vm,jT Z;
(V) There exists asgeuence {F (- n),F (m- %) :n,ml Z}isaRiesz basesof V,.

Then {V};, issaidtobeatwo-direction vector-vaued multiresolution anaysis (TVMRA)

with arbitrary dilation.F (3 T L*(R,C") isacorresponding two-direction vector-valued scaling
function. Dueto thefactsthat V, 1 V,, weknow that F (¥ can be written as
F=a RF@*n+3 RF(n-ay )
ni z ni z
Where sequence of constant s~ s matrice {P}., and {P;} ., are caledthe positive—direction
vector-valued mask and negative-direction vector-valued mask, respectively.. Applying of the
Fourier transform (1), we have
. ﬂ A W ; ﬂ ~ W
FOO=R(e® )F(;)"'Po (e® )F(g)
wherep+ () :alpn+ sexpf{-it>w}, wi RaNdp- (w) :ai pexp{-it>w}, wi R arecaled positive-direction

vector-valued mask symbol and negative-direction vector-valued mask symbol, respectively.

We rewrite (1) as

F(-y=a RF(axn+g RF(n+ay )
From (1) and (2), we ha\;e n
xo=1r9 =87 E@en 3
iFCy Slp P,

Let W, nl Z be the orthocomplementary subspace of V. Assume that there exist two two-direction
vector-valued functions v ()T L>(R,.C%),v=12La-1.1 W, 1 V,, there exist two finite supported
sequences of constant s* smatrice {Q'™} ., and {Q; ™}, such that

Y. )=4QYFlaxn+3 Q¥n-ay, n=12La-1 (4)
nz nz

Implementing the Fourier transform of (4) gives

+ LA w - W W
Y. (3=Q(e? )F(5)+Qo(ea )F(g), n=12La-L1
where
Q””)(W)=a£éQ+>GXD{-it>w}, QW) =18 Q rexp{-itw}, wi Rv=12La-1

nz n nz n

we have
¥
-3

Q:(V) ’ Qn n)

QM Q™ Flaxn

1Y, (
FO=i
03 ’:\Yv(

=4
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Similarly, for B (3 we have

EG=Bie BB e FW 5)
We rewrite (5) as a a
F(-¥=4 RE(axn+3 REn+a) (6)
From (5) and (6), we ha\;e n
By L BB
)UQ :l' = ntonod o x
P 1 (7)

Assume that there exist two two-direction vector-valued functions
¥ (01 X(RC%),v=12La-1l W1V, there exist two finite supported sequences of constant

s” smatrice {®'™} . and {& ™} ., such that
¥ () =é QYF (@ x* n)+é Q“(n-a® n=12La-1 (8)

Implementing the Fourier transform of (4) gives

¥.0= @g(e_;v)ﬁﬁ(gﬂ B (e_;vv)ﬁf(g), v=12La-1

where
Q*(”’(W)=alQ§>eXp{-ith}, Q'M(w):ié Q exp{-it>w}, wl Rv=12La-1
we have
% o +(v)’ -(n)
ko=t =8l @
UYLy V.

The propertiesof biorthogonal two-direction vector-valued wavelet packets

Set Y )=X® ., Y,0=F0, Yo=K, V.o=rm . RO=RB™=Q",
PO=p pM=Q® B =pr B = pO=p =@ ™ mi12La-L1
Then, equations (1) and (4) can be written as follows:

Y =8 M/™Y @xk+Q M;™Y (k-a¥, m 1,2La-1 (9)
nl z n z
Similarly,
Y =8 M/™¥ @xk)+Q M;™¥ (k-a%, mi 1,2La-1 (10)
nlz nz
For anya 1 z, and the given biorthogonal scaling functions v (x) , ¥,(x) \we have
Y. 0=Yp®=a RY,@*K)+a R™Y, k-2, (12)
Kz Kz
Y.0=Y0p0=a B"Y,@xk)+a BTV, k-2, (12)
Kz Kz

where mi 0,1,2,La - 1b1 Z, istheunique element such that v=ab +mm=0,1,2,L,a - 1. .
Definition 1 Two-direction vector-valued functions {Y_, .. (t),bT Z,,m=012L,a-13 and
{\%am(t),bi Z,,m=012L.,a-1 ae caled biorthogona two-dierction vector-valued wavelet
packets with respect to biorthogonal matrix scaling functions X(¥ , )”@(3 , respectively,
wherey , nyand ¥ (rare given by (9) and (10), respectively.

Fourier transform for the both sides of equation (9) and (10)

ab+m

848



o) = PO, Oy s o My, @), mi 01212 - 1. (13)
a a a a

Vo w) =Py Wy o™y W) mi o121, (14)
a a a a
Where
P (w) =a1é’1 P ™oexp(- ik}, P ™h)=18 B ™exp{-ikh},ml 0,L2La- L
Kl z Kl z

ﬁﬁ“m)(w):aié B sexpf - ik <}, ﬁﬁw(h):aié B sexp{-iksh}, ml 0,1,2,L,a- 1.
(4 Kz

Lemmal LetY (x)T L*(R,C*®),Thenitisan biorthogonal vector-valued function if and only if
a \A((w+2up)\°?’(w+2up)*=ls,wi R.

ul z
Lemma 2. Assume that Y (x)1 L(R,C®) and ¥ ()1 L2(R.C®),v] 0,1,2,L,a - lare vector-valued
wavelets associated with biorthogonal scaling functiony (xy and ¢ (x). Then for mni L o» We have

a4 PM(QTw+2p)PV(QTW+2sp)) =d,,l,.

siLg
Theorem 1 Assume{Y, (x),al z% and {¥_(x),al z‘} are two-direction wavelet packets with
respect to biorthogonal two-direction vector-valued functionY ,(x)and \%o(x), respectively.Then,
forb1 z¢,ul z¢, wehave
& oY apur (¢ Wii=dy A, 1, mr 1 0L2L,a-1.
Proof. Sinceweset R the following partition: r= U(ai[o,zp]+2up)and we have
ul z

(Zp)éY ab+m(>)’Yab+r (x- W)ﬁ = (\)YA ab+m(W)Yab+r (W)* @™ dw
= (\)P(m)(%w)?b(%w) 2%’ b (}g w)’ P(r)(}é w)" sexp{in>w}dw
= é‘ d:)(m) (}g W)YA b (% W) >k0{} b (% W)* I%(r ) (}g W)* >€‘inde

= 0 P(m)(}gw)[é, \?b(}gw+2up)’g’b(%W+2Up)*]ﬁb(r)(%W)* "™ dw
PALES Wz
= 04y, A explinxw}dw =d, >d H
[0,2p]
Corollary 1 Suppose{Y ,(x),al Z,}and {\%u(x),aT Z.} are two-direction vector-valued wavel et
packets with respect to biorthogonal two-direction vector-valued function vy (x) and ¥ (x) ,
respectively. Then, forvi z¢, we have
& ,(3,¥ (< w)fi=d
Theorem 2. For any u,vi z,, wehave
ar ,(3,Y (< wyii=d, d wi Z. (15)
Proof. For u=v , we get (15) by Lemma 1. when u#v , uvi L, , assuming
u=au,+r,,v=av,+m,wherer ,mi 0,1,2L,a - 1..Ifv, =u,,thenr, # m. We denote

(20)°8Y Y 0 WA=V ., W)Y
= QP )Y, ()Y, (x) B () " cw

RY

wi Z.

0,w|s’

O,WIS’

(W)™ >exp{iuw}dw

au+ry av+m
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= QP Y, (x+20p) H, (x +2wp) }B™ (x)' "™ dlx
[020] i z

:C?o,zp] é P(rl)[Q—T(X +2pW)] >{%(n1)[Q—T(X +2pW)]* >eXp{|W>VV}dW

sT{012L,a-1}
= 0d ! exp{iwawtdw =0.
[0.2p]
Ifa, #b,, Put y =au,+r,,v,=av,+m , whereu,v,1 z,, andn, mi 01,2 ,a-1 If u,#v,, we
orderu, =au, +r,, V, =av, +m,, wherey,,v,1 z+,r3,ngi {0,,2,L_,a - 1}. After taking finite steps
(denoted by k ), we obtain u v 1 {0,,2L,a- 1. If u =v , sowe have (15) follows. Ifu, £y, , then
we have

a, (Y, wi=00 v, +2np)*\°?€Vk (x +2mp) =0, wi Z.
w Z

Furthermore, we obtain

(20)8Y 3. ¥, 0+ Wii= Y s W), W) € dw = O ayer, M)V 4,y (1) exp{iwoen dw

=8

= PV, )Y, ) P (x) e dw

= QPGP (LYY o (3 )w) M (1) W) PP (F)w) P (x) o€ dlw
=RdI_I_LI_LI_LL
=0 O P (4IM10 4O P((J Y} sexpliwwidw =0

Therefore, for any u,vi z,, result (15) follows.

Conclusion
We present an approach for constructing biorthogonal two-direction vector-valued wavelet and

discuss their properties by virtue of time-frequency analysis method, matrix theory and functional
analysis method. Two new biorthogonal bases of L*(R,C®) are obtained.
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