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Abstract. In this paper, we use the large deviation theorem and avalanche principle developed by
Goldstein and Schlag in [3], to prove that the Lyapunov exponent for analytic quasi-periodic Jacobi
operators with weak Liouville frequency is log-Holder continuous.

1. Introduction

In this paper we study the continuity of the Lyapunov exponent associated with 1-D
quasi-periodic Jacobi operators on [2(Z)
(1.1)

(Hx,w¢>)(n) =—bx+n+Dw)dn+1)—b(x+nw)pn—1)+alx + nw)p(n),n € Z,

where x € T, a(x),b(x) are analyticon T and b(x) is not identically zero. o is called frequency,
which is usually set to be irrational number. Set
1 (a(x)—E —b(x)
b(x+w) (b(x +w) 0 )
My(x,E,w) = My (%, E,w) = A(x + (N — Dw, E,w)A(x + (N — 2)w,E, w ... A(x, E, w),
Define the analytic matrix

My (x, E, w) = My yy(x%, E, w) = A%*(x + (N — Dw,E, )A%*(x + (N — 2)w, E, ) ... A*(x, E, w),

AXE w) =

where

a(x) — E —b(x))

A% (% B 0) = (b(x +w) 0

Set
Ly(E, @) =~ [ log ||My(x, E, )| |dx,
and due to the subadditive property, the limits
(1.2) L(E,w) = limy_q fT%logHMN(x, E,w)|| dx = limy_e Ly (E, w) = 0,
exists, which is defined to be the Lyapunov exponent. Fixed o € R\Q, consider the continued

fraction expansion w = [a4, a,, -] with convergence % fors=1,2,.... Let

_ lim sup 108 qs+1
= (0 = —_—
B = P(w) s s

We say that w is Week Liouville, if ® € {w|B(w) < c}, where c is a positive constant depending
on a(x) and b(x), and will be specified later. Then we get the following main theorem:
Main Theorem . Assume thatL(E,, w) > 0 and w is Week Liouville. Then there exists p >0
such that for any E,E'e(Ey — po, Eq + po) holds

IL(E) = I(E)| < exp(—cllog|E — E"|[|%)
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where a = a(a,b, w, E,) > 0.

For the continuity of the Lyapunov exponent, Goldstein and Schlag developed two powerful
tools, the Large Deviation Theorem and the Avalanche Principle, in [3]. Then, in [1,2,6], people
were always using these two tools to prove the continuity of Lyapunov exponent in different
condition. Now we all know that the Avalanche Principle is easy to be satisfied, and the Large
Deviation Theorem is the key. So we can prove the Main Theorem very easily if we get the
following called Large Deviation Theorem in our condition:

Theorem 1 (Large Deviation Theorem). Assume that L(E,,®) >0 and w is Week Liouville. Then
forany x >0, there exists N, such that for any N >N,,, we have

(1.3)  mes{x € T: |%log||M,§‘,(x, w, EQl| - %fT log|IME (x, w,Ep)|| dx | > K} < exp(—cN7),

where ¢ and T are constants.

2. Proof of the Main Theorem

As mentioned above, we only need to prove the Large Deviation Theorem, whose proof is
separated into the following several steps:
2.1. The Fourier Coefficient of the Subharmonic Function. The following theorem is Lemma 2.2
in [4], whose proof will be omitted in this paper.
Lemma2.1. Letu:Q — R be asubharmonic function on a domain Q c C. Suppose that 9Q
consists of finitely many piece-wise C! curves. There exists a positive measure p on Q such that
forany Q; € Q (ie,); isacompactly contained subregion of QQ),

u(z) = [, loglz —£ldu($) + h(2),

where h is harmonic on Q, and p is unique with this property. Moreover, p and h satisfy the

bounds n(Qy) < CQ, Q) C u— ng u),
sup sup sup
||h— Q ul |,y < C(Q, Qq, Q5)( Q u-— Q, u)
forany Q, € Q;.
Let
(2.12) uy = uy(x, @, E) = ~log|IM§(x, , B)I|

wy = wy(x, 0, E) = max(%log ||IM§(x,w,E||,—NT),

where r is constant and to be defined later. Then uy(w, E) is subharmonic function on the domain
Imz; <p, and sois wy(z, o, E), as the maximum of two subharmonic functions is also
subharmonic. By the upper lemma, it yields

(212) 25 GOl [ () < o
where f(k) is the k-th Fourier coefficient of f (x).

2.2. Some Estimate with Any Frequency.
Lemma 2.2. There exist ¢; >0, s.t. forany 0 < § <1, there exists C, < oo, S.t.

meas{x: [wy(x) — wy(x + )| > 52_5} < exp(—c;N?%),

N
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Proof of Lemma 2.2. Note that
wy () — wy (x + )| < | log|IME )| -+ log|IME(x + w)| I

There exists C < oo, s.t.
1
d(x+jw)

[14%(x + jw)|| < C, [14%(x + jw) 7| <
Let d;(x) = det(A%(x + jw)).jo)). Therefore, we have

1
IM(x + )| < 75 C2IME@)ILand  (IMEE)| <

1
ldn ()|

C? 1My Cx + w).

Set 0 <& < 1. Consider the two cases: Case (a) : |d;| = exp(—N?%), j =0, N and case (b) |d;] <

exp(—N?%) forsome j € {0,N}. If we are in the case (a), then the above calculation gives:

||M;3,(x)|| ||M;3,(x+w)|| S 2
maX(IIMf\‘;(x+w)||' e ) < exp(N°)C*,
and hence
1 1 C
| < log|IM5 ()| = ~log|IMF (x + W] | < =

We now need to bound the measure for the case (b). Let
S = {x € T:|d;| < exp(—N?), for some j € {0, N}}. By the Lojasiewicz inequality ([5]),

Q) meas{x € T: |d(x)| < §} < 8¢,
for any sufficiently small § and o depending only on d(x). Therefore,
meas(S) < 2exp(—aN?®) < exp(—c;N?%)
O
Thus,

. ic . RC
Meas {X: lwy(x) — wy(x + jw)| > ﬁ} < jexp(—c;N?%), meas {X: lwy (%) — wg(x)| > Nl_zs}

< 2R%exp(—c;N?®).

Lemma 2.3. For N large enough,
| <wy >—-<uy>|<exp(—c,N").

Proof of Lemma 2.3. Set X = {x € T: [[ME(x)|| < exp(=N**")} = {x: wy (x) # uy(x)}.Then

1+r

| <wy >—<uy>| =%fx|logm|dx_
Since [|M]|? = |det M|, hence if x € X, then
Noo1d;(x) | < exp{—2N'*7}
So
X' = {x:[1)-}d; ()] < exp(—2N*"*")} € X = {x € T: |IM§ ()| < exp(~N**")}.

As ?’;01 |d;(x) | is formed by N part by multiplication, there will be some one such that

3i€{0,1,--,N—1},|d;®)| <e 2N if xe X'.Set S, = {x: |dj(x)| < e_ZNT},so

X c UGS and meas(X') < N| X meas(S,) -
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By (1),
meas(S;) = meas(S,) = meas({x: |[d(x)| < e_ZNT}) < (e_ZNT)a = g—2aN’

So

(2) mes X < meas(X') < Ne~2aN’
What’s more, we have
Lemma 2.4.

fx,10g|dj(x)| dx < exp(—cgN"),Vj € {1,2,---N}.

€
2k—1

Proof of Lemma 2.4. Set By = {x: -3 < |dj(x)| < 5=} Then
fxllog|d]- )| dx = X2, kanxl log|d]- ()| dx + fX,\ U By log|dj ()| dx <
Y heq meas(By) |log zik| + meas(X')|loge|.

We only consider d;(x) issmall, as when d;(x) is big, we have the same result. By (1), we have

meas(By) < (=—)%.

2k—1
Therefore,
€\ €
fX,log|dj(x)| dx < ; (F) |log§| + Nexp(—2aNT") |log €|
< (Ce* + Nexp(—2aN")) |loge| < exp(—cgND),

by setting € = exp(—2N). O

As

_N1+T

logr—— = 0,x € X,
S lmgcol]
and by (2) and Lemma 2.4,

1 1+r 1N_1
| <wy > —<uy>| Sﬁf |(—=N) —EZlog|dj(x)||dx
X/ =

< %meas(X’)N1+r + | [ logld(x)| dx| < exp(—c,N").

O

2.3.Proof of The Large Deviation Theorem. Above all, we have
luy () —<uy > | < luy(x) —wy (] + lwy () —wr ()| + [wr(x) =< wy > |
+ | <wy>—-<uy>|
and
mes {x : |uy(x) — wy(x)| > k} < mes X < Ne 22N’

In [5], You and Zhang proved that if B(w) < g ,

mes {x : [wpg—< wy > | >k} < exp(—ck3R).
Thus

RC,

5 T exp(—cer)} < exp(—cKk?R) + Ne—2aN"

Mes {x : [uy(x)—< uy > [> 2K +
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+2R? exp(—c;,N?®).

Let R = N'72% and k > N7%and 6 =r=0.2, then for any k > 0, there existsN} > 0, such that
for any N >N,, we have

mes {x : |uy(x)—<uy > | > k} < exp(—cN%2),
So we prove the large deviation theorem and then the main theorem has been proved .

Acknowledgments

This work was financially supported by the National Nature Science Foundation of China (Grant
11401166).

References

[1] J.Bourgain and S.Jitomirskaya. Continuity of the Lyapunov exponent for quasiperiodic operators
with analytic potential, J. Stat.Phys. 108(2002) 1028-1218 .

[2] J.Bourgain, M.Goldstein and W.Schlag. Anderson localization for Schrodinger operators on Z
with potentials given by the skewshift. Commun. Math. Physics 220, (2001), 583-621 .

[3] M.Goldstein and W.Schlag. Holder continuity of the integrated density of states for
quasi-periodic Schrodinger equations and averages of shifts of subharmonic functions. Ann. of
Math. 154, (2001), 155-203 .

[4] M.Goldstein and W.Schlag. Fine properties of the integrated density of states and a quantitative
separation property of the Dirichlet eigenvalues. Geom. Funct. Analysis. 18, (2008), 755-869.

[5] Lojasiewicz S.Sur le probleme de la division. Studia Math. 18, (1959), 87-136.

[6] You, J.,Zhang, S., Holder continuity of the Lyapunov exponent for analytic quasiperiodic
Schrodinger cocycles with week Liouville frequency Ergod. Th. Dynam. Sys. , 34, (2014), 1395 -
1408.

662





