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Abstract. For a class of uncertain discrete-time system with time delay and actuator faults, a state 
feedback controller is designed based on passivity control method. The possible failure of each 
actuator is described by a variable varying within a given interval. Our aim is to design a reliable 
state feedback controller such that the closed-loop system is robust and strictly passive in the case 
of parameter uncertain and possible actuator failure.  In terms of Lyapunov-Krasovskii functional 
and linear matrix inequality approach, a sufficient condition is presented for the existence of 
controller in the form of linear matrix inequalities (LMI). Finally, we give two numerical examples 
to demonstrate the effectiveness of the proposed design techniques. 

1. INTRODUCTION 
In a real engineering, time delays often occur such as chemical engineering, heating process. It is 

well known that time delay is one of major sources of instability or degradation in performance of a 
control system. And parameter uncertainties are unavoidable because there some variations in 
system parameters and modeling errors or some ignored factors in a modeling system. Therefore, 
increasing attentions have been attracted on some dynamical systems with parameter uncertainties 
and time delays [1, 2, 3, 4].  

Passivity plays an important role in actual control systems, which is a special case of the 
dissipation [5, 6]. In the description of passivity, it takes the arithmetic product of the input and 
output of systems as the supply rate. And the supply rate contributes to the storage function. 
Because the storage function of passive systems can link with the Lyapunov-Krasovskii function of 
complex systems. Therefore, the method of passive analysis is used to investigate robust stability of 
systems with time delays [1-4, 7, 8].  

On the other hand, the actuator is the most failed part in a control system because it is always 
under the circumstance of implanting the mission of controller. Therefore, fault-tolerance strategy 
of actuator should be taken seriously in a control system. The problem of robust fault-tolerance 
control is studied for nonlinear stochastic systems [9] and uncertain singular systems [10]. The 
problem of robust dissipative control for a class of uncertain continuous time system with input 
delay and linear fractional uncertainties despite possible actuator failures [11]. And in [12], the 
design method of a robust passive controller is presented for an uncertain stochastic switched 
time-delay systems with actuator failures. Robust passive fault-tolerance control is not only in 
theoretical research, but also in experiment research [13, 14]. For energy management of electrical 
vehicle system, a passive fault-tolerant controller is presented based on H-infinity approach [13]. In 
order to monitor the Fuel Metering Valve of a jet engine, a virtual sensor is designed based on 
robust on-line estimation [14].  

In the references above mentioned, the fault tolerant control problem is studied by using 
passivity control method for continuous time systems. However, the discrete-time system can 
describe many engineering phenomenon due to computation component or communication network 
introduced into the control engineering. Therefore, the problem of robust passive reliable control is 
still needed to be investigated deeply for an uncertain discrete-time system with time delay and 
actuator faults. In this paper, we design a reliable controller to guarantee the performance of an 
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uncertain discrete-time system in the presence of time delay as well as actuator failures based on the 
passive control method.   

2. PROBLEM FORMULATION  
Consider the following uncertain discrete-time system with time delay  
 1 1( 1) ( ) ( ) ( ) ( )

                ( ) ( ) ( )
( ) ( ) ( )
( ) ( )                  [ ,0]

x k A A x k A A x k d
B B u k Dw k

z k Cx k Ew k
x k k k dϕ

+ = + D + + D −
+ + D +

= +
= ∈ −

 (1) 

where ( ) nx k R∈  , ( ) mu k R∈  , ( ) pz k R∈ , ( ) qw k R∈ , ( )kϕ  , represent system state, control input, 
controlled output, external disturbance ,initial state respectively. 2( ) [0, )w k l∈ ∞  ; 1, , , , ,A A B C D E  are 
known and real matrices with proper dimensions. 1, ,A A B∆∆∆    represent the uncertainty of the 
system structure.                                                                                                                                                                                          

Assumption 1 Uncertainties 1, ,A A B∆∆∆   satisfy    
                    1 0 1 2    [     ] ( )[ ]A A B HG k M M M∆∆∆   =  (2) 

where  ( ) ( )TG k G k I≤ ; 0 1 2, , ,H M M M are known and  real matrices with proper dimensions.  
When an actuator fault occurs, we use ( )Fu k  to describe the control signal sent from actuators. 

Here, consider the actuator fault model [15] with failure parameter F :  
                        ( ) ( )Fu k Fu k=  (3)  
The failure parameter F satisfies the following 

     1 1 10 { , , } { , , } { , , }F diag f f diag f f F diag f f Im m m≤ = ≤ ≤ = ≤    
where the variables ( 1, , )if i m=   quantify the actuator control effectiveness. 

Let: 
          0 01 0 1 1) ) ) )( , , ( / 2 (( / 2, , ( / 2)m mmF diag f f F F diag f f f f= ⋅⋅⋅ + + ⋅⋅ ⋅ + 

 (4) 

              ( ) ( ) ( )( )1 1)1( , , / 2 2, , 2m mf f mF diag F F diag f f f f= ⋅⋅⋅ − − ⋅⋅⋅ −   (5) 

Apparently, ( ) 2 ( 1, , )f f f i mi i i= − =

  and we can rewrite F  as follows: 
                       ( )0 0 1, ,F F F diag md d= + ∆ + ⋅⋅⋅  (6) 

where ( 1, , ).f i mi iδ ≤ =

   
We consider the following controller 
 ( ) ( )u k Kx k=  

where K  is the controller gain to be designed. 
Then, we can obtain the following loop-closed system 

1( 1) ( ) ( ) ( )
( ) ( ) ( )

x k Ax k A x k d Dw k
z k Cx k Ew k

+ = + − +
= +

 (7) 

where 1 1 1, .A A A BFK BFK A A A= + ∆ + + ∆ = + ∆  
Definition 1 [16]: The uncertain discrete-time delay system (7) is said to be strictly passive if 

there exist a positive definite function ( ( ))V x k  , such that the following holds 
 ( ( 1)) ( ( )) ( ) ( )TV V x k V x k z k w k∆ = + − <  (8) 

for any 0k ≥  and any ( )w k  . 
Lemma 1 [17]:  Matrices 1 2 3, ,X X X  with appropriate dimensions, satisfying the following 
 1

1 3 3 2 2 0, 0T TX X X X Xε ε ε−+ + < ∃ >  (9) 
only when 1 3 2 2 3 0T T T

k kX X X X X+ ∆ + ∆ < , where   T Ik k∀∆∆  ≤  . 
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3. MAIN RESULTS 
In this section, a reliable controller is designed to guarantee the system (7) being robust stable 

and strictly passive. 
Theorem 1: Suppose that Assumption 1 holds. If there exist positive definite symmetric 

matrices Z and X , matrix lK and constant 0ε > satisfying the following 

 
1 1

0 2 1

* * * * * *
0 * * * * *

0 * * * *
0* * *

0 0 * *
0 0 0 0 0 *

0 0 0 0 0

T

T
l

l

Z
X

CZ E
M AZ BFK A X D Z HH

M Z M K M X I
I

Z X

ε
ε

ε

− 
 − 
 −
 = <+ − + 
 + −
 

− 
 − 

 (10) 

then system (7) is robust and strictly passive. And  the controller gain is given as follows: 
 1

lK K Z −=  (11) 
Proof : Define the following Lyapunov-Krasovskii functional candidate: 

                   
1

( ( )) ( ) ( ) ( ) ( )T Tk
V x k x k Px k x Qx

k d
τ τ

τ

−
= + ∑

= −
 (12) 

then get the difference of (12) along (7) 

1 1

( ) ( ( 1)) ( ( ))
-1

( 1) ( 1) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
- 1 -

[ ( ) ( ) ( )] [ ( ) ( ) ( )]
     ( ) ( ) ( ) ( ) ( ) ( )

  ( )(

T T T T T

T

T T T

T

V k V x k V x k
k k

x k Px k x k Px k x Qx x k Px k x Qx
k d k d

Ax k A x k d Dw k P Ax k A x k d Dw k
x k Px k x k Qx k x k d Qx k d

x k

τ τ τ τ
τ τ

D = + -

= + + - + -- ∑ ∑
= + =

= + - + ∗ + - +

- + --- 

= 1 1

1 1

1 1

) ( ) ( )( ) ( ) ( ) ( )
    ( ) ( )+ ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

T T T T T

T T T T T T

T T T T T T

A PA P Q x k x k d A PA Q x k d w k D PDw k
x k A PA x k d x k A PDw k x k d A PAx k
x k d A PDw k w k D PAx k w k D PA x k d

- + + ---   +

+ - + -

+ - + + -

 (13) 

Let 
               [ ( )   ( )   ( )] , [ ( )   ( )]  T T T T T T Tx k x k d w k x k x k dx ζ= − = −  (14) 
When ( ) 0w k = , it follows from  (13)  that 1( ) ( )TV k kζ ζ∆ = Π  , where  

1
1 1 1

*T

T T

P Q A PA
A PA Q A PA

 − + +
P =  − + 

 

When 1 0Π < , we obtain that 0V∆ < .  Therefore, the uncertain discrete-time delay system (7) 
with ( ) 0w k = is stable if 1 0Π < . 

Let us now prove passivity. From (13), we can easily obtain the following: 
                  22 ( ) ( )  T TV z k w k ξξ ∆ − = Π  (15) 

where  

2 1 1 1

1

* *
*

T

T T

T T T

P Q A PA
A PA Q A PA

TC D PA D PA E D PD

 − + +
 

P = − + 
 

+ − +  

 

Based on Definition 1, if 2 0Π < , we have 2 ( ) ( ) 0TV z k w k∆ − <  . That is 2 ( ) ( )TV z k w k∆ <  . We 

can choose 1
1( ( )) ( ( ))
2

V x k V x k=  that satisfies Definition 1, so the system (7) is strictly passive. 

Using the Schur complement lemma to 2Π  , we obtain the following inequality: 

1
1

* * *
0 * *

0
0 *T

P Q
Q

C E
A A D P−

− + 
 −  <
 −
 − 

 

Due to 1 1 1,A A A BFK BFK A A A= + ∆ + + ∆ = + ∆  , we obtain the following  
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1 1

1
1 1

0 2 11

1
1

- 0 ( ) 0 0 0 ( )
0 - 0 0 0 0

  
0 - 0 0 0 0

- 0 0

0 00 ( )
0 0 0 00 0

( )
0 0 00

0

T T T

T T

T T

T T

T

T T

P Q C A BFK A BFK
Q A A

C E D
A KFB A D P A BFK A

P Q C A BFK
M M K MQ A

G k
C E D

HA KFB A D P

-

-

   + + D + D
   D   +
   
   

+ D + D D      
 - + +  
    +-   = +
   -
   

+ -    

0 2

1

0 0 0

(M +M K) 0
M 0 0 0 0

   G (k) <0
0 0 0 0 0 0
0 0

T

T T
T H

 
 
 

 
    +      
  

 

By using Lemma1 and Schur complement lemma, we obtain 

1
1

0 1

1

* * * * * *
0 * * * * *

0 * * * *
0* * *

0 0 * *
0 0 0 0 0 *

0 0 0 0 0

T

T

P
Q

C E
A BFK A D P HH

M M I
I

I Q

ε
ε

ε

−

−

− 
 − 
 −
  <+ − + 
 −
 

− 
 −   (16) 

By left-and-right multiplied by 1 1{ , , , , , , }diag P Q I I I I I− − , inequality (16) can be transformed into 
the following 

1

1

1

1 1 1 1
1

1 1 1
0 2 1

1 1

* * * * * *
0 * * * * *

0 * * * *
 0* * *

0 0 * *
0 0 0 0 0 *

0 0 0 0 0

T

T

P
Q

CP E
AP BFKP A Q D P HH

M P M KP M Q I
I

P Q

ε
ε

ε

−

−

−

− − − −

− − −

− −

 −
 − 
 −
 

<+ − + 
 + −
 

− 
 − 

 (17) 

Let 11, , lZ P X Q K KZ−−= = =  , inequality (17) is equal to   inequality (10). By the Definition 1, 
the proof of Theorem 1 is completed. 

Furthermore, when F is unknown but satisfies (3) – (6), we have the next theorem. 
Theorem 2: Suppose that Assumption 1 holds. If there exist positive definite symmetric 

matrices ,Z X , matrix mK , a diagonal 0R > , and 0ε > satisfying the following 

0 1

0 2 1

2

* * * * * * *
0 * * * * * *

0 * * * * *
* * * *

0 
0 0 * * *

0 0 0 0 0 * *
0 0 0 0 0 *
0 0 0 0 0 0

T

T T
m

m

l

Z
X

CZ E
AZ BF K A X D Z HH BRB

M Z M K M X I
I

Z X
K RF

ε
ε

ε

−

− 
 − 
 −
 + − + +  < + −
 

− 
 − 

−  

 (18) 

then the uncertain discrete-time delay system (7) is robust and strictly passive and the gain matrix 
1   mK K Z −= . 

Proof:  Substitute (6) into (10), then we can rewritten (10) as the following  
1 0 [0,0,0, ,0,0,0] [ ,0,0,0,0,0,0,0] [ ,0,0,0,0,0,0] [0,0,0, ,0,0,0]T T T T

m mM M B K K B= + ∆ + ∆  
where 
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0 0 1

0 2 1

* * * * * *
0 * * * * *

0 * * * *
* * *

0 0 * *
0 0 0 0 0 *

0 0 0 0 0

T

T
m

m

Z
X

CZ E
M AZ BF K A X D Z HH

M Z M K M X I
I

Z X

ε
ε

ε

− 
 − 
 −
 = + − + 
 + −
 

− 
 − 

 

From (6) and the elementary inequality 1T T T Tx y y x x x y yε ε −+ ≤ +  , we have the following 
1 2

1 0

1 2

0 1

0 2 1

[0,0,0, ,0,0,0] [0,0,0, ,0,0,0]   [ ,0,0,0,0,0,0] [ ,0,0,0,0,0,0]

* * * * * *
0 * * * * *

0 * * * *
  * * *

0 0 * *
0 0 0 0 0 *

0 0 0 0 0

T T T T

m m

m m

T

T T
m

m

M M B R B K R F K

Z K R F K
X

CZ E
AZ BF K A X D Z HH BRB

M Z M K M X I
I

Z X

ε
ε

ε

−

−

≤ + +

 − +
 − 
 −


= + − + +
 + −

−
 − 












 (19) 

Through Schur complement, we can obtain (18) from (19). Therefore, the system (7) is robust 
stable and also strictly passive. The proof is completed.                  

4. SIMULATION EXAMPLES  
In this section, we give two illustrative examples to verify the effectiveness of main results. 
Consider the following uncertain discrete-time system with known actuator failures parameter 

matrix F  and time delay: 
( 1) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
( ) ( ) ( )        
( ) ( )            [- ,0]

x k A A x k A A x k d B B u k Dw k

z k Cx k Ew k
x k k k dϕ

+ = + D + + D - + + D +

= +
= ∈

 

where 

1 1

1

0 1

0.4 0.6 0.1 0.2 0.2 0.2
 ,      ,    ,

0.6 0.4 0.4 0.2 0.1 0.5
0.1 0.1 0.3 0 0.2 0

 ,     ,     E ,
0.1 0.1 0 0.3 0 0.2
0.16 0.2 0.2 0.36

 ,    ,  M
0.3 0.4 0.2 0.4

A A B

C D

H M

− −     
= = =     
     
−     

= = =     
     
   

= =   
   

2

0.3 0.35
,

0.25 0.4
0.26 0.15 sin( ) 0 0.8 0

, ( ) ,  .
0.4 0.36 0 cos( ) 0 0.8

k
M G k F

k

 
=  
 

     
= = =     
     

 

Initial state:  
1 1 sin( )

(1) , (2) , ( ) 0.005 , 1
1 1 ( )

k
x x w k

cos k
ε     

= = = =     
     

 

Example 1:  

When 0.8 0
0 0.8

F  
=  
 

 , solve the LMI in Theorem 1, we obtain 

1

1 1 ,

2.3006 0.8522 0.5285 0.2535 0.7507 0.1396
Z  

0.8522 1.7772 0.2535 0.6842 0.1396 0.8544
1.3739 0.2245 0.6333 1.5905 0.2534 0.12705
0.2245 1.2072 1.6014 0.4894l l

X Q X

P Z K K Z K

−

− −

−     
= = = =     −     

− − −   
= = = = =   − − −    1.2705 0.6417

 
 − − 

 

In this example, our aim is to design a controller, such that the resulting closed-loop system is 
robust stable and strictly passive. By using LMI in Matlab tool box, we obtain following controlled 
input and output of the loop-closed systems showed in the Figure.1 and Figure.2. We can verify that 
the state of the loop-closed system is bounded, converges to zero and strictly passive. 
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0 5 10 15 20 25 30 35 40
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

u1
(k

)

k    
0 5 10 15 20 25 30 35 40

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

z1
(k

)

k  
Fig1: Controller input ( )u k when F is known  Fi2: Controller output ( )z k  when F is known 

Example 2: 
When F  is unknown but satisfies (3)-(6), the sensor fault matrix F  is assumed to satisfy 

0.1 0.9F≤ ≤  , solve the LMI in Theorem 2, we obtain 

1 1 1

, ,

, ,

2.2672 1.2059 1.0670 0.1031 0.3895 0.5691
 ,

1.2059 3.4828 0.1031 1.1040 0.5691 1.1441
0.5406 0.1872 0.9457 0.0883 0.4186 0
0.1872 0.3519 0.0883 0.9141

m

m

X Z K

Q X P Z K K Z− − −

− − − −     
= = =     − − − −     

− −   
= = = = = =   

   

.5546
0.6393 1.0961

 
 − − 

 

By using LMI in Matlab tool box, we obtain following controlled input and output of the 
loop-closed systems showed in the Fig.3 and Fig.4. We can verify that the control output of the 
loop-closed system is bounded, converges to zero and strictly passive. 

0 5 10 15 20 25 30 35 40
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

u2
(k

)

k  
0 5 10 15 20 25 30 35 40

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

z2
(k

)

k  
Fig3: Controller input ( )u k when F is unknown   Fig4: Controller output ( )z k when F is unkown 

5. CONCLUSION  
In this paper, we study the robust reliable passive control problem against actuator failures for a 

class of uncertain discrete-time system with time delay using passive control methods. Sufficient 
conditions for the existence of the robust passive controller have been presented in terms of LMI. 
Two numerical examples have been given to illustrate the effectiveness of the proposed method. 
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