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Abstract. In this paper, firstly, the non-linear longitudinal modeling approach is proposed based on 
the geometric shape of the typical structure of the hypersonic vehicle as the research object, 
combined with correlative hypersonic aerodynamic theories, and then local linear models are 
established near multiple balance points of the overall fuzzy system by utilizing fuzzy 
Takagi-Sugeno (T-S) modeling based on different areas dynamic characters. An overall non-linear 
fuzzy model is obtained by the integration of these local models linking fuzzy membership function. 
Parallel distributed compensation (PDC) control algorithm is proposed based on built T-S fuzzy 
model by considering the linear state feedback controller for each of the fuzzy local model. 
Moreover, sufficient condition for the stability of T-S fuzzy system is investigated for the 
non-linear system which has complex stability analysis by obtaining a common positive definite 
matrix P that would satisfy a set of Lyapunov inequalities and the state feedback controller gain 
matrixes K based on linear matrix inequalities (LMI) optimization algorithm. Finally, MATLAB is 
utilized to realize result simulation to show the effectiveness of the proposed technique, including 
performance quality and robustness requirements. 

Introduction 
Hypersonic aircraft is a highly nonlinear multivariable system, due to the adoption of advanced 

design integrating airframe and engine, the supersonic combustion ramjet and structure of large 
slenderness ratio, makes it to own strong coupling, high-dynamic pressure elastic deformation and 
parameter time-varying characteristics in a wide range [1]. Such as flying at a high pressure 
condition, the control efficiency compared with subsonic and supersonic flight state has greatly 
reduced, the influence of external disturbance of hypersonic vehicle is very significant. Therefore, 
hypersonic aircraft flight control system should be to have stronger robustness to deal with outside 
interference and other uncertain factors [2][3].  

Take hypersonic vehicle of Hyper-X series [4] which NASA has developed as the background, 
establish T-S model of fuzzy controller. Parallel distributed compensation (PDC) control algorithm 
is proposed based on built T-S fuzzy model. Finally, it was studied about reasonable and effective 
simulation control for hypersonic vehicle. 

Dynamic Modeling and Analysis of Hypersonic Vehicle 
The Longitudinal Dynamics Model. This article mainly research open hypersonic vehicle 

longitudinal motion of NASA Langley laboratory [5][6]. 
In the course of modeling, assumes the engine thrust direction along the axis of engine, and 

parallel to the axis of fuselage; Used thrust coefficient TC  (or the opening of the throttle valve β ), 
the elevator Angle eδ  for input, and selected [ ]qhVx αγ=  as state variables 
respectively for hypersonic vehicle speed, track angle, altitude, angle of incidence and pitching 
angle velocity. According to the stress distribution, nonlinear equations of high velocity aircraft 
longitudinal dynamic model can be described as follow on the speed of coordinate system: 

( ) ( ) 2sincos γγµα −−=
•

mDTV                                             (1) 
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( ) ( )[ ] 22 cossin γγγµαγ VVmVTL −−+=
•

                                    (2) 

γsinVh =
•

                                                               (3) 
••

−= γα q                                                                 (4) 

yyyy IMq =
•

                                                             (5) 

In the above formula, each variable values refer to [7], Engine dynamics model can be described 
to a second order system: 

cnnn βωβωβξωβ 222 +−−=
•••

                                                  (6) 

Local Model Linearization Analysis. Cruise equilibrium operating point state for hypersonic 
vehicle is 0V =4590.3, 0h 33528= , 0γ 0= , 0q 0= , 0α 10314.0= , It’s corresponding input 
balance point is 00695.0−=eδ , 3105338.4 −×=TC . According to the general linear theory, we 
can find the corresponding matrix: 
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According to the matrix A, the characteristic root of the linear model of the system is calculated: 
i33

2,1 105992.20107536.49 −− ×±×−=λ , i33
4,3 108092.35109712.30 −− ×±×=λ , 

3
5 100449.1 −×−=λ  

It can be seen that the complex roots close to the imaginary axis, system close to critical stable, it 
is easy to produce shock, at the same time, there are positive real roots to make the system unstable. 
So we need to add the controller to make the system stable. 

The Analysis and Design of the Hypersonic Vehicle T-S Model 
Simplified Mathematical Model of Hypersonic Vehicle. In order to acquire simply controller, 

take the method of following high with fixed speed or speed with constant high, the original five 
order nonlinear system model is simplified as a three or four order nonlinear system model under 
simple processing. When set 33528≡h , it is easy to obtain 0≡γ . Then the original nonlinear 
model is changed into three order systems as following: 

( ) mDTV −=
•

αcos                                                        (7) 

1362



 

q=
•

α                                                                    (8) 

yyyy IMq =
•

                                                             (9) 

Among them, the formula Eq.7-Eq.9 satisfies the following constraints: 

( ) ( ) 22sin γγµα VVmVTL −=+                                            (10) 

Hypersonic Vehicle T-S Modeling. Based on local linearization theory and T-S model analysis 
[8], the dynamic equation of hypersonic vehicle can be classified by the (V ,α , q ) plane, and the 
local linearization of hypersonic vehicle is realized. 

Hypersonic vehicle model described by T-S fuzzy rules: 

( ) ( )( ) ( ) ( )[ ]∑
=

•

+=
12

1i
iii tuBtxAtztx µ                                              (11) 

Analysis and Design of Fuzzy Controller for Hypersonic Vehicle 
The design of state feedback controller is studied by using the method of constraining control 

input. By ( iA , iB ), we know that system is locally controlled, and obtain matrix Kn of the state 
feedback controller and the the common positive definite matrix P satisfying Lyapunov inequality 
by solving the LMI inequality [9], then the state feedback controller is designed: 

( ) ( )( ) ( )∑
=

−=
12

1i
ii txKtztu µ                                                    (12) 

In summary, a hypersonic vehicle model described in the form of 12 T-S fuzzy rules can be 
obtained: 

( ) ( )( ) ( )( ) ( )[ ] ( )∑∑
= =

•

+=
12

1

12

1i j
jiiji txKBtxAtztztx µµ                                   (13) 

At this point, the Eq.7-Eq.9 which describes the hypersonic vehicle longitudinal nonlinear model 
following speed with fixed high were transformed into a closed-loop system with state feedback 
controller Eq.13. 

Analysis and design of a hypersonic vehicle tracking controller 
Hypersonic vehicle model with T-S fuzzy rules: 

( ) ( )( ) ( ) ( )[ ] 
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Similar to the design of a hypersonic vehicle PDC controller, a state feedback controller [10] is 
designed: 

( ) ( )( ) ( )∑
=

−=
12

1

ˆˆ
i

ii txKtztu µ                                                    (15) 

In summary, the formula Eq.15 is substituted into the formula Eq.14, the overall model described 
with 12 T-S fuzzy rules of the superb hypersonic vehicle tracking control was obtained: 

( ) ( )( ) ( )( ) ( )[ ] ( ) 
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Simulation 
Control Simulation of Hypersonic Vehicle. For the design of PDC controller, the simulation 

results were presented based on following the high and constraining speed. Where initial conditions 
is ( 0V =4000, 0α =0, 0q =0.26). 

In Fig. 1, the simulation results show that the final velocity(V ) is stable at 4600 1−⋅ sm , the angle 
of attack is near 0.10083 rad , the slope angle is stable at 0, and the thrust coefficient( TC ) is near 
0.013703. Compared with the control output of the high speed vehicle at 14590 −

∞ ⋅= smV , the 
control output of the system has some errors, so it needs to design the controller to eliminate the 
steady-state error of the system. 

 
   (a) The speed                  (b) Angle of attack 

 
     (c) Inclined angle velocity      (d) Thrust coefficient control input 

Fig.1 The experimental results 
Tracking Control Simulation of Hypersonic Vehicle. For the PDC tracking controller, the 

simulation results of hypersonic vehicle were given based on following the high and constraining 
speed. The initial conditions are 0V =0, 0α =0, 0q =0 [30]. 

(1) In Fig. 2, given speed is ry =5500, and when the interference signal [ ]06.0008.025=rd  
is applied, the duration is 0.2s: 

 
     (a) The speed              (b) Angle of attack      (c) Inclined angle velocity 
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      (d) speed error                 (e) Error integral curve 

Fig.2 Given point curve 

(2) In Fig.3, set a given curve 10/1 t
r ey −−= (as shown in Fig.3 (a)), when the time is t =40s, 

applied interference signal [ ]06.0008.025=rd  to system continued 0.2s: 

 
     (a) The speed              (b) Angle of attack       (c) Inclined angle velocity 

 
(d) speed error                  (e) Error integral curve 

Fig.3 Given curve 
By the above simulation analysis, the hypersonic vehicle can be tracked in a given value or given 

curve, and the internal state of the system can guarantee the stability of the Lyapunov, and the 
output will converge to the given input. If there is an external disturbance, the system can return to 
the steady state in a short time, and the tracking error tends to zero and the system state converges 
to the equilibrium state. 

Conclusion 
In view of the high nonlinearity of hypersonic vehicle and the longitudinal model containing 5 

order state variables, we established T-S model, proposed parallel distributed compensation (PDC) 
control algorithm. First, the T-S model control design method can greatly reduce the number of 
rules used in control process, always only need establish local linear model in a specific number 
operating points of the system, control effectiveness also can be improved. Secondly, it is used to 
analyze the stability of the control system that the former is fuzzy language description, and the 
latter is exact linear equation for each rule of the T-S model. 
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