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Abstract: The asymptotic behavior of a class of special nonlinear differential equation with
variable coefficient--Euler equation was studied in this paper. We establish the criterion to
determine stability of the equilibrium for Euler equation first. Then, we apply the theoretic results to
some ecological models to analyze evolution of the certain ecological system.

Introduction

Euler equation

d”xJr tn,ld“’lx
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is one of the important higher-order ordinary differential equations which is extensively applied to

describe the evolution of ecological system, electronic circulation system, and other physical fields,

etc. Although Eq. 1 is high-order ordinary differential equation with variable coefficients which is

much complicated in finding analytic solution, its solution formula is established by the

transformation s = Int which change Eqg. 1 into high-order ordinary differential equation with
constant coefficients [1]:
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In this paper, we are going to study the asymptotic behavior of equilibrium for Euler equation.
Euler equation Eqg. 1 can also be changed into the equivalent “Euler equations”:

t-X'(t) = AX(t), 3)

dx
t" +---+anflta+anx:0 (1)

where  X(t) = (x,(t), x,(t), ---, X,(t)) is vector function, A=(a; is constant matrix [2].

ij /nxn

Intuitively, the asymptotic behavior of equilibrium will sure depend more or less on characteristic
roots. In fact, high-order constant coefficient differential equation Egq.2has the solution of the

exponential function X = e’ , while Euler equation Eg. 1 has the solution of power function X = t.

Based on this observation, Eqg. 1 and Eqg. 2 have the same asymptotic behavior when t — oo from the
point of view of topology. So, the criterion to determine stability of the equilibrium for Euler
equation Eqg. 1 should be similar to Eq. 2 which determined by characteristic roots.

© 2016. The authors - Published by Atlantis Press 192


mailto:feelwinter@163.com

Asymptotic behavior analysis
Linear Euler system

Lemmal LetA,,4,,---,4, be rdistinct characteristic roots of matrix A with multiple numbers

m,,m,,---,m satisfying m +m,+---+m, =n. Let V/(j=12,---,m)are m linearly independent
solutions of
(A-AE)" V/ =0, (4)

then the general solution of Eq. 3 is

X0=3 6t [Z (A28 (g jv. , ©
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where
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Proof. Ononehand, X'(s)=AX(s) have solution !

X(s) = iicue”ﬁtpu (s). (7)

i=1 j=1

On the other hand, by the variable transformations =Int, i.e. t=¢e°, we have

dx _dX ds 1dX:>td_X_d_X
dt ds dt t ds dt  ds

Thus Eq. 3 can be convertto X'(s) = AX(s) . m

(8)

Theorem 1

(@) Suppose the real part of all the characteristic roots of matrix A is negative, then the Null solution

of Eq. 3 is asymptotically stable;

(b) Suppose at least one of the real part of characteristic root of matrix A is positive, then the Null

solution of Eq. 3 is unstable.

(c) Suppose the real part of all the characteristic roots of matrix A is non-positive, but have some
zero real part characteristic roots, then the stability for the Null solution of Eq. 3 is relevant to the
imaginary part of the characteristic root which has zero real part, but must not be asymptotically
stable.

Proof. The general solution Eq. 6 can be rewritten in the following form X=®(t)C, with

rm

o)=Y >'t" (m‘zl(A—ﬁv.E)“(lnt)k i C=@(t,)X, (where X(t,)=X,). 9)

i=1 j=1 k=0 k!

Proofs of (a)-(c) are just modification of those for higher-order ordinary differential equation Eq. 2
(121 so we will prove (a) only in detail.
Suppose the real part of all the characteristic roots of matrix A is negative, then there
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existso >0such that Re4 <-o, (i=1, 2, -, n). Thus, there exists a positive number M >0,

such that for allt e[t,, +o0), we have ||P,(t)t* [<M -t 2. Thus,
IX® DD le; M-t 2[C[M -t 2. (10)
i=1 j=1
Obviously, we have
ICII @™ W) -1 X, Il (11)
Then, combining Eqg. 10 and Eq. 11, we have

IX@) <D™ t) -1l X, | M . (12)

For any fixed £ >0, when taking & =d(e, t,) = (/|| ®(t,) || M)t,2, for any || X, |l< &, we have
t ol2
I X(®) [I< 8(;0) : (13)
Thus, when || X,|l<d, for all te[t,, +o), we have | X(t)|<e . This means the Null
solution X(t) =0 is stable.
For 5=05(e, t,) =t/ | @7 (t,)||M, if || X, |l<J,then ||X(t)|< (t,/t)°’?. This implies

lim || X(t) [=0. (14)

Thus, the Null solution X(t) =0 is asymptotically stable. m

Nonlinear Euler system
For nonlinear system

tX'= f(X). (15)
with f (0) =0. By Talyor’s formula, we get f (X) = AX+R(X), with |)I(Elmo R(X)/|| X||=0.

Then the stability for the nonlinear system Eq. 15 can be characterized by its first-order
approximate linear system tX'= AX. In fact, we have the following theorem.

Theorem 2

(a) Suppose the real part of characteristic roots of matrix A are all negative, then the Null solution
of Eq. 15 is asymptotically stable.

(b) Suppose the real part of at least one characteristic root of matrix A is positive, then the Null
solution of Eq. 15 is not stable.

Proof. Similar that of higher-order ordinary differential equation, we’ll omit the detail. o

Applications in ecological system

With the high speed development of economic, pollution gradually hurts the ecological system
day by day. We cannot take a blind eye to the worsen of our survival environment. The evolution of
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ecological system is always described by ordinary differential systems % As claimed in [4], some
certain ecological model can be described by Euler equations. After being modeled by ordinary
differential equations, the final evolution trend of a certain ecological system is exactly the
asymptotic behavior of the equilibrium of the differential equation, thus asymptotic behavior is very
important for ecological system.

Example 1. Study the stability of the following ecological system I:

% dx

=—2X+ Y+ xe’, td—=—2x+y+xex,
dt (16) t (17)
ﬂ=x_y+x3y_ td—y=x—y+x3y.
dt dt
Solution. The first-order approximate systems are
%:—2x+y, t%:—2x+y,
dt t (18)
ﬂ =X-Y tﬂ =X-Y
dt ' dt '

The characteristic roots are 4, , = —3++/6/2, thus Eq. 16 and Eq. 17 are asymptotically stable.

Remark 1. We have mentioned in the introduction about the evolution trend of Eq. 1 and Eq. 2, we
illustrate it numerically here for the sake of clearness.
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Fig. 1 Integral curve of Eq. 17 Fig. 2 Integral curve of Eq. 18

Example 2. Study the stability of the Null solution of the ecological system [

2
3t2%+t%+x=0. (19)

Solve: First, we convert this Euler equation to the first-order Euler system:

(B

a2

dx 1 2 (20)
t—2=—2X+=X,.

. 33
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The characteristic roots are 4, =1/3, 1, =1, thus, the Null solution is not stable.
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