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Abstract. WVD is most commonly used to do Signal processing in the time-frequency domain. 
Hough transform is a commonly used and classic way to do line detection. But in the field of 
engineering, there are higher demands for the speed of signal processing. Therefore, we could apply 
the Fast Hough Transform algorithm in our projects. 

1. Introduction 
This document presents an effective way to get better results of processing LFM (Linear 

Frequency Modulation) signal by using a combination of Rearrangement of the Smooth Pseudo 
Wigner-Ville Distribution (RSPWVD) and a Modified Fast Hough Transform. 

2. Interference existed when processing FLM signal 
LFM Signal is a typical non-stationary signal which has high resolution. However, The cross 

term often exists when many methods are used to process signals in the time-frequency domain, 
especially for WVD. As a matter of fact, the first problem is how to extract the key parameters of 
signal when we get a LFM signal because there is a lot of noise. And the process of removing noise 
is also a helpful way to extract some key parameters of the LFM signal. So, a good way of dealing 
with this problem will be introduced in detail next.  

3. Candidate Algorithms to Process FLM signal  

3.1 Introduction of RSPWVD Distribution 

If 𝑧𝑧(𝑛𝑛) is discrete analytic signal and the signal length is 2𝐿𝐿 + 1, Let 𝑊𝑊𝑧𝑧(ℎ,𝑘𝑘) represent 
discrete WVD. The mathematical expression is given below. 
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Many non-stationary signals have multiple component signals with complex time-frequency 
characteristics which means those component signals may have cross term together. Therefore, we 
could use RSPWVD to process FLM signal which can reduce the interference of cross term and 
improve the resolution of results of time-frequency analysis. The mathematical expression of 
RSPWVD is given below. 

 ( ) ( ) ( )( ) ( )( )ˆ ˆ, , ; , ; ,x xRSPW t SPW t t t x t x t dt dω ω d ω d ω ω ω ω
+∞ +∞

−∞ −∞
′ ′ ′ ′ ′ ′ ′ ′ ′= − −∫ ∫  (2) 

Where 

 ( )
( ) ( )
( ) ( )

, ,
ˆ ; ,

, ,
x

x

L SPW t d d
t x t

L SPW t d d

t t θ t ω θ t θ
ω

t θ t ω θ t θ

− −
=

− −
∫ ∫
∫ ∫

  (3) 

3rd International Conference on Materials Engineering, Manufacturing Technology and Control (ICMEMTC 2016)

© 2016. The authors - Published by Atlantis Press 737

http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E8%88%AA%E7%A9%BA%E8%88%AA%E5%A4%A9%E5%AD%A6%E9%99%A2
http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E8%88%AA%E7%A9%BA%E8%88%AA%E5%A4%A9%E5%AD%A6%E9%99%A2
http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E8%88%AA%E7%A9%BA%E8%88%AA%E5%A4%A9%E5%AD%A6%E9%99%A2
http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E8%88%AA%E7%A9%BA%E8%88%AA%E5%A4%A9%E5%AD%A6%E9%99%A2
http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E8%88%AA%E7%A9%BA%E8%88%AA%E5%A4%A9%E5%AD%A6%E9%99%A2


 ( )
( ) ( )
( ) ( )

, ,
ˆ ; ,

, ,
x

x

L SPW t d d
x t

L SPW t d d

θ t θ t ω θ t θ
ω ω

t θ t ω θ t θ

− −
=

− −
∫ ∫
∫ ∫

  (4) 

3.2 Introduction of a Modified Fast Hough Transform Algorithm 
Fast Hough Transform achieves rapid calculation through approximation. There are basic 

thoughts below to implement the FHT algorithm. 
(1). N represents the image size , 𝑁𝑁 = 2𝑘𝑘. If ≠ 2𝑘𝑘 , using zero fill in 𝑥𝑥 direction and 𝑦𝑦 

direction to make 𝑁𝑁 = 2𝑘𝑘. 
(2). During initialization, let the size of original image extend to 2𝑁𝑁 ∗ 𝑁𝑁 by using zero fill in x 

direction which means let g(𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖) = g(𝑥𝑥𝑖𝑖+2𝑁𝑁 ,𝑦𝑦𝑖𝑖)   
(3). In step 𝑖𝑖 of iterative processing, the line to be calculated should have characteristics as 

below. 
i. 𝑥𝑥 = 0,1,2,⋯ ,2𝑁𝑁 − 1 where 𝑥𝑥 is the 𝑥𝑥 coordinate of the line; 
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ii. Where 𝑦𝑦𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the 𝑦𝑦 coordinate of the start of the line, 𝑦𝑦𝑒𝑒𝑒𝑒𝑒𝑒 is the 𝑦𝑦 coordinate of the end 
of the line . 
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,where 𝜃𝜃 is the inclination of the line. 
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where 𝐻𝐻𝑖𝑖(𝑥𝑥, 𝑦𝑦,𝑎𝑎) is the value of the line calculated in step 𝑖𝑖 .  
The Modified Fast Hough Transform is based on the idea of “Expanding—FHT—Extraction”. 

Although the amount of calculation is more comparing with FHT, the MFHT could reduce errors 
effectively and improve the computing accuracy. The MFHT algorithm is given as below. 
1. Expanding 
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Where g(𝑥𝑥,𝑦𝑦) means the original image; 𝑁𝑁 is the size of original image,g(𝑥𝑥�, y�) means the 
extended image,; 𝑘𝑘𝑘𝑘 is the scale of extension of original image where 𝑘𝑘𝑘𝑘 = 𝑘𝑘 ∗ 𝑁𝑁 and 𝑘𝑘 is of 
integer power; 𝐻𝐻�𝑙𝑙𝑙𝑙𝑙𝑙2𝑘𝑘𝑘𝑘(𝑥𝑥�, 0,𝑎𝑎�) is the final computation results of the extended image with FHT 
algorithm where 𝑥𝑥� = 0,1,2,⋯𝑘𝑘𝑘𝑘 − 1  and 𝑎𝑎� = 0,1,2,⋯𝑘𝑘𝑘𝑘 − 1 ; 𝐻𝐻(𝑥𝑥,𝑎𝑎)  is the computation 
results of MFHT algorithm where 𝑥𝑥 = 0,1,⋯ ,2𝑁𝑁 − 1 And 𝑥𝑥 = 0,1,⋯ ,𝑁𝑁 − 1. 
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4. Simulations of LFM signal processing with RSPWVD and MFHT 
As we have seen from the preceding descriptions, we can present our new algorithm to extract 

the parameters of LFM signal 𝑥𝑥(𝑡𝑡) as follows: 
Step 1: execute discrete digitization sampling processing to 𝑥𝑥(𝑡𝑡) to get 𝑥𝑥′(𝑡𝑡) which is a 

sampling vector of 𝑥𝑥(𝑡𝑡). 
Step 2: process 𝑥𝑥′(𝑡𝑡) with RSPWVD to get time-frequency distribution image of 𝑥𝑥(𝑡𝑡). 
Step 3: get peak of each LFM signal by using MFHT to process the time-frequency distribution 

image, meanwhile getting the key parameters of signal. 
Step 4: reconstruct the original time-frequency distribution image of LFM signal by making use 

of the extracted key parameters. And in this process the noise is also suppressed. 
Next we will conduct simulations and prove the method mentioned above is effective and 

practicable by making comparison between simulation images. 
In our simulation, the signal ready to be processed consists of two different LFM signals, 

where𝜏𝜏 = 10 − 6𝑠𝑠,𝐵𝐵1 = 300𝑀𝑀 and 𝐵𝐵2 = 600𝑀𝑀𝑀𝑀𝑀𝑀,𝑓𝑓0 = 0, ,the normalized amplitude is between 
-1 and 1. From those parameters we could get 𝜇𝜇1 = 3 ∗ 1014𝐻𝐻𝐻𝐻/𝑠𝑠 and 𝜇𝜇2 = 6 ∗ 1014𝐻𝐻𝐻𝐻/𝑠𝑠 .Fig.1 
shows the ideal time-frequency distribution. The simulation results are illustrated in Fig.2 and Fig.3.  

 
Fig.1 Ideal time-frequency 

distribution image 
 

Fig.2 The time-frequency 
distribution image of signal 

processed with WVD 

Fig.3 The time-frequency 
distribution image of signal 
processed with RSPWVD

Now we will carry out simulation of reducing Gaussian white noise of LFM signal, extracting 
the parameters of LFM signal at the same time. The simulation results are shown in Fig.4 and Fig.5, 
where S𝑁𝑁𝑁𝑁 = −5𝑑𝑑𝑑𝑑 . 

  
Fig.4 The time-frequency distribution image of 

signal processed with RSPWVD 
Fig.5 The reconstructed time-frequency 

distribution image with MFHT 
Then Fig.6 and Fig.7 shows the simulation results where 𝑆𝑆𝑆𝑆𝑆𝑆 = −10𝑑𝑑𝑑𝑑 . 
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Fig.6 the time-frequency distribution image of 

signal processed with RSPWVD 
Fig.7 the reconstructed time-frequency 

distribution image with MFHT 
Comparing Fig.7 and Fig.5 with Fig.1, we can say we could get very good results through our 

methods, where S𝑁𝑁𝑁𝑁 >= −10𝑑𝑑𝑑𝑑 .  
Fig.8 shows the simulation results where S𝑁𝑁𝑁𝑁 = −13𝑑𝑑𝑑𝑑 .Fig.9 and Fig.10 show the change of 

peak with time of each LFM signal. We can see the peak is smaller and smaller with the SNR 
decreasing. And our methods are no longer effective when S𝑁𝑁𝑁𝑁 <= −13𝑑𝑑𝑑𝑑 . 

   
Fig.8 The time-frequency 

distribution image of signal 
processed with RSPWVD 
Fig.9 Peak Extraction of 

SignalⅠ 
 
 

Fig.10 Peak Extraction of 
SignalⅡ 

5. Conclusions 
Using RSPWVD to process LFM signal could decrease the influence of cross term obviously, 

also improving the resolution of the results of time and frequency analysis. The MFHT could 
extract key parameters of each LFM signal effectively. In the process of reconstructing the 
time-frequency distribution image with extracted parameters, the noise gets removed as well. Our 
methods can get good results where S𝑁𝑁𝑁𝑁 > −10𝑑𝑑𝑑𝑑 . But when S𝑁𝑁𝑁𝑁 ≤ −13𝑑𝑑𝑑𝑑 , our methods 
are no longer effective. 
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