
 

Congruent Numbers and The Rank of Elliptic Curves 

Yuanbo Liu 1, a  
1Qingdao University, Shandong Province ,China 

liuyuanbo15@126.com 

Keywords: Non-congruent number; Congruent number; Elliptic Curves  

Abstract. Let p and q be prime with 3(mod8)p  and 5(mod8)q  ,and let ( ) 1
p

q
  . If n pq , then 

n  is a congruent if and only if the equation 2 2 42 1qw p z   has rational solutions. And The Birch 

Swinnerton-Dyer conjecture predicts that the rank of ( )nE Q  is one. 

Introduction 

If   
1

2
n ab  with rational numbers ,a b being two right sides of a rational right triangle, the n  is a 

congruent number. Otherwise n is a non-congruent number. The elliptic curve has an equation 
2 3 2:nE y x n x  , then n is a congruent if and only if ( )nE Q  has a non-zero rank. The problem of 

congruent number is very old and Arab scholars discussed it in the tenth century [1] . 
The Birch Swinnerton-Dyer conjecture predicts that if 5,6 7(mod8)n or  it is a congruent [2] . The 

conjecture also made by Alter, Curtz and Kubota [3] . 
In this paper we discuss n pq with 3(mod8)p  and 5(mod8)q  . 

1. 2-isogeny 

Let E
Q and 

'E
Q be Elliptic curves given respectively by the equations  

2 3 2:nE y x n x   and ' 2 3 2: 4nE y x n x   

and let  
2 2 2

'
2 2

( ): , ( , ) ( , )y y x nE E x y
x x

     

be the isogeny of degree 2 with kernel [ ] { , (0,0)}E   . 
Then there is an exact sequence  

' ( )0 ( , 2) ( )( ( ))
E Q EQ S WCE Q Q          (*) 

                    ( , )X Y X   ,  { }dCd Q  

1   
(0,0) 1  

where { } { 2 }S p n    and 
*2

*( , 2) { : ( ) 0(mod 2), }p
QQ S b ord b p S

Q
     . 

       Furthermore, for each ( , 2)d Q S , let dC
Q  be the homogeneous space for E

Q  by the equation 

2 2 2 4: 4dC dw d n z  . Then the  -Selmer group is  
( ) ( ) { ( , 2) : ( ) , }.d p

ES d Q S C Q p SQ
        

  Finally, we have the map  
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2 3
: , ( , ) ( , ).d

d dw
C E z w

z z
    (***) 

Let ˆ : E E  be the dual of   so that ˆ [2]   and ˆ [2]  . Let dC
Q


 be the homogeneous 

space for E
Q
  by the equation 2 2 2 4:dC dw d n z   .Then the ̂ -Selmer group is  

ˆ( ) ( ) { ( , 2) : ( ) , }.d p
ES d Q S C Q p SQ

         

Moreover, we have the following exact sequences:  
ˆ( )[ ] ( ) ( ) ( )

0 0
ˆ( ( )[2]) ( ( )) 2 ( ) ( ( ))

E Q E Q E Q E Q

E Q E Q E Q E Q


  

 
    


.  (**) 

2. n=pq 

Lemma 1.  Let  n pq with 3(mod8)p  and 5(mod8)q  ,and let ( ) 1
p

q
  . Then the ̂ -Selmer 

group 
ˆ( ) ( )ES Q
  { 1, }n   , and 

( )
ˆ( ( ))

E Q

E Q 
{ , (0,0), ( ,0)}n  . 

Proof. We will use the exact sequence (*) to compute 
( )

ˆ( ( ))

E Q

E Q 
. Now {2, , , }S p q  and  

( , 2) { 1, 2, , , 2 , 2 , , 2 }Q S p q p q pq pq         . 

For  ( , 2)d Q S , dC  has the equation  
2 2 2 2 4:dC dw d p q z   . 

   Claim: For each ( , 2)d Q S , 1,d n   , there exist p S  such that ( )d pC Q   . 

1) d p   , 2 2 2 2 4:pC pw p p q z    . Let 
2

( , ) ( , )
z w

pz pw
t t

 
  with ( , , )z w t Z   , then  

2 4 2 4:dC pw t q z    . Since q t  if and only if q w , Then suppose ( , , ) ( )p qz w t C Q    with 

0  ( , , ) pz w t Z    and 0qord w  .  We have ( ) 1
p

q


 , then ( ) 1

p

q
  which contradicts 

( ) 1
p

q
  . Therefore ( )p qC Q   . 

2) 2d d  , ( , 2)d Q S  and 2 0ord d  , 2 2 4 2 2 4: 2 4dC d w d t p q z      . Then 2
2 12 1 2ord pw k   , 

4
2 24 2 4ord d t k    and 2 2 4

2 3( ) 4ord p q z k  . Therefore 2 2( )dC Q    . 

3) d q  , 2 2 2 2 4:qC qw q p q z    . Let 
2

( , ) ( , )
z w

qz qw
t t

 
  with ( , , )z w t Z   , then  

2 4 2 4:dC qw t p z    . Since q t  if and only if q z . Then suppose ( , , ) ( )p qz w t C Q    with 

0  ( , , ) pz w t Z    and 0qord z t  . We have 
2

4( ) 1
p

q
 , then ( ) 1

p

q


  which contradicts 

( ) 1
p

q
  . Therefore ( )q qC Q   . 

This completes the proof of claim so we have 
ˆ( ) ( )ES Q
  { 1, }n   . Then 

( )
ˆ( ( ))

E Q

E Q 
{ , (0,0), ( ,0)}n  ,since { , (0,0), ( ,0)}n 

( )
ˆ( ( ))

E Q

E Q



. 
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Lemma 2. Let  n pq with 3(mod8)p  and 5(mod8)q  ,and let ( ) 1
p

q
  . Then the  -Selmer 

group ( ) ( )ES Q
 {1,2 }q , and 

( )
2

( ( ))

E Q

E Q


 . 

Proof . We also use the exact sequence (*) to compute 
( )

( ( ))

E Q

E Q


. Now {2, , , }S p q  and  

( , 2) { 1, 2, , , 2 , 2 , , 2 }Q S p q p q pq pq         . 

For  ( , 2)d Q S , dC  has the equation  
2 2 2 2 4: 4dC dw d p q z  . 

   Claim: For each ( , 2)d Q S , 1, 2d p , there exist p S  such that ( )d pC Q  . 

1) ( ) 0dC Q d    . Then 0d  . 

2) ,d q p , 2 2 2 2 4: 4dC dw d p q z  . Let 
2

( , ) ( , )
z w

dz dw
t t

 
  with ( , , )z w t Z   , then  

2
2 4 4

2
: 4d

n
C dw t z

d
   . Since 

n
t

d
 if and only if 

n
w

d
 , then suppose ( , , ) ( )d n

d

z w t C Q    with 

0  ( , , ) n

d

z w t Z    and 0qord w  . We have ( ) 1
d

n
d

 ,  which contradicts ( ) 1
p

q
  . Therefore 

( )d n

d

C Q  . 

3) p d , 
2

2 4 4
2

: 4d

n
C dw t z

d
    with ( , , )z w t Z   . Since p t  if and only if p z ,then suppose 

( , , ) ( )d pz w t C Q    with 0  ( , , ) pz w t Z    and 0qord tz  .  Then 
1

( ) 1
p


 , which contradicts 

3(mod8)p  . 

This completes the proof of claim so we have  -Selmer group ( ) ( )ES Q
 {1,2 }q . Then 

( )

( ( ))

E Q

E Q


 ( ) ( ) 2ES Q
  . This completes the proof of Lemma 2. 

 

Theorem . Let p and q be prime satisfy 3(mod8)p  and 5(mod8)q  ,and let ( ) 1
p

q
  . If 

n pq , then the rank of ( )nE Q  is one if and only if 2 ( )qC Q    . 

Proof.  Since the exact sequence (**) ,Lemma1 and Lemma2, ( )nE Q  is one if and only if 

( )
1

( ( ))

E Q

E Q


 . And 
( )

1
( ( ))

E Q

E Q


 if and only if 2 ( )qC Q   , since the map (***). This completes the 

proof of Theorem. 
As we all know 2 ( )qC Q    if and only if 2 2 42 1qw p z  has rational solutions. And this theorem 

proofs ( ( )) 1nr E Q  . The Birch Swinnerton-Dyer conjecture predicts that the rank of ( )nE Q  is 

non-zero with 5(mod8)n  . Then the rank of ( )nE Q  is one and the equation 2 2 42 1qw q z   have 

rational solutions. 
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