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Abstract. In order to optimize the dynamic performance of a 2-DoF planar parallel mechanism used 
in hybrid machines, comprehensive acceleration ellipsoid (CAE) method is introduced. Considering 
the inertia, velocity, gravity and external force factors, CAE method can evaluate the dynamic 
performance more exactly. Based on the dynamic analysis, the optimization based GA method is 
analyzed. From the simulation, it is proved that the dynamic optimization based on CAE method 
improves the dynamic performance well. 

1 Introduction 

These years, the parallel mechanism with less than 6-DoF has been researched more widely [1][2]. 
The 2-DoF planar parallel mechanism and 3-DoF spatial parallel mechanism have been considered as 
the easiest ways to achieve Multi-DoF hybrid machine tools. When being used in a heavy duty 
high-speed hybrid machine tool, the dynamic performance of the parallel mechanisms must be 
analyzed and optimized. A number of studies are addressed the analysis of the dynamic performance, 
such as the generalized inertia ellipsoid (GIE) method [3], the dynamic manipulability ellipsoid 
(DME) method [4], the acceleration line (AL) method [5] , the manipulating force ellipsoid (MFE) 
method [6], the comprehensive acceleration ellipsoid (CAE) method [7] and so on. 

To improve the dynamic performance of a 2-DoF planar parallel mechanism, which is used in a 
heavy duty hybrid machine tool, the dynamic performance optimization based on CAE is investigated. 
The CAE method considering the effect of the inertia, speed, gravity and external force factors, can 
analyze the dynamic performance evaluation of the mechanism more accurately. Based on the CAE 
method, the dexterous acceleration index (DAI) and comprehensive acceleration dexterity index 
(CAD), give more comprehensive description of the dynamic performance. The global dexterous 
acceleration (GDA) and global comprehensive acceleration dexterity (GCAD) can be used in the 
dynamic performance optimization of the mechanism. 

2 Kinematic analysis and dynamic analysis 

The 2-PRR parallel mechanism consists of a base platform, two legs and a moving platform. By 
move the active prismatic joints, the moving platform will have two degrees of translational freedom. 
As shown in Fig. 1, a base coordinate frame which is denoted as O-XY frame is fixed at the centre of the 
base platform, a moving coordinate frame N-xy is located at the centre of the moving platform.  

iq  (i=1, 2) is the Y coordinate of point Ai on the slider, so the movement input vector is 

 T1 2q qq                                                                                                                                   (1) 

The position vector of point N and Ai can be written as  

 Τx yp  and  
Τ

1
i

i m il q   A  (i=1, 2)                                                 (2) 

According to the geometrical relationship of the parallel mechanism, there are 
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sin ( ) /
ii Ax x l    and cos ( ) /

ii Ay y l                                                                              (3) 

  
Figure 1. The kinematic model of the 2-PRR parallel mechanism 

The inverse kinematics equations of the mechanism can be written as 

 22
1 mq y l x l     and  22

2 mq y l x l                                                               (4) 

Then taking the derivative of Eq. (3), there are 
/ ( cos )i ix l    and sini i iq y l                                                                                   (5) 

From Eq. (5), it can be get that  Ti iq x y  J , where  tan 1i i J . 

Then the relationship between the output and the input velocity vector can be written as 

 p Jq   where 
TT T

1 2   J J J                                                                                                      (6) 

The velocity vectors of the key points of the parallel mechanism can be written as 

 Tx y  p ,   T0 1
iA iq v  and  T0 1

iG iq  v                                                                       (7) 

Then taking the derivative of Eq. (5), there are 
2 2 2 3( cos sin ) / ( cos )i i i ixl x l        and 2sin cosi i i i iq y l l                                                    (8) 

Then the acceleration vectors of the key points of the parallel mechanism can be written as 

 Tx y  p ,  T0 1
iA iq a  and  T0 1

iG iq  a                                                                       (9) 

The sum of the virtual work done by all forces and torques should be zero. Therefore 
2 3

-T T T T T

1 1

ij N
ij ij N N

i j ij NM M 

   
           

  


F F
J τ H G H G O                                                               (10) 

where, Hij is the partial angular velocity matrix and Gij is the partial velocity matrix of the slider, leg, 
weight, or moving platform. And where: 
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 F a g  and  2 2 L cos sin ( )
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 3 Wi ii Gm F a g  and 3 0iM  ; 

 MN em  F p g F  and 0NM  . 

So the inverse dynamic equation of the parallel mechanism can be written as: 
2 3

T T T T T

1 1

ij N
ij ij N N

i j ij NM M 

    
                


F F

τ J H G H G                                                              (11) 

Based on the factors separation, Eq. (11) can also be written as: 
            M p p C p, p G p F p                                                                                        (12) 

From Eq. (12), the acceleration performance function (APF) of the parallel mechanism can be get 
1

v g e
      p M τ p p p                                                                                                               (13) 
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3 Dynamic performance optimization based on CAE 

Taking into account the measure of the dynamic performance, the minimum acceleration is an 
important performance, so the DAI is given based on the CAE method to evaluate the dynamic 
performance. In order to compare the acceleration performance of different parallel mechanisms, the 
index of the whole workspace of the mechanism is given too, named GDA. They are defined as 

minaD  a  and  
aW

D

W

D dW

dW
  


                                                                                                (14) 

A dexterity index named CAD, which is similar to LCI and DCI, is the ratio between the minimum 
radius and the maximal radius of the CAE ellipsoid. It can measure the isotropy of the dynamic 
performance of parallel mechanisms. Similarly, in order to compare the isotropy of the dynamic 
performance of different parallel mechanisms in the whole workspace, a global evaluation index is 
proposed based on the CAD, named GCAD. They are defined as follows 

min

max
a 

a

a
 and 

aW
D

W

dW

dW


  


                                                                                                   (15) 

Genetic algorithm (GA) method can solve the optimization problem of complex multivariable 
systems. Here the GDA index and the GCAD index are considered together. In order to get the global 
optimum of dynamic performance in whole workspace, the fitness function is defined as 

ori ori

GDA GCAD

GDA GCAD
J                                                                                                                 (16) 

where GDAori and GCADori are the original value before the optimization. 
In Tab. 1, the geometrical and inertial parameters of the 2-DoF parallel mechanism are given. 

Then the original distribution of the DAI and CAD get by simulation is shown in Fig. 2 and Fig. 3. 
And the original value of the GDA and the GCAD are 6.7795 m/s2 and 0.5213. 

Table 1. The geometrical and inertial parameters of the 2-DoF parallel mechanism 
Parameter Comment Original Value Optimized Value 

l The length of the link 1.350m 1.398m 

lm The position parameter of the sliders 1.100m 1.062m 

Si
m  The mass of Slider i 25.000Kg 22.047Kg 

Li
m  The mass of Link i 12.000Kg 11.2678Kg 

Mm  The mass of the moving platform 25.000Kg 24.311Kg 

*The mass of the weight Wi
m  can be defined by other three masses. 
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Figure 2. The original distribution of the DAI Figure 3. The original distribution of the CAD 
After the GA optimization (Fig. 4), the optimized values of the geometrical and inertial parameters 

of the mechanism are shown in Tab. 1. And the dynamic performance of the parallel mechanism of 
the mechanism improves in evidence, as shown in Fig. 5 and Fig. 6. The optimized value of the GDA 
is 8.6097 m/s2, the optimized value of the GCAD is 0.5759. 
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Figure 4. GA optimization based CAE method 
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Figure 5. The optimized distribution of the DAI Figure 6. The optimized distribution of the CAD

4 Conclusions 

By using the virtual work principle method, the inverse dynamic equation and the APF of the 
2-DoF parallel manipulator is derived. Furthermore, the dynamic performance optimization based on 
CAE method is given. The GDA index and the GCAD index are chose as the evaluation indices. 
From the numerical simulation, it is proved that the GA-based dynamic optimization considering 
CAE method can improve the dynamic performance of the parallel manipulator well. 
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